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Abstract
In this thesis, we study new aspects of flavour model building in the context of
supersymmetric Grand Unified Theories, where the focus lies on models with an SU(5) or
SO(10) gauge group.
In the framework of supergravity, we discuss how a typical flavon sector of a flavour
model with spontaneously broken family symmetry can be combined with a SUSY
breaking sector in a consistent manner. To demonstrate the predictive power of such
an implementation, an example calculation for a flavour GUT model, which is based on an
SU(5) gauge group, an A4 family symmetry and a ZR4 R-symmetry, is performed. Assuming
hidden sector SUSY breaking, we determine the structure of the soft SUSY breaking terms
at the GUT scale and investigate the predictions for observables at low energy scales, such
as the sparticle spectrum, the dark matter relic density and flavour violating processes.
Next, we carry out a systematic analysis of a class of predictive SU(5) flavour GUT
models with the CSD2 setup in the neutrino sector, and where the ratios of the Yukawa
couplings in the down-quark and charged lepton sector are fixed by Clebsch-Gordan
coefficients at the GUT scale, following the principle of single operator dominance.
Alongside the identification of viable model candidates by performing a fit to experimental
data for different combinations of CG coefficients, we calculate, among others, the
predictions for the 2-3 mixing angle θPMNS23 and the CP violating phase δ
PMNS in the lepton
sector.
In the context of SO(10) Grand Unification, a class of non-renormalizable Yukawa
operators of the schematic form 16I · 16J · H · 45n · 210m is investigated, where
H ∈ {10,120,126} contains SU(2)L doublet and antidoublet states, and 16I,J the SM
fermions. Moreover, the representations 45 and 210 acquire SM singlet vevs at the GUT
scale. We provide general formulas to compute the resulting Yukawa couplings in the
different fermion sectors of the MSSM, and discuss the construction of such operators
from renormalizable interactions by using heavy mediators. In addition, we show that
the alignment of the MSSM Higgs (anti)doublets Hu and Hd in the space of all SU(2)L
(anti)doublets of a concrete model is a central aspect for the prediction of Yukawa ratios
at the GUT scale.
Finally, we specify the numerical procedure to quantitatively calculate nucleon decay
from dimension 5 operators in SUSY models, and apply the analysis to an example model
with an SU(5) GUT symmetry.
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PART I
Introduction

Introduction
The Standard Model (SM) of particle physics forms the foundation for the current
understanding of the phenomena at the quantum level and is one of the great achievements
in theoretical physics of the 20th century. It successfully describes the electromagnetic and
the nuclear forces, as well as the properties of nearly all known fundamental particles. The
predictions of the SM are tested by experimental measurements to a remarkable precision,
and with the discovery of the Higgs boson in 2012 by the ATLAS and CMS experiment
at CERN, the last missing component has experimentally been verified.
Despite the great predictive power, there are shortcomings in the SM whose solution
requires new physics. First of all, the neutrinos are described as massless particles in the
SM, however the experimentally observed flavour oscillation implies that the masses of
the neutrinos are different from zero. Furthermore, observations in astronomy give strong
hints for the existence of dark matter (DM), which can not be explained within the SM.
From a theoretical point of view, an unsatisfactory feature of the SM is, that the masses
of the particles, as well as the mixing angles and CP violating phases are simply fitted to
the experimental data, without explaining the origin of this flavour structure. Moreover,
the SM is plagued by the so called hierarchy problem, namely the instability of the Higgs
mass under quantum corrections. Thus, if there is physics beyond the SM at high energy
scales, which after all is present when gravity is considered at the quantum level at the
Planck scale, the mass of the Higgs boson is naturally expected to be at this energy scale
too, and not at the electroweak (EW) scale as measured by experiments.
An appropriate framework to address the shortcomings of the SM are Grand Unified
Theories (GUTs), where the gauge couplings of the SM are unified into one single gauge
coupling at high energies, i.e. at the GUT scale, and the SM particles are embedded
into bigger representations of the GUT gauge group. This embedding leads to relations
between the Yukawa couplings in the different fermion sectors at the GUT scale, and
thus also to relations between the fermion masses, mixing angles and complex phases at
low energies. Furthermore, certain Grand Unified Theories also predict the existence of
SM singlet states, namely right-handed neutrinos, with which the small masses of the
SM neutrinos can be explained. Due to the presence of heavy particles in GUTs which
induce baryon and lepton violating processes, a general prediction of such models is proton
decay, which, however, has not been observed in experiments. A further step towards an
explanation of the observed flavour structure is made in GUTs with an additional flavour
symmetry, which is either implemented as an exact or a spontaneously broken symmetry.
A resolution for the hierarchy problem of the Higgs mass is given by supersymmetry
(SUSY), which is a symmetry between bosonic and fermionic states, i.e. all quantum
numbers of superpartners are the same except the spin, and hence the loop corrections to
the Higgs mass cancel. If SUSY is indeed realized, it can not be an exact symmetry since no
superpartners of the SM particles have been observed. However, even if the masses of the
supersymmetric particles are somewhat above the EW scale, the remaining hierarchy is still
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small compared to the hierarchy between the GUT or the Planck scale and the EW scale.
In the minimal supersymmetric Standard Model (MSSM) the lightest supersymmetric
particle is a viable candidate for DM. Moreover, the additional supersymmetric particles
in the MSSM modify the renormalization group (RG) running of the three gauge couplings
of the SM gauge group in such a way, that they meet exactly at one energy scale, namely
the GUT scale, which is not the case in the SM and which is a necessary condition to
formulate a Grand Unified Theory.
Supersymmetry can either be realized as a global or a local (gauge) symmetry.
Since the local formulation of SUSY incorporates the description of general coordinate
transformations, it is also called supergravity (SUGRA). Supergravity is the preferred
framework to implement spontaneous supersymmetry breaking which leads to soft
supersymmetry breaking terms, such that there is still a systematic cancellation of the
quantum corrections to the Higgs mass.
The above discussion illustrates, that supersymmetric flavour GUT models provide a
promising framework to address several shortcomings of the SM. The purpose of this thesis
is to investigate new aspects of flavour model building in the context of supersymmetric
Grand Unified Theories with an SU(5) or an SO(10) gauge group, and to make statements
about the predictive power of such models. Furthermore, the thesis shows how flavour
models can be combined with spontaneous supersymmetry breaking in a consistent and
predictive manner in the framework of supergravity.
To this end, the thesis is organized as follows: in Part II the theoretical framework,
which is used in Part III, is discussed, and conventions and notations are fixed. In
Chapter 1 a short summary of the SM is given. Supersymmetry, and especially
supergravity, is discussed in Chapter 2. Based on the general Lagrangian in SUGRA,
spontaneous supersymmetry breaking is discussed, and in particular gravity mediated
SUSY breaking from a hidden sector. Part II is completed by the consideration of Grand
Unification in Chapter 3. Specifically, an overview of the implementation of irreducible
representations and the construction of invariants in SU(5) and SO(10) is given, and in
addition proton decay is discussed. Part III focusses on different aspects of flavour model
building in supersymmetric Grand Unified Theories. In Chapter 4 the combination of
a flavon sector with a SUSY breaking sector in the context of flavour GUT models is
discussed. The predictive power of such an implementation is demonstrated by applying
the general considerations to an example model. A systematic analysis of a class of SU(5)
flavour GUT models with the “Constrained Sequential Dominance 2” (CSD2) setup in the
neutrino sector is performed in Chapter 5, where the focus is on predictions for quantities
in the lepton sector which are not accurately measured by experiments. In Chapter 6
the predictions for Yukawa ratios at the GUT scale from a class of non-renormalizable
operators in SO(10) are worked out, which serves as a starting point for future model
building. The numerical procedure for the quantitative calculation of proton decay from
dimension 5 operators in SUSY models is specified in Chapter 7, where the calculation
is demonstrated by means of an example model. Finally, in Part IV the results are
summarized and a conclusion is drawn.
The thesis is partially based on the publications [1], [2] and [3], and on not yet published
work. Further work which is not considered in this thesis are the publications [4, 5] and
the notes [6].
PART II
Theoretical Framework

CHAPTER 1
The Standard Model
1.1 The Standard Model Lagrangian
The Standard Model of particle physics [7–12] is formulated as a chiral, renormalizable
field theory with the gauge group SU(3)C × SU(2)L × U(1)Y (labelled as G321), which
is spontaneously broken to SU(3)C × U(1)EM by a non-zero vacuum expectation value
(vev) of the electroweak Higgs field, called electroweak symmetry breaking (EWSB). The
different components of the gauge group are referred to as strong interaction SU(3)C,
electroweak interaction SU(2)L × U(1)Y and electromagnetic interaction U(1)EM. Chiral
means, that for each fermion there exists no other fermion, such that the corresponding
representations concerning the SM gauge group are mutually conjugated. Thus, the
fermions are naturally massless and the mass terms are generated by the vev of the EW
Higgs field (see Section 1.2). In Table 1.1 a list of the scalar and fermion fields, which
are present in the SM, is given. Furthermore, the SM contains gauge bosons, which are
associated with the three components of the gauge group, namely
• gluons Gµ(r): gauge bosons of SU(3)C , where (r) ∈ {1, ..., 8},
• W bosons Wµ(s): gauge bosons of SU(2)L, where (s) ∈ {1, 2, 3},
• B boson Bµ: gauge boson of U(1)Y .
The adjoint indices (r) and (s) are defined with respect to a set of Hermitian generators
T3(r) and T
2
(s) of SU(3)C and SU(2)L, respectively, with the corresponding real structure
constants c3(p)(q)
(r) and c2(p)(q)
(s). Moreover, the real gauge couplings of the three components
of the gauge group are labelled by g3, g2 and g1.
The part of the SM Lagrangian which contains the kinetic terms of the gauge fields is
given by 1
Lgauge = −1
4
8∑
(r)=1
Gµν
(r)Gµν(r) − 1
4
3∑
(s)=1
Wµν
(s)W µν(s) − 1
4
BµνB
µν , (1.1)
1There is an other term which contains only gauge fields, namely the CP-violating term
LQCDθ = θQCD g
2
3
64pi2 µνρτG
µν(r)Gρτ(r). However, this term is often neglected, because experiments set
a stringent bound for the QCD vacuum angle: |θQCD| ≤ 10−10 [13].
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Table 1.1: List of the fields in the SM, where the fermions are written as left-handed Weyl
spinors. For a particular field the representation with respect to the SM gauge group and the
spin is specified. Futhermore, for each fermion there exist three copies with the same quantum
numbers, forming three families.
Fields SU(3)C × SU(2)L × U(1)Y Spin
Q =
(
uL
dL
)
(3,2)(+1
6
) 1
2
u†R (3,1)(−23) 12
d†R (3,1)(+
1
3
) 1
2
L =
(
νL
eL
)
(1,2)(−1
2
) 1
2
e†R (1,1)(+1)
1
2
H =
(
H+
H0
)
(1,2)(+1
2
) 0
where the field strength tensors are defined as
Gµν
(r) = ∂µGν
(r) − ∂νGµ(r) + c3(p)(q)(r)Gµ(p)Gν (q) , (1.2)
Wµν
(r) = ∂µWν
(r) − ∂νWµ(r) + c2(p)(q)(r)Wµ(p)Wν (q) , (1.3)
Bµν
(r) = ∂µBν
(r) − ∂νBµ(r) . (1.4)
The kinetic terms of the scalar and fermion fields are formulated by using the covariant
derivative [14] with respect to the SM gauge group, which has the form
Dµ = ∂µ − ig3Gµ(r)T3(r) − ig2Wµ(s)T2(s) − ig1 qYBµ , (1.5)
where for a particular field the generators are written in the corresponding representation.
Using Weyl spinor notation and the mostly plus convention for the Minkowski metric, the
kinetic terms of the fermions have the following form:
Lkin = − i
2
3∑
I=1
[
QIσ
µDµQI + u†RIσµDµu†RI + d†RIσµDµd
†
RI
+ LIσ
µDµLI + e†RIσµDµe†RI + c.c.
]
,
(1.6)
with the family index I ∈ {1, 2, 3}. For the sake of readability, SU(3)C and SU(2)L indices
are suppressed. Furthermore, the couplings of the fermions to the EW Higgs field are
specified by 3 × 3-dimensional complex Yukawa matrices Y in family space. In left-right
notation the Yukawa terms are written as
LYukawa = −(Yu)IJ QI ·H u†RJ − (Yd)IJ QI H d†RJ − (Ye)IJ LI H e†RJ + c.c. , (1.7)
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with the antisymmetric product QJ ·H = uLJH0 − dLJH+ in the SU(2)L indices. Finally,
the part of the Lagrangian which only contains the EW Higgs field is given by
LHiggs = −DµH DµH + µ2H H H −
1
4
λH(H H)
2 , (1.8)
where the couplings µ2H and λH are real.
The last two terms in Eq. (1.8) form (up to an overall minus sign) the scalar potential
of the SM. If the parameters µ2H , λH > 0, the scalar potential has a non-trivial minimum
and the vev 〈H〉 of the EW Higgs field (at tree-level) is given by
〈H〉 =
(
0
v
)
, with v =
√
2µ2H
λH
. (1.9)
The experimental value of the vev is v ≈ 174 GeV [13], which defines the EW scale. The
SM gauge group is spontaneously broken by the non-vanishing 〈H〉, namely
SU(3)C × SU(2)L × U(1)Y EWSB−−−→ SU(3)C × U(1)EM . (1.10)
Moreover, the charge of the electromagnetic interaction is computed as qEM = I3 + qY,
where I3 is the third component of the weak isospin and qY is the weak hypercharge.
According to the Higgs mechanism [15–18], the three massless Goldstone bosons are
absorbed by a suitable gauge transformation into the gauge bosons which correspond
to the broken generators, and which acquired a mass. The four mass eigenstates of the
electroweak theory are then called W bosons W±, Z boson Z0 and photon γ, with the
corresponding masses
MW =
1√
2
g2v , MZ =
1√
2
g2v
cos θW
, Mγ = 0 , (1.11)
where θW = arctan(g1/g2) is the weak angle. Furthermore, the remaining degree of freedom
of the EW Higgs field is the Higgs boson h0, which has the mass
m2h = λHv
2 . (1.12)
1.2 Fermion masses and the CKM matrix
The masses of the fermions in the SM originate from the Yukawa coupling terms in
Eq. (1.7), if the EW Higgs field is substituted with its vev given in Eq. (1.9). The Dirac
mass terms are then given by
LMass = −(Mu)IJ uLJ u†RJ − (Md)IJ dLI d†RJ − (Me)IJ eLI e†RJ + c.c. , (1.13)
where the 3× 3-dimensional mass matrices have the form
Mu =
1√
2
vYu , Md =
1√
2
vYd , Me =
1√
2
vYe . (1.14)
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Each mass matrix Mf (f ∈ {u, d, e}) can be rotated into a diagonal matrix Mdiagf with
real and positive entries, namely the mass eigenbasis, by a singular value decomposition:
Mdiagf = (U
L
f )
∗Mf (URf )
T , (1.15)
where URf and U
L
f are unitary matrices. Since uL and dL are components of the same
doublet Q, they can not be rotated independently, which implies that the two mass
matrices Mu and Md can not be diagonal at the same time. The mass eigenbases of
the up- and down-type quarks are then connected via the Cabibbo-Kobayashi-Maskawa
(CKM) matrix [19,20], which is defined by
UCKM := ULu U
L†
d . (1.16)
The CKM matrix is a unitary 3 × 3-dimensional matrix, which, in the standard
parametrization, is determined by three angles θCKM23 , θ
CKM
13 and θ
CKM
12 , and the complex
phase δCKM:
UCKM =
1 0 00 c23 s23
0 −s23 c23
 c13 0 s13e−iδ0 1 0
−s13eiδ 0 c13
 c12 s12 0−s12 c12 0
0 0 1

=
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 ,
(1.17)
where the notations cij ≡ cos θCKMij , sij ≡ sin θCKMij and δ ≡ δCKM are used. The five
additional (unphysical) phases, which are present in a general U(3) matrix, are absorbed
into the fields. Moreover, the angle θCKM12 is also referred to as Cabibbo angle θC, and δ
CKM
is called Dirac CP-violating phase.
1.3 Open questions
Although the SM successfully describes the weak, strong and electromagnetic interaction,
as well as the properties of most of the known fundamental particles at the EW scale, there
are observed phenomena and issues of a theoretical kind that are not explained. These
shortcomings indicate that the SM is not the final theory and that it has to be extended.
Some of these open questions are discussed in the following.
• Neutrino masses:
In the SM, as defined in Section 1.1, neutrinos are described as massless particles.
However, the observed neutrino flavour oscillation in experiments [21–29] implies that
the mass and the flavour eigenbases of the neutrinos do not match. Thus, neutrinos
have to carry a mass, which requires an extension of the SM. A brief discussion about
this topic is given in Section 1.4.
• Dark matter:
Strong evidence for dark matter is given, among others, by unexpectedly high
velocities of galaxies within clusters [30, 31], flat rotation curves of galaxies [32, 33],
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lensing effects of distant galaxies and quasars [34, 35], and by the so-called bullet
cluster [36, 37]. Furthermore, the well established ΛCDM-model in cosmology
postulates the existence of (cold) DM as well. There are numerous candidates
for dark matter, whose masses can range from 10−22 eV up to five times the solar
mass [13]. A promising candidate for a weakly interacting massive particle (WIMP)
appears in supersymmetric extensions of the SM, where a neutralino is the lightest
supersymmetric particle (LSP), which implies that it is completely stable (see
Section 2.4).2 The neutralino forms so-called cold DM, which means that the freeze
out temperature, where the DM particle decouples from the thermal bath, is smaller
than the mass of the particle.
• Flavour puzzle & Grand Unification:
The SM without neutrino masses contains 18 parameters,3 namely three gauge
couplings, nine fermion masses, four CKM parameters and two Higgs parameters.
This shows that most of the parameters are present in the flavour and in the gauge
sector, where these parameters are simply fitted to the experimental data, without
providing any explanation for an underlying structure. A strategy towards resolving
this shortcoming of the SM is given by Grand Unified Theories, where the SM
gauge group is embedded into a simple Lie Group; hence, there is only one gauge
coupling at high energy scales, namely above the GUT scale. In such a theory,
the representations of fermions of different sectors, but of the same generation, are
embedded into bigger representations of the GUT gauge group, which relates the
individual Yukawa matrices, as discussed in Chapter 3. Moreover, the introduction
of a discrete symmetry in family space, a so-called flavour symmetry, can be used
to make relations between the Yukawa couplings of different generations, which may
lead to a better understanding of mass hierarchies and mixing angles.
• Hierarchy Problem:
The fundamental energy scale in the SM is the EW scale at around 174 GeV,
which is determined by the vev of the EW Higgs field as discussed in Section 1.1.
Experimentally it was found that the Higgs boson mass is of the same order of
magnitude, namely at about 125 GeV. This is also the order of magnitude that is
expected by calculating the Higgs mass without including any quantum corrections.
However, the Higgs mass is sensitive to quantum corrections which arise from direct
or indirect couplings of particles to the Higgs boson and which are proportional to
the masses of these particles in the loop diagrams. Thus, it is expected that if there
exists physics at energy scales much above the EW scale, the Higgs boson mass is
determined by these energy scales as well; this is called the hierarchy problem [38–43].
Strong hints for physics beyond the SM are given by Grand Unified Theories, or by
theories which combine concepts from quantum field theory and general relativity,
like supergravity (see Chapter 2), whose fundamental energy scales are the GUT and
the Planck scale at roughly 1016 GeV and 1019 GeV, respectively. To keep the Higgs
mass at the electroweak scale, an unpleasant fine-tuning of counter terms has to be
performed, so that the different loop corrections cancel.
2In the context of the WIMP, the word “weakly” does not refer to the electroweak interaction.
3Neglecting the QCD vacuum angle θQCD.
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A way out of this is to introduce supersymmetry, which is a symmetry between
bosons and fermions as discussed in Chapter 2. If supersymmetry is realised, for
every loop diagram of a fermion which contributes to the Higgs boson mass there
is also a loop diagram of a boson, namely of the corresponding superpartner, which
gives the same contribution up to a different sign, and vice versa. Thus, an exact
cancellation takes place.
Since no superpartners of the SM particles have been detected, supersymmetry must
be either explicitly or spontaneously broken, such that these particles are heavier
than the ones of the SM. In order that there is still a systematic, although not
exact cancellation of the contributions to the Higgs mass from loop diagrams, the
supersymmetry breaking terms must be “soft” [44], i.e. the mass dimensions of the
corresponding operators in the Lagrangian are smaller or equal to three.4 In that
case, the quadratically divergent terms of the loop diagrams are still cancelled, and
even if the masses of superpartners are somewhat above the EW scale, the hierarchy
is small compared to the big hierarchy between the GUT or Planck scale and the
EW scale.
1.4 Neutrino masses and the PMNS matrix
An obvious way to generate masses for the neutrinos is to introduce right-handed neutrinos
ν†R which are singlets under the SM gauge group, namely ν
†
R ∼ (1,1)(0). This allows to
write the Yukawa term
LYukawa ⊃ −(Yν)IJ LI ·H ν†RJ + c.c. , (1.18)
such that the neutrinos get a Dirac mass after EWSB like the other fermions, as described
in Section 1.2. An upper limit for the neutrino masses follows from β decay experiments
and is given by mν < 2 eV [13]. This translates to an upper limit of about 10
−11 for the
neutrino Yukawa couplings, which looks unusually small even compared to the electron
Yukawa coupling ye ≈ 10−6.
A different way to make the left-handed neutrinos massive is to allow for non-
renormalizable operators in the Lagrangian, in particular the dimension five Weinberg
operator [46] which generates neutrino masses after EWSB:
L ⊃ −1
4
κIJ(LI ·H)(LJ ·H) + c.c. EWSB−−−→ −1
2
(Mν)IJ νLI νLJ + c.c. , (1.19)
where Mν =
1
4
v2κ. Since the term is a Majorana mass term, no additional fields have to
be introduced. The Majorana mass term is consistent with gauge symmetries, because the
neutrino is a singlet under SU(3)C × U(1)EM.
An elegant solution to generate the Weinberg operator from renormalizable operators
and to explain the smallness of the neutrino masses is given by the seesaw mechanism [47–
50]. There are three different realizations of this mechanism, however only the type I seesaw
mechanism is considered in the following, which is formulated by introducing right-handed
4Strictly speaking, non-holomorphic operators of scalar fields of dimension three are soft only in certain
cases, see e.g. [45].
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neutrinos ν†R, as discussed above.
5 Since the ν†R are singlets under the SM gauge group,
they can form a Majorana mass term
L ⊃ −1
2
(MR)IJ ν
†
RI
ν†RJ + c.c. , (1.20)
in addition to the Yukawa term in Eq. (1.18). If the mass MR is much bigger than the EW
scale, the right-handed neutrinos are integrated out at this energy scale and a Weinberg
operator as in Eq. (1.19) is generated, where
κ = −2Yν M−1R YTν . (1.21)
The Majorana mass matrix Mν of the left-handed neutrinos, as defined in Eq. (1.19),
is symmetric and can therefore be diagonalized by a Takagi decomposition:
Mdiagν = U
T
ν Mν Uν , (1.22)
where Uν is unitary. Because νL and eL are both contained in the same doublet L, the mass
matrices Me and Mν can not be diagonalized simultaneously. Similar to the CKM matrix
in the case of the quarks, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [51–53]
UPMNS := ULe Uν , (1.23)
is introduced, which connects the mass eigenbases of the electrons and neutrinos.
The PMNS matrix is a unitary 3 × 3-dimensional matrix, which, in the standard
parametrization, is determined by three angles θPMNS23 , θ
PMNS
13 and θ
PMNS
12 , and three complex
phases δPMNS, ϕPMNS1 and ϕ
PMNS
2 :
UPMNS =
1 0 00 c23 s23
0 −s23 c23
 c13 0 s13e−iδ0 1 0
−s13eiδ 0 c13
 c12 s12 0−s12 c12 0
0 0 1
eiϕ1/2 0 00 eiϕ2/2 0
0 0 1

=
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
eiϕ1/2 0 00 eiϕ2/2 0
0 0 1
 ,
(1.24)
where the notations cij ≡ cos θPMNSij , sij ≡ sin θPMNSij , δ ≡ δPMNS and ϕ1,2 ≡ ϕPMNS1,2 are
used. In contrast to the CKM matrix, the two Majorana phases ϕPMNS1 and ϕ
PMNS
2 in the
PMNS matrix are physical, since the left-handed neutrinos have a Majorana mass term.
Experimentally measured are the three angles θPMNS23 , θ
PMNS
13 and θ
PMNS
12 , as well as the
Dirac CP-violating phase δPMNS, for which, however, there is still a big uncertainty [54].
The three mass eigenstates of the neutrinos are labelled as mνi (i ∈ {1, 2, 3}), using
the convention that
0 < ∆m221 , ∆m
2
21 < |∆m231| , m221 < |∆m232| , (1.25)
5Strictly speaking, only two right-handed neutrinos are necessary, leaving one left-handed neutrino
massless, in order to explain the neutrino oscillation data, because only mass-squared differences are
measured.
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where the mass-squared differences are defined as ∆m2ij = m
2
νi
− m2νj . There are two
possible orderings of the neutrino masses which fulfil these requirements:
mν1 < mν2 < mν3 : normal ordering (NO) , (1.26)
mν3 < mν1 < mν2 : inverse ordering (IO) . (1.27)
Both scenarios are still compatible with the data from neutrino oscillation experiments,
which provide values for two mass-squared differences, namely
• ∆m221, ∆m231 in case of NO,
• ∆m221, ∆m232 in case of IO,
where ∆m221  |m23i| (i ∈ {1, 2}) in the respective case [54].
CHAPTER 2
Supersymmetry
In contrast to ordinary spacetime and gauge symmetries, supersymmetry [55–58] is a
symmetry which maps bosonic states onto fermionic states and and vice versa. Because
of this property, the corresponding generator Q and its conjugate Q are fermionic objects
and they fulfil the schematic anticommutation relation
{Q,Q} = Pµ , (2.1)
where Pµ is the generator of spacetime translations. Supersymmetry is parametrized
by an anticommuting spinor and it is either a global or a local symmetry, depending
on whether the spinor is spacetime-dependent or not. Global SUSY is also referred to
as rigid supersymmetry. As illustrated in Eq. (2.1), the anticommutation of the two
supersymmetry generators induces a spacetime translation. In the case of local SUSY
these translations vary from point to point, which corresponds to general coordinate
transformation. Thus, local supersymmetry describes a field theory which combines
concepts from supersymmetry and general relativity, and is called supergravity [59–61].
As for any covariant formulation of a local symmetry, there exists a gauge field,
namely the gravitino, which is related to local supersymmetry transformations. Under
SUSY transformations the gravitino transitions into the graviton, which mediates the
gravitational interactions.
2.1 Structural aspects
2.1.1 Notations
Throughout this chapter the mostly plus convention for the Minkowski metric ηab, namely
ηab = η
ab = diag(−1,+1,+1,+1) , (2.2)
is used, with the Lorentz vector indices a, b ∈ {0, 1, 2, 3}. The matrix ηab is the inverse of
ηab, and the two matrices are employed to raise and lower Lorentz vector indices.
The totally antisymmetric Levi-Civita tensor abcd with four Lorentz vector indices is
defined as
0123 = +1 , 
0123 = −1 , (2.3)
such that
abcd = ηaeηbfηcgηdh
efgh , abcd = ηaeηbfηcgηdhefgh . (2.4)
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Furthermore, the totally antisymmetric Levi-Civita tensor αβ (α˙β˙) with two (Lorentz)
Weyl spinor indices α, β ∈ {1, 2} (α˙, β˙ ∈ {1, 2}) is defined as follows:
12 = 21 (= 
1˙2˙ = 2˙1˙) = +1 . (2.5)
Thus, αβ and αβ are the inverses of each other, namely
αγγβ = βγ
γα = δαβ , (2.6)
and they are used to raise and lower spinor indices.
The Pauli matrices σaβγ˙ and σ¯
aβ˙γ carry a vector and two spinor indices, and are given
by
σ0 = +σ¯0 =
(
1 0
0 1
)
, σ1 = −σ¯1 =
(
0 1
1 0
)
,
(2.7)
σ2 = −σ¯2 =
(
0 −i
i 0
)
, σ3 = −σ¯3 =
(
1 0
0 −1
)
.
It is convenient to use the following notations for Pauli matrices with one upper and one
lower spinor index:
(σa)βα˙ = 
βασαα˙ , (σ¯
a)β˙
α = β˙α˙σ¯
aα˙α , (2.8)
(σa)α
β˙ = σaαα˙
α˙β˙ , (σ¯a)α˙β = σ¯
aα˙ααβ . (2.9)
In addition, the matrices σab and σ¯ab are defined as
(σab)α
β
=
1
4
(σaσ¯b − σbσ¯a)αβ , (σ¯ab)α˙β˙ =
1
4
(σ¯aσb − σ¯bσa)α˙β˙ , (2.10)
implying that they are antisymmetric in the indices a, b.
Weyl spinors with an undotted and a dotted spinor index, namely χα and χ¯
α˙, transform
in the representations (1
2
, 0) and (0, 1
2
), respectively, under Lorentz transformations, and
are also referred to as left- and right-handed spinors. In particular, χ¯α˙ with an upper index
transforms in the dual conjugate representation of χα with a lower index. The two types
of Weyl spinors are related via conjugation, by taking the Grassmann parity into account:
(χα)
∗ = χ¯α˙ , (2.11)
(χαψβ)
∗ = −χ¯α˙ψ¯β˙ . (2.12)
If spinor indices are suppressed, it is always assumed that they contract in the following
way: αα and α˙
α˙.
Finally, spacetime indices are represented by indices µ, ν, ..., and adjoint indices of
internal gauge symmetries are written as (r), (s), ... .
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2.1.2 Super-Poincare´ algebra
The super-Poincare´ algebra sios(1, 3) is the supersymmetric extension of the Poincare´
algebra and, from a group theory point of view, the super-Lie algebra of the super-Poincare´
group sISO(1, 3). The word “super” indicates that the algebra has a Z2-grading, which
means that the corresponding vector space decomposes into a direct sum of a Grassmann
even and a Grassmann odd subspace. Furthermore, the binary operation ( , ) respects the
grading of the algebra and is called super-Lie bracket or supercommutator. In particular,
if X,Y ∈ sios(1, 3) have definite Grassmann parity, the supercommutator is written as
(X,Y) = [X,Y] , if X or Y is even ,
(X,Y) = {X,Y} , if X and Y are odd , (2.13)
where [ , ] and { , } represent the common commutator and anticommutator,
respectively. In addition to the generators of the Poincare´ algebra, the super-
Poincare´ algebra contains pairs of generators QI , QI (I ∈ {1, ..., N}), which generate
supersymmetry transformations. The number N specifies the number of supersymmetries.
In the following, only the case N = 1 is considered and the label I is neglected. In that
case, a complete set of generators of the super-Poincare´ algebra, including the respective
Grassmann parity, is given by 1
• Jab Lorentz generators (even), with a, b ∈ {0, 1, 2, 3} and Jba = −Jab,
• Pa translation/momentum generators (even), with a ∈ {0, 1, 2, 3},
• Qα, Qα˙ supersymmetry generators (odd), with α, α˙ ∈ {1, 2} and (Qα)∗ = −Qα˙.
The definitions of the generators are chosen such, that iJab, iPa, iQα, iQα˙ ∈ sios(1, 3).
With respect to this set of generators, the super-Lie bracket is defined as follows (cf.
e.g. [62]):
[Jab,Jcd] = +i(ηacJbd − ηadJbc − ηbcJad + ηbdJac) , (2.14a)
[Jab,Pc] = +i(ηacPb − ηbcPa) , (2.14b)
[Pa,Pc] = 0 , (2.14c)
{Qα,Qγ˙} = +2σbαγ˙Pb , (2.14d)
{Qα,Qγ} = {Qα˙,Qγ˙} = 0 , (2.14e)
[Jab,Qγ] = −i(σab)γδQδ , (2.14f)
[Jab,Qγ˙] = +i(σ¯ab)
δ˙
γ˙Qδ˙ , (2.14g)
[Pa,Qγ] = [Pa,Qγ˙] = 0 . (2.14h)
The three commutation relations in Eqs. (2.14a)–(2.14c) just represent the Poincare´
algebra. In particular, the second equation indicates that the translation generator Pa
transforms as a Lorentz vector. Furthermore, Eq. (2.14f) and (2.14g) show, that the
1In Minkowski spacetime, the Lorentz vector indices a, b, ... are in one to one correspondence with the
spacetime indices µ, ν, ... . Thus, in that context the Lorentz vector indices, which appear in the following
definitions and identities, can simply be replaced by spacetime indices.
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supersymmetry generators Qα and Qα˙ are in the 2-dimensional representations (
1
2
, 0) and
(0, 1
2
), respectively, with respect to the Lorentz algebra, and can therefore be treated as
Weyl spinors. This implies that the anticommutator of Qα and Qα˙ transforms in the
vector representation (1
2
, 1
2
) of the Lorentz group like the generator Pa, which is taken
account of in Eq. (2.14d). A similar consideration leads to the trivial (anti-)commutation
relations in Eq. (2.14e) and (2.14h), because there are no generators in the appropriate
representations.
The super-Poincare´ algebra can be extended by adding an internal symmetry, which is
represented by the Lie algebra g of some Lie group G. The generators T of the internal
symmetry, where iT ∈ g, commute with all generators of the Poincare´ algebra, but they
can have non-trivial commutation relations with the supersymmetry generators. Such
a symmetry is then called R-symmetry. For N = 1 supersymmetry, the most general
form of an R-symmetry is a U(1) symmetry and is labelled by U(1)R. In principle, the
internal symmetry may contain multiple U(1)R factors. Hence, the Lie algebra has the
form g = g˜⊕ u(1)R ⊕ ...⊕ u(1)R and the generators are written as
• T(r) internal generators (even), with (r) ∈ {1, ..., dim g},
- T˜(r) generator of g˜,
- TR(r) generator of U(1)R,
where it is distinguished whether a generator represents a U(1)R symmetry or not. The
additional commutation relations of the extended super-Poincare´ algebra are defined as
[T(r),T(s)] = ic(r)(s)
(t)T(t) , (2.15a)
[T(r),Jcd] = [T(r),Pc] = 0 , (2.15b)
[T˜(r),Qγ] = [T˜(r),Qγ˙] = 0 , (2.15c)
[TR(r),Qγ] = −Qγ , (2.15d)
[TR(r),Qγ˙] = +Qγ˙ . (2.15e)
If the generators T(r) are chosen Hermitian, the structure constants c(r)(s)
(t) of the Lie
algebra g, as defined in Eq. (2.15a), are real. The trivial commutation relations between
internal and Poincare´ generators is taken account of in Eq. (2.15b). This holds true for
the supersymmetry generators, if an internal generator does not represent an R-symmetry,
as stated in Eq. (2.15c). Finally, Eq. (2.15d) and (2.15e) show, that Qα and Qα˙ have by
definition charge −1 and +1, respectively, with respect to any U(1)R symmetry.
2.1.3 Supermultiplets
Supermultiplets are irreducible representations with respect to the super-Poincare´ algebra
given in Eq. (2.14). Because the Poincare´ algebra is a subalgebra and the supersymmetry
generators transform as Weyl spinors under the Lorentz group, a supermultiplet basically
consists of a bunch of particles with different spin. Since the momentum generator Pa
commutes with the supersymmetry generators, the squared-mass operator −P2 ≡ −PaPa
is a Casimir operator of the super-Poincare´ algebra. Thus, all particles in a supermultiplet
have the same mass. Furthermore, a supermultiplet with a finite number of particles
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contains the same number of bosonic (Grassmann odd) and fermionic (Grassmann even)
degrees of freedom. In order to show this, the operator (−1)nF is introduced, which has the
property that bosonic and fermionic states have the eigenvalues +1 and −1, respectively.
Hence, the relations
(−1)nFQα = −Qα(−1)nF ,
(−1)nFQβ˙ = −Qβ˙(−1)nF ,
(2.16)
apply for the fermionic supersymmetry generators. Because it is assumed that the
supermultiplet contains a finite number of particles, the generators can be written as
finite dimensional matrices with respect to that basis. The identities from Eq. (2.16), as
well as the cyclic property of the trace and the fact that Qα and Qβ˙ are Grassmann odd,
are then used in the calculation
2σc
αβ˙
tr
[
(−1)nFPc
]
= tr
[
(−1)nF {Qα,Qβ˙})
]
= tr
[
(−1)nFQαQβ˙
]
+ tr
[
(−1)nFQβ˙Qα)
]
= tr
[
Qα(−1)nFQβ˙
]− tr [Qα(−1)nFQβ˙]
= 0 .
(2.17)
Since the momentum generator maps a particle onto itself, Eq. (2.17) implies that the trace
of (−1)nF vanishes. Thus, the number of bosonic and fermionic degrees of freedom in a
supermultiplet match. If the super-Poincare´ algebra is extended by an internal symmetry
which does not represent an R-symmetry, Eq. (2.15c) implies that all particles within
a supermultiplet have the same transformation properties concerning this symmetry. A
complete classification of the irreducible representations of the super-Poincare´ algebra can
be found in the standard literature, e.g. [62].
In the context of field theory, particles are described as fields in spacetime. Depending
on whether a field fulfils the corresponding equation of motion or not, it is called on-shell
or off-shell. Ordinary particles are the ones which are on-shell. However, in order that
supersymmetry represents a symmetry of a quantum field theory, where virtual particles
appear, it must be formulated off-shell, i.e. in a manifestly covariant manner.2 In either
case, the conclusion from Eq. (2.17), that a supermultiplet contains the same number of
bosonic and fermionic degrees of freedom, applies. On the other hand, the equations of
motion eliminate a different number of degrees of freedom for fields with different spin.
Hence, an off-shell supermultiplet contains not only the physical fields which are present in
the on-shell formulation of the supermultiplet, but also additional fields, so-called auxiliary
fields. The equations of motion of these fields are purely algebraic, i.e. they have no kinetic
term, such that the corresponding degrees of freedom vanish on-shell.
The most commonly used supermultiplets in supersymmetric theories are the chiral
multiplet and the gauge multiplet. Furthermore, in supergravity, where supersymmetry
is a local symmetry, the supergravity multiplet is present. These are the three kinds
of supermultiplets which are considered in this chapter, and an overview of these
supermultiplets is given below. They are written in the form
(
physical
∣∣ auxiliary ), where
on the left-hand side of the bar the physical fields are listed, and on the right-hand side
2Strictly speaking, it is enough to ensure that in principle an off-shell formulation exists, because the
auxiliary fields, as discussed below, have algebraic equations of motion and may be integrated out.
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the auxiliary fields are specified. Furthermore, b and f stand for bosonic and fermionic
off-shell real degrees of freedom, respectively.
• Supergravity multiplet:
The physical fields in the supergravity multiplet are the spin 2 graviton eµ
a, the
spin 3
2
gravitino ψµ
α and its conjugate ψ¯µα˙. The gravitino is the gauge field of local
supersymmetry transformations and the graviton mediates gravitational interactions.
In N = 1 supersymmetry there are three different known (off-shell) realisations of the
supergravity multiplet, namely the minimal, the new-minimal and the non-minimal
multiplet. In the following, only the minimal supergravity multiplet is considered,
which, in addition to the physical fields, contains the auxiliary fields M , its conjugate
M , and ba (see e.g. [63]):
(
eµ
a , ψµ
α (ψ¯µα˙)
∣∣M (M) , ba)

eµ
a 6 b graviton
ψµ
α (ψ¯µα˙) 12 f gravitino
M (M) 2 b complex scalar
ba 4 b real vector
(2.18)
Six degrees of freedom of the graviton are removed by local Lorentz transformations
and four are removed by spacetime diffeomorphism transformations. In the case
of the gravitino, four degrees of freedom are removed by local supersymmetry
transformations. The component fields have the following mass dimensions:
[eµ
a] = 0 , [ψµ
α] = [ψµα˙] =
3
2
, [M ] = [M ] = 2 , [ba] = 2 . (2.19)
Furthermore, the supergravity multiplet is real.
• Chiral multiplet:
The chiral multiplet is also called matter multiplet. The physical fields are a complex
scalar ϕ and a Weyl fermion χα. Thus, this multiplet is usually used to describe a
chiral fermion with the corresponding scalar superpartner, or a Higgs boson with a
fermionic superpartner in a supersymmetric theory. In addition, the (off-shell) chiral
multiplet contains the auxiliary field F :
(
ϕ , χα
∣∣ F)

ϕ 2 b complex scalar
χα 4 f Weyl spinor
F 2 b complex scalar
(2.20)
Since the chiral multiplet is complex, there exists a conjugate multiplet
(
ϕ¯ , χ¯α˙
∣∣ F),
which contains the conjugated component fields. The mass dimensions of the
individual fields are given by
[ϕ] = [ϕ¯] = 1 , [χα] = [χ¯
α˙] = 3
2
, [F ] = [F ] = 2 . (2.21)
• Gauge multiplet:
The (off-shell) gauge multiplet is used to formulate gauge interactions in a
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supersymmetric framework. It is a vector multiplet in the so-called Wess-Zumino
gauge. In either case, the multiplet contains a gauge boson Aµ, a Weyl fermion
λα
(r) and its conjugate λ¯α˙(r) as the physical fields, where the Weyl fermion is called
gaugino. However, the gauge multiplet contains less auxiliary fields than the general
vector multiplet, which are removed by a suitable chiral gauge transformation. These
transformations are parametrized by a chiral multiplet and are fixed by this condition
up to the real part of the corresponding scalar field ϕ, representing an ordinary gauge
transformation. Thus, the gauge multiplet is only present in the context of gauge
theories. Apart from the physical fields, it contains the auxiliary field D:
(
Aµ , λα (λ¯
α˙)
∣∣ D)

Aµ 3 b vector boson
λα (λ¯
α˙) 4 f Weyl spinor
D 1 b real scalar
(2.22)
One degree of freedom of the vector boson is removed by gauge transformations. The
individual fields have the mass dimensions
[Aµ] = 1 , [λα] = [λ¯
α˙] = 3
2
, [D] = 2 . (2.23)
Moreover, the gauge multiplet is real.
2.2 The Supergravity/matter/Yang-Mills system
The supergravity/matter/Yang-Mills system describes matter fields and gauge interactions
in the context of local SUSY, which implies that the supergravity multiplet is present. In
Section 2.2.1, supersymmetry in the context of the sigma model is discussed. The general
off-shell supersymmetric Lagrangian of the supergravity/matter/Yang-Mills system is then
presented in Section 2.2.2, and the corresponding supergravity transformations, namely
local supersymmetry transformations adapted to the Wess-Zumino gauge, are given in
Section 2.2.3. Finally, R-symmetries within supergravity are discussed in Section 2.2.4.
2.2.1 Supergravity within the sigma model
In the context of field theory, matter is described by the sigma model, that is a
diffeomorphism Φ which goes from spacetime to a target manifold. Scalar fields ϕk(x),
with spacetime coordinates xµ, are then given by the pullback of the coordinate functions
zk on the target manifold via Φ, i.e. ϕk = zk ◦Φ (see e.g. [64–66]). It is often convenient to
view the fields ϕk simply as coordinates of the target manifold. The kinetic terms of the
scalar fields, which must be positive definite, are formed by (the pullback of) the metric
on the target manifold; thus the target manifold is Riemannian. The sigma model is called
linear, if the Riemannian metric is constant, and it is called non-linear, if the metric is
coordinate dependent, i.e. a function of the scalar fields. For supersymmetric theories the
target manifold is complex; thus the complex coordinates are represented by the complex
scalar fields ϕk(x) and ϕ¯k¯(x) and the metric gkk¯ is Hermitian. Furthermore, it turns out
that for N = 1 supersymmetry in d = 4 dimensions the target manifold is Ka¨hler, hence
the Hermitian metric is locally specified by the Ka¨hler potential K(ϕk, ϕ¯k¯) (see e.g. [67]).
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The superpotential W (ϕk) is used, among others, to specify the scalar potential of
the supersymmetric theory. In particular, the superpotential is a holomorphic section of
a holomorphic line bundle over the target manifold, which carries locally the Hermitian
metric eK , where both quantities are locally defined with respect to some holomorphic
section σ which forms a basis of the line bundle. Thus, the target manifold is a Ka¨hler-
Hodge manifold, which is also referred to as Ka¨hler manifold of restricted type (see e.g. [68,
69]). Since the line bundle is 1-dimensional, the norm of the superpotential is just given
by
||W (ϕk)||2 = eK(ϕk,ϕ¯k¯)W (ϕk)W (ϕ¯k¯) . (2.24)
Under a Ka¨hler transformation, parametrized by a holomorphic function F (ϕk), the Ka¨hler
potential transforms as
K(ϕk, ϕ¯k¯) 7→ K(ϕk, ϕ¯k¯) + F (ϕk) + F (ϕ¯k¯) , (2.25)
which does not affect the Ka¨hler metric. Since the metric on the line bundle is invariant
under Ka¨hler transformations as well, Eq. (2.25) implies the basis change σ 7→ σeF . Hence,
the transformations of W (ϕk) and its conjugate W (ϕ¯k¯) are given by:
W (ϕk) 7→ W (ϕk)e−F (ϕk) , W (ϕ¯k¯) 7→ W (ϕ¯k¯)e−F (ϕ¯k¯) . (2.26)
There is a unique connection, namely the Chern connection, on the line bundle associated
with the Hermitian metric eK and the holomorphic structure ∂¯. The corresponding
connection 1-form with respect to the section σ and its conjugate are given by ∂K and
∂¯K, where ∂ ≡ dϕk ∂
∂ϕk
and ∂¯ ≡ dϕ¯k¯ ∂
∂ϕ¯k¯
. Under Ka¨hler transformations, the two 1-forms
transform as
∂K 7→ ∂K + ∂F , ∂¯K 7→ ∂¯K + ∂¯F . (2.27)
Moreover, the covariant derivatives of W and W with respect to Ka¨hler transformations
are thus given by
DW = dW +W∂K , DW = dW +W∂¯K , (2.28)
which, in terms of components, take the form
DkW = Wk +WKk , Dk¯W = W k¯ +WKk¯ . (2.29)
The line bundle is mapped to a U(1) bundle by the multiplication with eK/2, and the
corresponding U(1) connection A˜ has the form
A˜ =
1
4
(∂K − ∂¯K) . (2.30)
In particular, under Ka¨hler transformations A˜, eK/2W and eK/2W transform as
A˜ 7→ A˜+ i
2
d ImF , (2.31)
eK/2W 7→ e−i ImF eK/2W , eK/2W 7→ e+i ImF eK/2W , (2.32)
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showing that the corresponding U(1) transformation is given by − i
2
ImF , and that eK/2W
and eK/2W have weights +2 and −2, respectively. This consideration is applied in
Section 2.2.4, where R-symmetries are discussed.
The fermionic superpartners of the scalar fields are described by the section χ of a
bundle over spacetime, which is the tensor product of the spinor bundle concerning a spin
structure, and the pullback via Φ of the holomorphic tangent bundle of the complex target
manifold.3 In particular, χα is a Weyl spinor with spinor index α, and with respect to the
canonical basis ∂k ≡ ∂∂ϕk of the holomorphic tangent bundle it is written as χα = χkα∂k.
The field χkα is then the fermionic superpartner of the scalar field ϕ
k. Similarly, the
components χ¯k¯α˙ of the conjugated section χ¯α˙ with respect to the basis ∂k¯ ≡ ∂∂ϕ¯k¯ are the
superpartners of ϕ¯k¯. Moreover, the tangent bundle of the target manifold is equipped
with the Levi-Civita connection of the Ka¨hler metric gkk¯, which is used below to define
covariant derivatives of the fermions.
A model is invariant under a compact Lie group G, which is associated to a principal G-
bundle over spacetime, if the group elements act as isometries on the target manifold, i.e.
G represents an internal symmetry.4 The action is parametrized by the (real holomorphic)
Killing vector field −α(r)(K(r) + K¯(r)) concerning the Ka¨hler metric, where α(r)(x) are real
functions on spacetime, and K(r) = Kk(r)(ϕ)∂k and K¯(r) = K¯k¯(r)(ϕ¯)∂k¯ are holomorphic and
antiholomorphic vector fields, respectively, which obey the commutation relations
[K(p),K(q)] = c(p)(q)(r)K(r) , [K¯(p), K¯(q)] = c(p)(q)(r)K¯(r) , [K(p), K¯(q)] = 0 . (2.33)
The factors c(p)(q)
(r) are the real structure constants with respect to a set of Hermitian
generators T(r) of G. For infinitesimal α
(r), the changes of the scalars and the fermions
under the group action read 5
δϕk = −α(r)Kk(r) , δϕ¯k¯ = −α(r)K¯k¯(r) , (2.34)
δχk = −α(r)(∂jKk(r))χj , δχ¯k¯ = −α(r)(∂j¯K¯k¯(r))χ¯j¯ . (2.35)
Since the parameter α(r) is spacetime-dependent, these transformations are called
gauged isometries. In order to formulate covariant derivatives, a connection 1-form
A = A(r)T(r) = dx
µA
(r)
µ T(r) with values in the Lie algebra g of G is introduced. Under the
infinitesimal group action A(r) transforms as
δA(r) = α(p)A(q)c(p)(q)
(r) − dα(r) . (2.36)
Thus, the covariant derivatives of the scalar and the fermion fields have the form
Dµϕk = ∂µϕk − Aµ(r)Kk(r) ,
Dµϕ¯k¯ = ∂µϕ¯k¯ − Aµ(r)K¯k¯(r) ,
(2.37)
3The Grassmann property of the fermions can be accounted for by considering the exterior algebra of
the tensor product bundle.
4The transformations are restricted to isometries in order that the kinetic terms in Eq. (2.41) are
invariant under the action of G.
5The infinitesimal change of a tensor T on the target manifold under the induced diffeomorphisms of
the Killing vector fields is calculated by using the Lie derivative, namely δT = −α(r)(LK(r)T + LK¯(r)T ).
On the other hand, χ and χ¯ are sections of a bundle over spacetime, thus δ(χk∂k) = 0, δ(χ¯
k¯∂k¯) = 0. These
transformation rules imply Eq. (2.34) and Eq. (2.35), which basically represent infinitesimal coordinate
transformations.
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Dµχkα = ∂µχkα − ωµαβχkβ − Aµ(r)(∂jKk(r))χjα + ΓkijχiαDµϕj ,
Dµχ¯k¯α˙ = ∂µχ¯k¯α˙ − ωµα˙β˙χ¯k¯β˙ − Aµ(r)(∂j¯K¯k¯(r))χj¯α˙ + Γk¯ i¯j¯χ¯i¯α˙Dµϕ¯j¯ ,
(2.38)
where ω is the spin connection 1-form associated with local Lorentz transformations on
the spinor bundle. Furthermore, Γkij and Γ
k¯
i¯j¯ are the non-vanishing Christoffel symbols
of the Levi-Civita connection with respect to gkk¯. The derivatives in Eq. (2.37) and (2.38)
transform covariantly under local transformations of the group G and under local Lorentz
transformations. Moreover, the covariant derivatives of the fermions are covariant with
respect to ungauged isometries of the Ka¨hler metric, which basically represent coordinate
transformations on the target manifold. In particular, with respect to the gauge group G
the covariant derivatives in Eq. (2.37) and (2.38) transform as
δDµϕk = −α(r)(∂jKk(r))Dµϕj , δDµϕ¯k¯ = −α(r)(∂j¯K¯k¯(r))Dµϕ¯j¯ , (2.39)
δDµχk = −α(r)(∂jKk(r))Dµχj , δDµχ¯k¯ = −α(r)(∂j¯K¯k¯(r))Dµχ¯j¯ . (2.40)
The kinetic terms of the scalar fields and their fermionic superpartners are then written
as
Lkin ⊃ −gkk¯ gµνDµϕkDνϕ¯k¯ −
i
2
gkk¯(χ
kσµDµχ¯k¯ + χ¯k¯σ¯µDµχk) , (2.41)
where gµν is the inverse spacetime metric.
Gauginos are described by the section λ of a bundle over spacetime, which is the tensor
product of the spinor bundle and the adjoint bundle concerning the G-principal bundle, i.e.
λ takes values in the Lie algebra g. In particular, the gaugino is a Weyl spinor, and with
respect to the basis iT(r) of g it is written as λα = iλα
(r)T(r). Similarly, the conjugated
section has the form λ¯α˙ = iλ¯α˙(r)T(r). The field λα
(r) (λ¯α˙(r)) is then the superpartner of the
gauge boson Aµ
(r). Since the gaugino is Lie algebra-valued, it transforms in the adjoint
representation of the gauge group
δλ(r) = α(p)λ(q)c(p)(q)
(r) , δλ¯(r) = α(p)λ¯(q)c(p)(q)
(r) , (2.42)
and the covariant derivative is given by
Dµλα(r) = ∂µλα(r) − ωµαβλβ(r) + Aµ(p)c(p)(q)(r)λα(q) ,
Dµλ¯α˙(r) = ∂µλ¯α˙(r) − ωµα˙β˙λ¯β˙(r) + Aµ(p)c(p)(q)(r)λ¯α˙(q) .
(2.43)
An ad(g)-invariant metric on the Lie algebra g is used to formulate kinetic terms of the
gauge bosons and gauginos. In supersymmetric theories, it turns out that in general such
a metric is a function of the scalar fields ϕk and ϕ¯k¯. The metric has the form Re f(r)(s)
with respect to the basis iT(r), where the function f(r)(s)(ϕ
k) is holomorphic in the fields
ϕk and is called gauge kinetic function. The kinetic terms of the gauge bosons and the
gauginos are then given by
Lkin ⊃ −1
4
Re f(r)(s)F
µν(r)Fµν
(s) − i
2
Re f(r)(s)
(
λ(r)σµDµλ¯(s) + λ¯(r)σ¯µDµλ(s)
)
, (2.44)
where the field strength tensor is defined as
Fµν
(r) = ∂µAν
(r) − ∂νAµ(r) + c(p)(q)(r)Aµ(p)Aν (q) . (2.45)
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The graviton eµ
a represents the components of the 1-form ea on the spacetime manifold,
called vielbein, concerning the coordinate patch xµ. The vielbein is a section of the vector
bundle associated to the spin structure with respect to the vector representation. The
spacetime metric gµν is then given by
gµν = eµ
aeν
bηab , (2.46)
where the Minkowski metric ηab is the metric on the vector bundle. Moreover, the gravitino
ψµ
α (ψ¯µα˙) represents the components of a 1-form, which is furthermore a section of the
spinor bundle concerning the spin structure. Thus, the gravitino forms a Weyl spinor. The
covariant derivatives of the graviton and the gravitino read
Dνeµa = ∂νeµa + Γρνµeρa + eµbωνba , (2.47)
Dνψµα = ∂νψµα + Γρνµψρα + ψµβωνβα , (2.48)
Dνψ¯µα˙ = ∂νψ¯µα˙ + Γρνµψ¯ρα˙ + ψ¯µβ˙ων β˙ α˙ , (2.49)
with the Christoffel symbols Γρνµ of the Levi-Civita connection with respect to gµν . It
turns out, that in supergravity the (Levi-Civita) spin connection ω is determined by the
graviton and the gravitino (see Eq. (2.69)).
Ordinary Yang-Mills transformations are specified, if G acts via a linear
representation on the scalar fields, i.e. the Killing vector fields have the following form:
K(r) = +i(T(r)ϕ)k∂k and K¯(r) = −i(ϕ¯T(r))k¯∂k¯, where the commutation relations of the
Hermitian generators are [T(p),T(q)] = ic(p)(q)
(r)T(r). In this case, Eq. (2.34) and (2.35)
read
δϕk = −iα(r)(T(r)ϕ)k , δϕ¯k¯ = +iα(r)(ϕ¯T(r))k¯ , (2.50)
δχk = −iα(r)(T(r)χ)k , δχ¯k¯ = +iα(r)(χ¯T(r))k¯ . (2.51)
Since the Ka¨hler potential and the superpotential are invariant under gauge
transformations, the identities
Kk(T(r)ϕ)
k = Kk¯(ϕ¯T(r))
k¯ , (2.52)
Wk(T(r)ϕ)
k = 0 , W k¯(ϕ¯T(r))
k¯ = 0 , (2.53)
apply in the Yang-Mills case. Moreover, since f(r)(s) transforms as a tensor with two adjoint
indices under gauge transformations and the corresponding metric is ad(g)-invariant, the
identities
+i
∂f(r)(s)
∂ϕk
(T(q)ϕ)
k = c(q)(r)
(p)f(p)(s) + c(q)(s)
(p)f(r)(p) , (2.54)
−i∂f¯(r)(s)
∂ϕ¯k¯
(ϕ¯T(q))
k¯ = c(q)(r)
(p)f¯(p)(s) + c(q)(s)
(p)f¯(r)(p) , (2.55)
are valid. The gauge kinetic function is invariant under Ka¨hler transformations. The mass
dimensions of the scalar functions are the following:
[K] = 2 , (2.56)
[W ] = [W ] = 3 , (2.57)
[f(r)(s)] = [f¯(r)(s)] = 0 . (2.58)
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2.2.2 General Lagrangian
In this section the general off-shell supersymmetric Lagrangian of supergravity coupled to
chiral and gauge multiplets (cf. Section 2.1.3) is presented. The gauge transformations of
the internal symmetry are restricted to Yang-Mills transformations, i.e. the gauge group
acts via a linear representation on the matter fields. The derivation of the supersymmetric
Lagrangian is most conveniently done by using superspace techniques. The appropriate
framework to describe the coupling of supergravity to matter is Ka¨hler superspace, and
the component fields of the supermultiplets are defined as lowest superspace components
of superfields. However, the calculations are quite laborious, and therefore only the result
is presented in the following. The full derivation can be found in the notes [6] or in the
standard literature, e.g. [62,63,68,70].
The general off-shell supersymmetric Lagrangian of the supergravity/matter/Yang-
Mills system is completely specified by the quantities
• G Yang-Mills (internal) gauge group,
• K(ϕ, ϕ¯) Ka¨hler potential,
• W (ϕ) , W (ϕ¯) superpotential,
• f(r)(s)(ϕ) , f¯(r)(s)(ϕ¯) gauge kinetic function.
The Lagrangian is invariant under local Lorentz transformations, Yang-Mills gauge
transformations, local supersymmetry transformations and under Ka¨hler transformations.
The transformation properties of the Ka¨hler potential, the superpotential and the gauge
kinetic function under Ka¨hler transformations are stated in Section 2.2.1. Moreover,
the Ka¨hler transformation induces a U(1) transformation at the level of the component
fields. For an arbitrary component field ϑ with the corresponding weight wF (ϑ), the
transformation is given by
ϑ 7→ e− i2wF (ϑ) ImFϑ . (2.59)
The specific weights with respect to Ka¨hler transformations are listed in the following:
• Supergravity multiplet:
wF (eµ
a) = 0 , wF (ψµ
α) = +1 , wF (ψ¯µα˙) = −1 ,
wF (M) = +2 , wF (M) = −2 , wF (ba) = 0 .
(2.60)
• Chiral multiplet:
wF (ϕ
k) = 0 , wF (χ
k
α) = −1 , wF (F k) = −2 , (2.61)
wF (ϕ¯
k¯) = 0 , wF (χ¯
k¯α˙) = +1 , wF (F
k¯) = +2 . (2.62)
• Gauge multiplet:
wF (Aµ
(r)) = 0 , wF (λα
(r)) = +1 , wF (λ¯
α˙(r)) = −1 wF (D(r)) = 0 . (2.63)
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Finally, the general Lagrangian L of the supergravity/matter/Yang-Mills system reads
e−1L = −1
2
R+ 1
2
µνρτ (ψ¯µσ¯ν∇ρψτ − ψµσν∇ρψ¯τ )
− gkk¯ gµνDµϕkDνϕ¯k¯ −
i
2
gkk¯(χ
kσµ∇µχ¯k¯ + χ¯k¯σ¯µ∇µχk)
− 1
4
Re f(r)(s)F
µν(r)Fµν
(s) +
1
8
Im f(r)(s)µνρτF
µν(r)F ρτ(s)
− i
2
(
f(r)(s)λ
(r)σµ∇µλ¯(s) + f¯(r)(s)λ¯(r)σ¯µ∇µλ(s)
)
+ eK
(
3WW − gk¯kDkW Dk¯W
)
− 1
2
eK/2
(
D˜jDkW (χ
jχk) + D˜j¯Dk¯W (χ¯
j¯χ¯k¯)
)
+
1
4
(
Rkk¯jj¯ +
3
2
gkk¯gjj¯
)
(χkχj)(χ¯k¯χ¯j¯)− 3
4
gkk¯ Re f(r)(s)(χ
kλ(r))(χ¯k¯λ¯(s))
− i
√
2gkk¯(χ
kλ(r))(ϕ¯T(r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T(r)ϕ)
k
− 1
2
√
2
(
∂kf(r)(s)(χ
kσµνλ(r)) + ∂k¯f¯(r)(s)(χ¯
k¯σ¯µνλ¯(r))
)
Fµν
(s)
+
1
8
(
∂˜j∂kf(r)(s)(χ
jχk) + 2gk¯keK/2∂kf(r)(s)Dk¯W
)
(λ(r)λ(s))
+
1
8
(
∂˜j¯∂k¯f¯(r)(s)(χ¯
j¯χ¯k¯) + 2gk¯keK/2∂k¯f¯(r)(s)DkW
)
(λ¯(r)λ¯(s))
+
1
16
(
6 Re f(r)(p) Re f(s)(q) − gk¯k∂kf(r)(s)∂k¯f¯(p)(q)
)
(λ(r)λ(s))(λ¯(p)λ¯(q))
− 1
2
(
Re f(r)(s)
)−1(
Kk(T(r)ϕ)
k − i
2
√
2
∂kf(r)(p)(χ
kλ(p)) +
i
2
√
2
∂k¯f¯(r)(p)(χ¯
k¯λ¯(p))
)
×
(
Kj¯(ϕ¯T(s))
j¯ − i
2
√
2
∂jf(s)(q)(χ
jλ(q)) +
i
2
√
2
∂j¯ f¯(s)(q)(χ¯
j¯λ¯(q))
)
− 1√
2
(
gkk¯(ψ¯µσ¯
νσµχ¯k¯)Dνϕk + gkk¯(ψµσν σ¯µχk)Dνϕ¯k¯
)
− 1
4
(
ψ¯µσ¯
µλ(r) − ψµσµλ¯(r)
)(
Kk(T(r)ϕ)
k +Kk¯(ϕ¯T(r))
k¯
)
+
i
8
√
2
(
∂kf(r)(s)(λ
(r)λ(s))(ψ¯µσ¯
µχk) + ∂k¯f¯(r)(s)(λ¯
(r)λ¯(s))(ψµσ
µχ¯k¯)
)
+
i
2
√
2
(
∂kf(r)(s)(ψµσνλ¯
(r))(χkσµνλ(s)) + ∂k¯f¯(r)(s)(ψ¯µσ¯νλ
(r))(χ¯k¯σ¯µνλ¯(s))
)
+
i
2
Re f(r)(s)F
µν(r)
(
(ψµσνλ¯
(s) + ψ¯µσ¯νλ
(s)) +
i
2
µνρτ (ψ
ρστ λ¯(s) − ψ¯ρσ¯τλ(s))
)
+ eK/2
( i√
2
(ψ¯µσ¯
µχk)DkW +
i√
2
(ψµσ
µχ¯k¯)Dk¯W − (ψ¯µσ¯µνψ¯ν)W − (ψµσµνψν)W
)
− i
2
gkk¯
µνρτ (χkσµχ¯
k¯)(ψνσρψ¯τ )− 1
2
gkk¯ g
µν(ψµχ
k)(ψ¯νχ¯
k¯)
− 1
16
Re f(r)(s)
(
(λ(r)λ(s))(3gµν + 2σ¯µν)(ψ¯µψ¯ν) + (λ¯
(r)λ¯(s))(3gµν + 2σµν)(ψµψν)
)
+
1
4
(
Re f(r)(s)(g
µρgντ − gµτgνρ) + Im f(r)(s)µνρτ
)
(ψ¯µσ¯νλ
(r))(ψρστ λ¯
(s))
− 1
3
MM +
1
3
baba + gkk¯F
kF
k¯
+
1
2
Re f(r)(s)D
(r)D(s) , (2.64)
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where the diagonalized auxiliary fields are used, which are defined as
M := M + 3eK/2W , (2.65a)
M := M + 3eK/2W , (2.65b)
ba := ba − 3
4
gkk¯(χ
kσaχ¯
k¯) +
3
4
Re f(r)(s)(λ
(r)σaλ¯
(s)) , (2.65c)
F k := F k + gk¯keK/2Dk¯W −
1
4
gk¯k∂k¯f¯(r)(s)(λ¯
(r)λ¯(s)) , (2.65d)
F
k¯
:= F k¯ + gk¯keK/2DkW − 1
4
gk¯k∂kf(r)(s)(λ
(r)λ(s)) , (2.65e)
D(r) := D(r) − 1
2
(
Re f(r)(s)
)−1(
Kk(T(s)ϕ)
k +Kk¯(ϕ¯T(s))
k¯
− i√
2
∂kf(s)(p)(χ
kλ(p)) +
i√
2
∂k¯f¯(s)(p)(χ¯
k¯λ¯(p))
)
.
(2.65f)
It is convenient to write the Lagrangian in terms of the diagonalized auxiliary fields, since
they have trivial equations of motion. Hence, Eq. (2.64) without the last line represents
the Lagrangian after integrating out the auxiliary fields, i.e. the on-shell supersymmetric
Lagrangian. If the auxiliary fields are integrated out, the scalar part of the Lagrangian,
namely the scalar potential (up to a minus sign), is given by
e−1Lscalar = −eK
(
gk¯kDkW Dk¯W − 3WW
)
− 1
2
(
Re f(r)(s)
)−1(
Kk(T(r)ϕ)
kKk¯(ϕ¯T(s))
k¯
)
.
(2.66)
In the following, the quantities and expressions which are used in Eq. (2.64) and (2.65)
are summarized.
• Supergravity sector:
The spacetime metric is written as
gµν = eµ
beν
aηba , (2.67)
and the corresponding curvature scalar is given by
R = eaνebµ
(
∂νωµb
a − ∂µωνba + [ωµ, ων ]ba
)
, (2.68)
where the spin connection has the form
eν
beρaωµb
a = ωµνρ = +
1
2
(eµ
a∂νeρa − eρa∂µeνa − eνa∂ρeµa)
− 1
2
(eµ
a∂ρeνa − eνa∂µeρa − eρa∂νeµa)
+
i
4
(ψρσµψ¯ν − ψµσνψ¯ρ − ψνσρψ¯µ)
− i
4
(ψνσµψ¯ρ − ψµσρψ¯ν − ψρσνψ¯µ) .
(2.69)
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Written in terms of spinor indices, the spin connection reads 6
ωµβα
(
= +
1
2
(σba)βαωµba , ωµβ˙α˙
(
= +
1
2
(σ¯ba)β˙α˙ωµba , (2.70)
ωµba = −(σba)βαωµβα
(
+ (σ¯ba)
β˙α˙ωµβ˙α˙
(
. (2.71)
Furthermore, the Pauli matrices with a spacetime index are defined as
σµ = σaea
µ , σ¯µ = σ¯aea
µ , (2.72)
where ea
µ is the inverse of eµ
a, and the Levi-Civita symbol with spacetime indices is
specified by
µνρτ = eµ
aeν
beρ
ceτ
dabcd , 
µνρτ = ea
µeb
νec
ρed
τabcd . (2.73)
The canonical density of spacetime is given by
e = det(eµ
a) . (2.74)
• Matter sector:
In terms of the Ka¨hler potential, the Ka¨hler metric is written as
gkk¯ = Kkk¯ , (2.75)
and the inverse matrix is labelled as gk¯k. The (non-vanishing) Christoffel symbols of
the corresponding Levi-Civita connection are then given by
Γkij = g
k¯kgik¯,j , Γ
k¯
i¯j¯ = g
k¯kgki¯,j¯ , (2.76)
and the Riemann tensor has the form
Rkk¯jj¯ = gkk¯,jj¯ − g l¯l gkl¯,j glk¯,j¯ . (2.77)
Using the notation
∂k ≡ ∂
∂ϕk
, ∂k¯ ≡
∂
∂ϕ¯k¯
, (2.78)
the covariant derivative with respect to the Levi-Civita connection reads
∂˜j∂k = ∂j∂k − Γijk∂i , ∂˜j¯∂k¯ = ∂j¯∂k¯ − Γi¯ j¯k¯∂i¯ . (2.79)
Furthermore, for the superpotential the covariant derivatives
DkW = Wk +WKk , Dk¯W = W k¯ +WKk¯ , (2.80)
and
D˜jDkW = (∂j +Kj)DkW − ΓijkDiW , D˜j¯Dk¯W = (∂j¯ +Kj¯)Dk¯W − Γi¯ j¯k¯Di¯W ,
(2.81)
are defined.
6The horizontal parenthesis below the two spinor indices in ωµβα
(
indicates that the spin connection is
symmetric in these indices.
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• Gauge sector:
The Hermitian generators of the Yang-Mills gauge group are written as T(r), and
the (real) structure constants are defined by
[T(p),T(q)] = ic(p)(q)
(r)T(r) . (2.82)
Furthermore, the field strength tensor is given by
Fµν
(r) = ∂µAν
(r) − ∂νAµ(r) + c(p)(q)(r)Aµ(p)Aν (q) . (2.83)
• Covariant derivatives:
The covariant derivatives of the scalar matter fields have the form (cf. Section 2.2.1)
Dµϕk = ∂µϕk − iAµ(r)(T(r)ϕ)k , (2.84)
Dµϕ¯k¯ = ∂µϕ¯k¯ + iAµ(r)(ϕ¯T(r))k¯ . (2.85)
The following derivatives correspond to the covariant derivatives of the respective
fields, extended by two terms which contain matter fields:7
∇µχkα = ∂µχkα − ωµαβχkβ − iAµ(r)(T(r)χα)k + ΓkijχiαDµϕj
− 1
4
(KjDµϕj −Kj¯Dµϕ¯j¯)χkα −
i
4
gjj¯(χ
jσµχ¯
j¯)χkα ,
(2.86)
∇µχ¯k¯α˙ = ∂µχ¯k¯α˙ − ωµα˙β˙χ¯k¯β˙ + iAµ(r)(χ¯α˙T(r))k¯ + Γk¯ i¯j¯χ¯i¯α˙Dµϕ¯j¯
+
1
4
(KjDµϕj −Kj¯Dµϕ¯j¯)χ¯k¯α˙ +
i
4
gjj¯(χ
jσµχ¯
j¯)χ¯k¯α˙ ,
(2.87)
∇µλα(r) = ∂µλα(r) − ωµαβλβ(r) + Aµ(p)c(p)(q)(r)λα(q)
+
1
4
(KkDµϕk −Kk¯Dµϕ¯k¯)λα(r) +
i
4
gkk¯(χ
kσµχ¯
k¯)λα
(r) ,
(2.88)
∇µλ¯α˙(r) = ∂µλ¯α˙(r) − ωµα˙β˙λ¯β˙(r) + Aµ(p)c(p)(q)(r)λ¯α˙(q)
− 1
4
(KkDµϕk −Kk¯Dµϕ¯k¯)λ¯α˙(r) −
i
4
gkk¯(χ
kσµχ¯
k¯)λ¯α˙(r) ,
(2.89)
∇νψµα = ∂νψµα + ψµβωνβα
+
1
4
(KkDνϕk −Kk¯Dνϕ¯k¯)ψµα +
i
4
gkk¯(χ
kσνχ¯
k¯)ψµ
α ,
(2.90)
∇νψ¯µα˙ = ∂νψ¯µα˙ + ψ¯µβ˙ων β˙ α˙
− 1
4
(KkDνϕk −Kk¯Dνϕ¯k¯)ψ¯µα˙ −
i
4
gkk¯(χ
kσνχ¯
k¯)ψ¯µα˙ .
(2.91)
7In these definitions, the covariant derivatives of the gravitino and its conjugate are not covariant
with respect to the Levi-Civita connection of spacetime, since the terms which contain the corresponding
Christoffel symbols drop out in the antisymmetric combination of the derivatives.
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2.2.3 Supergravity transformations
Because the Wess-Zumino gauge of a vector supermultiplet is not preserved under
supersymmetry transformations, supergravity transformations are introduced, which are
local SUSY transformations followed by a chiral gauge transformation, such that the
Wess-Zumino gauge is restored. Thus, they are also called Wess-Zumino transformations.
Like local SUSY transformations, supergravity transformations are parametrized by a
fermionic spacetime-dependent Weyl spinor ξα and its conjugate ξ¯α˙, with the mass
dimension [ξα] = [ξ¯α˙] = −12 . Infinitesimal transformations are then written as δSGξ ,
and finite transformations are given by ∆SGξ = exp(δ
SG
ξ ). In the following the (off-shell)
supergravity transformations of the component fields in the supergravity, chiral and gauge
multiplet are presented, under which the Lagrangian in Eq. (2.64) is invariant, up to total
spacetime derivatives. Again, it is most convenient to derive these transformations by
using superspace techniques.
• Supergravity multiplet:
The supergravity transformation of the graviton and the gravitino is given by
δSGξ eµ
a = +i(ξσaψ¯µ) + i(ξ¯σ¯
aψµ) , (2.92)
δSGξ ψµ
α = +2∇µξα − ieµabaξα − i
3
(ξσaσ¯µ)
αba
+
i
3
(ξ¯σ¯µ)
αM − 1
2
√
2
ψµ
α(Kkξχ
k −Kk¯ξ¯χ¯k¯) ,
(2.93)
δSGξ ψ¯µα˙ = +2∇µξ¯α˙ + ieµabaξ¯α˙ +
i
3
(ξ¯σ¯aσµ)α˙ba
+
i
3
(ξσµ)α˙M +
1
2
√
2
ψ¯µα˙(Kkξχ
k −Kk¯ξ¯χ¯k¯) ,
(2.94)
with the derivatives
∇µξα = ∂µξα + ξβωµβα
+
1
4
(KkDµϕk −Kk¯Dµϕ¯k¯)ξα +
i
4
gkk¯(χ
kσµχ¯
k¯)ξα ,
(2.95)
∇µξ¯α˙ = ∂µξ¯α˙ + ξ¯β˙ωµβ˙α˙
− 1
4
(KkDµϕk −Kk¯Dµϕ¯k¯)ξ¯α˙ −
i
4
gkk¯(χ
kσµχ¯
k¯)ξ¯α˙ .
(2.96)
The inhomogeneous transformation terms 2∇µξα and 2∇µξ¯α˙ indicate, that the
gravitino is the gauge field of local supersymmetry. In addition, the supergravity
transformations of the auxiliary fields read
δSGξ M = −i
√
2gkk¯(ξσ
µχ¯k¯)
(
Dµϕk − 1√
2
ψµχ
k
)
+
√
2gkk¯(ξχ
k)F k¯
+ i(ξλ(r))
(
Kk(T(r)ϕ)
k +Kk¯(ϕ¯T(r))
k¯
)− 1√
2
M(Kkξχ
k −Kk¯ξ¯χ¯k¯)
+ 4(ξσνµDνψµ)− i(ξσµσ¯aψµ)ba − i(ξσµψ¯µ)M ,
(2.97)
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δSGξ M = −i
√
2gkk¯(ξ¯σ¯
µχk)
(
Dµϕ¯k¯ − 1√
2
ψ¯µχ¯
k¯
)
+
√
2gkk¯(ξ¯χ¯
k¯)F k
− i(ξ¯λ¯(r))(Kk(T(r)ϕ)k +Kk¯(ϕ¯T(r))k¯)+ 1√
2
M(Kkξχ
k −Kk¯ξ¯χ¯k¯)
+ 4(ξ¯σ¯νµDνψ¯µ) + i(ξ¯σ¯µσaψ¯µ)ba − i(ξ¯σ¯µψµ)M ,
(2.98)
δSGξ ba = +
1
2
(ξσaσ¯
νµ − 3ξσνµσa)Dνψ¯µ − 1
2
(ξ¯σ¯aσ
νµ − 3ξ¯σ¯νµσ¯a)Dνψµ
− i
2
ea
µ(ξσdψ¯µ + ξ¯σ¯
dψµ)bd − i
2
ea
µ(ξ¯ψ¯µ)M +
i
2
ea
µ(ξψµ)M
− i√
2
gkk¯(ξσaσ¯
µχk)
(
Dµϕ¯k¯ − 1√
2
ψ¯µχ¯
k¯
)
+
1√
2
gkk¯(ξσaχ¯
k¯)F k
+
i√
2
gkk¯(ξ¯σ¯aσ
µχ¯k¯)
(
Dµϕk − 1√
2
ψµχ
k
)
− 1√
2
gkk¯(ξ¯σ¯aχ
k)F k¯
− i
2
(ξσaλ¯
(r) + ξ¯σ¯aλ
(r))
(
Kk(T(r)ϕ)
k +Kk¯(ϕ¯T(r))
k¯
)
,
(2.99)
where the covariant derivatives Dνψµ and Dνψ¯µ correspond to the first line in
Eq. (2.90) and (2.91), respectively.
• Chiral multiplet:
The scalar fields of the chiral multiplets and the corresponding fermionic
superpartners have the following supergravity transformations:
δSGξ ϕ
k = +
√
2ξχk , (2.100)
δSGξ ϕ¯
k¯ = +
√
2ξ¯χ¯k¯ , (2.101)
δSGξ χ
k
α = +i
√
2(ξ¯σ¯µ)α
(
Dµϕk − 1√
2
ψµχ
k
)
+
√
2ξαF
k
+
1√
2
ξαΓ
k
ij(χ
iχj) +
1
2
√
2
χkα(Kkξχ
k −Kk¯ξ¯χ¯k¯) ,
(2.102)
δSGξ χ¯
k¯α˙ = +i
√
2(ξσµ)α˙
(
Dµϕ¯k¯ − 1√
2
ψ¯µχ¯
k¯
)
+
√
2ξ¯α˙F k¯
+
1√
2
ξα˙Γk¯ i¯j¯(χ¯
i¯χ¯j¯)− 1
2
√
2
χ¯kα˙(Kkξχ
k −Kk¯ξ¯χ¯k¯) .
(2.103)
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Moreover, the supergravity transformations of the auxiliary fields have the form
δSGξ F
k = +i
√
2(ξ¯σ¯µ∇µχk)− i(ξ¯σ¯µψµ)F k + (ξ¯σ¯µσνψ¯µ)
(
Dνϕk − 1√
2
ψνχ
k
)
+
√
2
3
M(ξχk)−
√
2
6
(ξ¯σ¯aχk)ba − 2i(ξ¯λ¯(r))(T(r)ϕ)k −
√
2Γkij(ξχ
i)F j
− 1√
2
gk¯kRik¯jl¯(χ
iχj)(ξ¯χ¯l¯) +
1√
2
F k(Kjξχ
j −Kj¯ ξ¯χ¯j¯) ,
(2.104)
δSGξ F
k¯ = +i
√
2(ξσµ∇µχ¯k¯)− i(ξσµψ¯µ)F k¯ + (ξσµσ¯νψµ)
(
Dνϕ¯k¯ − 1√
2
ψ¯νχ¯
k¯
)
+
√
2
3
M(ξ¯χ¯k¯) +
√
2
6
(ξσaχ¯k¯)ba + 2i(ξλ
(r))(ϕ¯T(r))
k¯ −
√
2Γk¯ i¯j¯(ξ¯χ¯
i¯)F j¯
− 1√
2
gk¯kRki¯lj¯(χ¯
i¯χ¯j¯)(ξχl)− 1√
2
F k¯(Kjξχ
j −Kj¯ ξ¯χ¯j¯) .
(2.105)
• Gauge multiplet:
Under supergravity transformations, a gauge boson and the associated gaugino
transform as
δSGξ Aµ
(r) = +i(ξσµλ¯
(r)) + i(ξ¯σ¯µλ
(r)) , (2.106)
δSGξ λα
(r) = +(ξσµν)α(Fµν
(r) − iψµσνλ¯(r) − iψ¯µσ¯νλ(r))
+ iξαD
(r) − 1
2
√
2
λα(r)(Kkξχ
k −Kk¯ξ¯χ¯k¯) ,
(2.107)
δSGξ λ¯
α˙(r) = +(ξ¯σ¯µν)α˙(Fµν
(r) − iψµσνλ¯(r) − iψ¯µσ¯νλ(r))
− iξ¯α˙D(r) + 1
2
√
2
λ¯α˙(r)(Kkξχ
k −Kk¯ξ¯χ¯k¯) .
(2.108)
Furthermore, the supergravity transformation of the auxiliary field is given by
δSGξ D
(r) = −(ξσµDµλ¯(r)) + (ξ¯σ¯µDµλ(r)) + i
2
(ψ¯µσ¯
µξ + ψµσ
µξ¯)D(r)
+
1
2
(ψ¯µσ¯
ρτ σ¯µξ − ψµσρτσµξ¯)(Fρτ (r) − iψρστ λ¯(r) − iψ¯ρσ¯τλ(r)) ,
(2.109)
where the covariant derivatives Dµλ(r) and Dµλ¯(r) correspond to the first line in
Eq. (2.88) and (2.89), respectively.
2.2.4 R-symmetry
In supergravity, an R-symmetry U(1)R is a special type of U(1) symmetry, whose
transformations consist of a Yang-Mills gauge transformation and a simultaneous Ka¨hler
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transformation. Analogous to ordinary U(1) Yang-Mills gauge symmetries, the matter
scalar fields ϕk and ϕ¯k¯ transform under U(1)R as
ϕk 7→ e+iwR(ϕk)αRϕk , ϕ¯k¯ 7→ e−iwR(ϕk)αRϕ¯k¯ , (2.110)
where wR(ϕ
k) is the corresponding weight of ϕk, also called R-charge, and αR is a real
function. If it is assumed that the superpotential W (ϕk), as a function of the fields ϕk,
has a definite weight wR(W ), W and W have well defined transformation properties under
U(1)R, namely
8
W 7→ e+iwR(W )αRW , W 7→ e−iwR(W )αRW . (2.111)
In contrast to ordinary Yang-Mills gauge symmetries, the superpotential is not invariant
with respect to an R-symmetry. However, it is still assumed that the Ka¨hler
potential K(ϕk, ϕ¯k¯) and the gauge kinetic function f(r)(s)(ϕ
k) are a singlets under U(1)R
transformations, i.e.
wR(K) = 0 , (2.112)
wR(f(r)(s)) = 0 , wR(f¯(r)(s)) = 0 . (2.113)
The superpotential appears in the Lagrangian given in Eq. (2.64) only in combination with
the term eK/2, such that a Ka¨hler transformation F (ϕk) induces a U(1) transformation
(see Eq. (2.32)):
eK/2W 7→ e−i ImF eK/2W , eK/2W 7→ e+i ImF eK/2W . (2.114)
If the U(1)R transformation takes the value αR = −12 ImF , i.e. it is parametrized by a
Ka¨hler transformation, and the superpotential has the weight
wR(W ) = +2 , wR(W ) = −2 , (2.115)
the Yang-Mills transformation in Eq. (2.110) corresponds to the Ka¨hler transformation in
Eq. (2.114). Since Ka¨hler and Yang-Mills transformations leave the action invariant, this
holds true for U(1)R transformations, if and only if Eq. (2.112), (2.113) and (2.115) apply.
The R-charge of a component field is given by an overall R-charge of the supermultiplet
plus the particular weight wF of that field with respect to Ka¨hler transformations,
cf. Eqs (2.60)–(2.63). In the following, the R-charges of the component fields in the
supergravity, chiral and gauge multiplet are listed.
• Supergravity multiplet:
The overall R-charge of the supergravity multiplet is zero. Thus, the weights wR of
the component fields take the values
wR(eµ
a) = 0 , (2.116)
wR(ψµ
α) = +1 , wR(ψ¯µα˙) = −1 , (2.117)
wR(M) = +2 , wR(M) = −2 , (2.118)
wR(Ga) = 0 . (2.119)
8The assignment of an R-charge to the superpotential is compatible with covariant derivatives with
respect to the matter scalar fields, e.g. wR(DkW ) = wR(Wk) = wR(W )−wR(ϕk) where the first identity
holds under the assumption of Eq. (2.112).
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• Chiral multiplet:
For a chiral multiplet the overall R-charge is not fixed and is written as wR(φ
k). The
weights wR of the component fields are then given by
wR(ϕ
k) = wR(φ
k) , wR(χ
k
α) = wR(φ
k)− 1 , wR(F k) = wR(φk)− 2 , (2.120)
wR(ϕ¯
k¯) = wR(φ¯
k¯) , wR(χ¯
k¯α˙) = wR(φ¯
k¯) + 1 , wR(F
k¯) = wR(φ¯
k¯) + 2 , (2.121)
where wR(φ¯
k¯) = −wR(φk).
• Gauge multiplet:
The overall R-charge of a gauge multiplet is always equal to zero and the
corresponding component fields have the following weights wR:
wR(Aµ) = 0 , wR(λα) = +1 , wR(λ¯
α˙) = −1 , wR(D) = 0 . (2.122)
The gauge boson which belongs to the U(1)R symmetry transforms as
ARµ 7→ ARµ + i2∂µ ImF .
As discussed in Section 2.1.2, there may be multiple U(1)R symmetries in a supergravity
model. Furthermore, an R-symmetry can be present as a discrete symmetry, namely as a
discrete subgroup of U(1)R. In that case, as for any discrete symmetry, the R-symmetry
transformations are global transformations.
2.3 Supersymmetry breaking
As discussed in Section 2.1.3, the basic building blocks of supersymmetric theories are
supermultiplets. Although in Section 2.2.2 the general off-shell supersymmetric Lagrangian
of the supergravity/matter/Yang-Mills system is presented, only the case where the
auxiliary fields are integrated out is physically relevant, i.e. the on-shell supersymmetric
Lagrangian. In this case a supermultiplet just contains the physical component fields,
where all of them have the same mass. Furthermore, the component fields within a chiral
multiplet have the same transformation properties under Yang-Mills gauge symmetries.
Thus, if supersymmetry were an exact symmetry, a supersymmetric extension of the SM
would contain scalar sfermions and a fermionic Higgsino with the same gauge interactions
and masses as the chiral fermions and the Higgs boson, respectively. In addition, massless
gauginos would be present in such a theory with couplings to the SM fields. However,
these additional particles have not been detected, which implies that if supersymmetry
indeed exists, it can not be exact at low energies. There are two possible scenarios to
account for this, either there are interactions which manifestly break supersymmetry, or
supersymmetry is an exact symmetry but spontaneously broken in the present ground
state. In the remainder of this section the latter case is considered.
In the context of supergravity, in Section 2.3.1 the conditions for spontaneous SUSY
breaking are worked out and in Section 2.3.2 the super-Higgs mechanism is discussed. In
addition, in Section 2.3.3 it is shown that under certain conditions the phenomenology of a
model is described by a globally supersymmetric theory augmented by soft supersymmetry
breaking interactions, if supersymmetry breaking is mediated via Planck scale suppressed
interactions from a hidden sector.
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2.3.1 Spontaneous supersymmetry breaking
In a supergravity theory, supersymmetry is spontaneously broken, if the ground state is not
invariant under SUSY transformations, except for the inhomogeneous transformation of
the gravitino, which is always non-zero in case of a local supersymmetry transformations.
The inhomogeneous transformation indicates that the gravitino is the gauge field of local
supersymmetry. The measured value of the vacuum energy ρvac is roughly given by
ρexpvac ≈ (10−12 GeV)4 [13], which is many orders of magnitude smaller than the mass
scales involved in supersymmetry breaking. Thus, in the following the value of ρvac, or
equivalently the value of the cosmological constant, is set equal to zero in order to describe
a realistic ground state. Furthermore, it is assumed that only scalar fields, which are
singlets under Lorentz transformations, can acquire a non-zero vacuum expectation value,
and that these vevs are constant in spacetime.9 Hence, the only fields which potentially
have a non-zero SUSY transformation in the ground state are the gravitino, the chiral
fermions and the gauginos (cf. Section 2.2.3):
〈δSGξ ψµα〉 = 2〈Dµξα〉 −
i
3
(ξ¯σ¯µ)
α〈M〉 , 〈δSGξ ψ¯µα˙〉 = 2〈Dµξ¯α˙〉+
i
3
(ξσµ)α˙〈M〉 , (2.123)
〈δSGξ χkα〉 = +
√
2ξα〈F k〉 , 〈δSGξ χ¯k¯α˙〉 = +
√
2ξ¯α˙〈F k¯〉 , (2.124)
〈δSGξ λα(r)〉 = +iξα〈D(r)〉 , 〈δSGξ λα˙(r)〉 = −iξ¯α˙〈D(r)〉 , (2.125)
where the infinitesimal Weyl spinor ξα(ξ¯α˙) parametrizes the supergravity transformation,
and the covariant derivatives Dµξα and Dµξ¯α˙ correspond to the first line in Eq. (2.95) and
(2.96), respectively. Furthermore, the vevs of the auxiliary fields are given by
〈M〉 = −3〈eK/2W〉 , 〈M〉 = −3〈eK/2W〉 , (2.126)
〈F k〉 = −〈gk¯keK/2Dk¯W〉 , 〈F k¯〉 = −〈gk¯keK/2DkW〉 , (2.127)
〈D(r)〉 = +〈(Re f(r)(s))−1Kk(T(r)ϕ)k〉 , (2.128)
using the corresponding equations of motion from Eq. (2.65). Ignoring the inhomogeneous
term 2Dµξα in the transformation of the gravitino, the identities in Eqs. (2.123)–(2.125)
imply that supersymmetry is broken, if and only if at least one of the auxiliary fields M ,
F k or D(r) has a non-vanishing vev.
After the auxiliary fields are integrated out, the scalar potential V in supergravity has
the form (cf. Eq. (2.66))
V = VF + VD , (2.129)
with the F -term contribution
e−1VF = eK
(
gk¯kDkWDk¯W − 3WW
)
, (2.130)
and the D-term contribution
e−1VD =
1
2
(
Re f(r)(s)
)−1(
Kk(T(r)ϕ)
kKk¯(ϕ¯T(s))
k¯
)
. (2.131)
9Another mechanism to break supersymmetry spontaneously in supergravity, which is not considered
in the subsequent discussion, is via gaugino condensate, where a pair of gauginos gets a non-zero vev [71].
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In contrast to globally supersymmetric theories, the scalar potential is not positive definite,
because of the term −3eKWW in VF .
The vev of the scalar potential corresponds to the vacuum energy ρvac. In supergravity
it is possible that the vacuum energy is equal to zero in a ground state with spontaneously
broken supersymmetry. To discuss this point, it is convenient to use Eqs. (2.126)–(2.128)
in order to write the vev of the scalar potential in the compact form:
〈e−1V 〉 = 〈gkk¯〉〈F k〉〈F k¯〉 −
1
3
〈M〉〈M〉+ 1
2
〈Re f(r)(s)〉〈D(r)〉〈D(s)〉 . (2.132)
The first and the third term on the right-hand side in Eq. (2.132) are positive semi-definite,
whereas the second term is negative semi-definite. The breaking of supersymmetry implies
that one or more vevs of the auxiliary fields are not equal to zero. This means, if SUSY
is spontaneously broken in a ground state with 〈V 〉 = 0, the vev 〈M〉 and at least one of
the vevs 〈F k〉 and 〈D(r)〉 are non-zero. SUSY breaking due to a non-zero 〈F k〉 is referred
to as F -term supersymmetry breaking, and it is called D-term supersymmetry breaking
in case of a non-vanishing 〈D(r)〉. Furthermore, since 〈M〉 6= 0 implies that 〈W 〉 6= 0, in
such a ground state an R-symmetry is broken spontaneously, because the superpotential
has R-charge 2.
A necessary condition for a (local) minimum of the scalar potential is, that the
derivative of V with respect to the scalar fields ϕk vanishes in the ground state. The
derivative is given by
∂k(e
−1V ) = +eKg l¯lD˜kDlWDl¯W − 2eKDkWW
+ (Re f(t)(r))
−1Kl(T(t)ϕ)l
(
gki¯(ϕ¯T(r))
i¯ − 1
4
(Re f(s)(p))
−1Ki(T(s)ϕ)i∂kf(p)(r)
)
,
(2.133)
and the corresponding vev is written in the convenient form
〈∂k(e−1V )〉 = −〈eK/2D˜kDlW 〉〈F l〉+ 2
3
〈eK/2DkW 〉〈M〉
+ 〈D(r)〉
〈
gki¯(ϕ¯T(r))
i¯ − 1
4
(Re f(s)(p))
−1Ki(T(s)ϕ)i∂kf(p)(r)
〉
,
(2.134)
where ∂k Re f(r)(s) =
1
2
∂kf(r)(s) and the identity from Eq. (2.52) are used.
2.3.2 Super-Higgs mechanism
From the theory of gauge symmetries it is known, that the spontaneous breaking of a
continuous symmetry implies the existence of a massless Goldstone boson. If the symmetry
is a local symmetry, the Goldstone boson can be absorbed by an appropriate gauge
transformation into the gauge boson of the broken symmetry, which acquired a mass.
The same systematics is valid for supersymmetry. Since supersymmetry is parametrized
by a Weyl spinor, the Goldstone particle is a fermion and is called Goldstino. Locally
supersymmetric theories are described by supergravity, where the gauge field of SUSY
is the gravitino. In the following, the Goldstone theorem in case of supersymmetry is
derived and the super-Higgs mechanism [72–74] is discussed for the realistic scenario with
vanishing vacuum energy.
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For the subsequent calculations it is convenient to use the notation FI , where the
index I runs over all different bosonic and fermionic fields and their conjugates in the
supergravity theory. A ground state has the property that〈 δL
δFI
〉
= 0 . (2.135)
The variation of the Lagrangian with respect to the field FI has the standard form
δL
δFI =
∂L
∂FI − ∂µ
∂L
∂(∂µFI) (2.136)
for all fields except the graviton, since L contains second order derivatives of eµa. In
the vacuum, Eq. (2.135) is trivially satisfied for all fields except scalar fields and the
graviton, because of Lorentz invariance. For scalar fields ϕk, Eq. (2.135) corresponds to
the stationarity condition of the scalar potential in a (local) minimum〈 ∂V
∂ϕk
〉
= 0 . (2.137)
In case of the graviton eµ
a, Eq. (2.135) represents the Einstein field equations in empty
space with a cosmological constant 〈V 〉, namely〈δLEH
δeµa
− eaµV
〉
= 0 , (2.138)
where LEH = −12eR is the Einstein-Hilbert action. If the vacuum energy vanishes, i.e.〈V 〉 = 0, Eq. (2.138) is solved by the Minkowski metric, which describes flat spacetime. In
that case, the vev of the graviton 〈eµa〉 = δaµ is set equal to the identity matrix with no loss
of generality. In such a vacuum the spin connection 〈ωµab〉 vanishes; thus the covariant
derivative is equal to the normal derivative with respect to spacetime indices: 〈Dµ〉 = 〈∂µ〉.
In the following, global supersymmetry transformations and constant fields are
considered. From the invariance of the action under supergravity transformations follows
that
(δSGglobFI)
∂L
∂FI = (δ
SG
globFI)
δL
δFI = 0 + ... , (2.139)
where the ellipses indicate total derivative terms. The first identity follows from the
assumption of constant fields. Taking another derivative with respect to FJ , Eq. (2.139)
reads
∂(δSGglobFI)
∂FJ
∂L
∂FI + δ
SG
globFI
∂2L
∂FI∂FJ = 0 + ... . (2.140)
The vacuum condition in Eq. (2.135) implies that the first term vanishes in the ground
state, thus
〈δSGglobFI〉
〈 ∂2L
∂FI∂FJ
〉
= 0 , (2.141)
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where the vevs 〈δSGglobFI〉 parametrize a massless state, namely the Goldstino. According to
Eqs. (2.123)–(2.125), 〈δSGglobFI〉 can only be non-zero, if FI represents either ψµ, χk, λ(r) or
one of the conjugated fields. The inhomogeneous transformation 〈Dµξα〉 of the gravitino
vanishes in case of global supersymmetry transformations and vanishing vacuum energy,
as discussed above. Thus, the term 〈 ∂2L
∂FI∂FJ 〉 is just the fermionic mass matrix, and the
Goldstino is only non-zero if supersymmetry is spontaneously broken.
The above statements are illustrated by an explicit calculation in the following.
Considering infinitesimal spinors, the transformation of the ground state in Eqs. (2.123)–
(2.125) shows that the Goldstino ζα is contained in the gravitino, the chiral fermions and
the gauginos, and that the contributions in these fields are given by
ψ¯ν
α˙
χlα
λα
(s)
 ⊃ 1√c

− i
3
〈M〉σ¯α˙γν
+
√
2〈F l〉δγα
+i〈D(s)〉δγα
 ζγ . (2.142)
The constant c has the value
c =
10
9
〈MM〉 , (2.143)
such that ζα is canonically normalized. The Goldstino is non-zero, exactly if at least one of
the auxiliary fields has a non-vanishing vev, which is equivalent to spontaneously broken
supersymmetry. Inverting Eq. (2.142), ζα takes the form
ζα =
1√
c
(
− i
3
〈M〉(σµψ¯µ)α +
√
2〈gkk¯F k¯〉χkα − i〈Re f(r)(s)D(s)〉λα(r)
)
. (2.144)
In order to check that the Goldstino is indeed massless, the mass term of the fermions in
the Lagrangian is considered:10
e−1LmF = −
〈
eK/2W
〉
(ψ¯µσ¯
µνψ¯ν)− 1
2
〈
eK/2D˜jDkW
〉
(χjχk) +
1
4
〈
gk¯keK/2∂kf(r)(s)Dk¯W
〉
(λ(r)λ(s))
+
i√
2
〈
eK/2DkW
〉
(ψ¯µσ¯
µχk)− 1
2
〈
Kk(T(r)ϕ)
k
〉
(ψ¯µσ¯
µλ(r))
− i
√
2
〈
gkk¯(ϕ¯T(r))
k¯
〉
(χkλ(r)) +
i
2
√
2
〈
(Re f(s)(p))
−1Kj(T(s)ϕ)j∂kf(p)(r)
〉
(χkλ(r))
+ c.c. ,
(2.145)
where c.c. signifies the complex conjugated terms. It is worth to mention, that in the
mass term the coupling of the gravitino to the chiral fermions and the gauginos is present
only via the Goldstino, as can be seen by comparing Eq. (2.144) with the second line in
Eq. (2.145) and using the expressions from Eqs. (2.126)–(2.128). The fact that the vev
of the scalar potential and its derivative with respect to the scalar fields vanishes, namely
10Although the spin connection contains quadratic terms of the gravitino (cf. Eq. (2.69)), the
contribution of the Einstein-Hilbert action LEH = − 12eR to the mass term of the fermions is not present,
because the spacetime metric is the Minkowski metric in a ground state with vanishing energy.
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〈V 〉 = 0 and 〈∂kV 〉 = 0 (cf. Eq. (2.132) and (2.134)), implies that the vector on the right-
hand side in Eq. (2.142) representing the Goldstino is an eigenvector with eigenvalue zero
of the fermionic mass matrix
MF =

(Mµν)β˙ α˙ (M
µ
l)
β˙α (Mµ(s))
β˙α
(Mk
ν)βα˙ (Mkl)β
α (Mk(s))β
α
(M(r)
ν)βα˙ (M(r)l)β
α (M(r)(s))β
α
 , (2.146)
written in the basis (ψ¯ν
α˙
, χlα, λα
(s)). This is in agreement with the identity in Eq. (2.141).
The form of the submatrices of MF can be read off from Eq. (2.145); they are given by
(Mµν)β˙ α˙ = +2
〈
eK/2W
〉
(σ¯µν)β˙ α˙ ,
(Mkl)β
α = +
〈
eK/2D˜kDlW
〉
δαβ ,
(M(r)(s))β
α = −1
2
〈
gi¯ieK/2∂if(r)(s)Di¯W
〉
δαβ ,
(Mµl)
β˙α = − i√
2
〈
eK/2DlW
〉
σ¯µβ˙α ,
(Mk
ν)βα˙ = +
i√
2
〈
eK/2DkW
〉
σνβα˙ ,
(Mµ(s))
β˙α = +
1
2
〈
Ki(T(s)ϕ)
i
〉
σ¯µβ˙α ,
(M(r)
ν)βα˙ = −1
2
〈
Ki(T(r)ϕ)
i
〉
σνβα˙ ,
(Mk(s))β
α = +i
√
2
〈
gki¯(ϕ¯T(r))
i¯ − 1
4
(Re f(s)(p))
−1Ki(T(s)ϕ)i∂kf(p)(r)
〉
δαβ ,
(M(r)l)β
α = +i
√
2
〈
gl¯i(ϕ¯T(r))
i¯ − 1
4
(Re f(s)(p))
−1Ki(T(s)ϕ)i∂lf(p)(r)
〉
δαβ .
(2.147)
From Eq. (2.142) follows, that by performing a supergravity transformation with ξ = −ζ,
the contribution of the Goldstino in the chiral fermions and gauginos is removed. The
Goldstino is absorbed by the gravitino, where it appears in the term −2∂ν ζ¯ α˙ ⊂ ψ¯να˙. In
this particular gauge, the mixing terms between the gravitino and the chiral fermions or
the gauginos are not present anymore in the fermionic mass term.
In the realistic scenario, where the scalar potential vanishes in the supersymmetry
breaking ground state, the vev 〈M〉 has a finite value. Thus, the first term in Eq. (2.145),
which is the mass term of the gravitino, is non-zero and the corresponding mass m3/2 is
given by
m3/2 = e
〈K〉/2M2P |〈W 〉|
M2P
, (2.148)
where the correct mass dimension was restored by using powers of the (reduced) Planck
mass MP. In addition, the supersymmetry breaking scale ΛSUSY is defined by
ΛSUSY :=
√
m3/2MP , (2.149)
representing the size of the vevs of the auxiliary fields which cause spontaneous
supersymmetry breaking.
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2.3.3 Planck scale mediated supersymmetry breaking
The idea of Planck scale mediated supersymmetry breaking, also called gravity mediated
supersymmetry breaking, is that a supergravity theory consists of a hidden sector, where
spontaneous SUSY breaking happens, and an observable sector, which contains all fields
relevant for the phenomenology. Moreover, the interactions between the two sectors are
suppressed by the (reduced) Planck mass MP. To account for that, it is convenient to
write the Ka¨hler potential, the superpotential and the gauge kinetic function in the form
K(ϕh, ϕ¯h, ϕo, ϕ¯o) = Kh(ϕh, ϕ¯h) +Ko(
ϕh
MP
,
ϕ¯h
MP
, ϕo, ϕ¯o) , (2.150)
W (ϕh, ϕo) = Wh(ϕh) +Wo(
ϕh
MP
, ϕo) , (2.151)
f(r)(s)(ϕh, ϕo) = (fh)(r)(s)(ϕh) + (fo)(r)(s)(
ϕh
MP
, ϕo) , (2.152)
where fields in the hidden and observable sector are labelled by a subscript h and o,
respectively. It is further assumed that the Yang-Mills gauge group G = Gh × Go of the
whole theory is a direct product, and that the adjoint indices of (fh)(r)(s) and (fo)(r)(s)
belong to the gauge group Gh of the hidden sector and to the gauge group Go of the
observable sector, respectively.
In the hidden sector, the typical mass scale, including possible vevs of the scalar fields,
is the (reduced) Planck mass MP, except in Wh where the highest power of the Planck mass
is assumed to be M2P. This restriction is necessary, in order that there appear no positive
powers of the Planck mass in the observable sector after supersymmetry is spontaneously
broken [75, 76]. The vevs 〈ϕh〉 cause spontaneous supersymmetry breaking, such that
the gravitino gets a mass m3/2 much smaller than MP, as described by the super-Higgs
mechanism. The effects of supersymmetry breaking are mediated to the observable sector
via the Planck scale suppressed interactions.
If the mass scales in the observable sector are of the order of the gravitino mass or
smaller, all interactions between fields from the hidden and the observable sector are
suppressed by the ratio m3/2/MP  1 once supersymmetry is spontaneously broken,
which means that the two sectors are basically decoupled. In that case, the observable
sector is described by a globally supersymmetric theory augmented by supersymmetry
breaking interactions. These interactions are soft supersymmetry breaking, if there are
only renormalizable terms in Ko, Wo and (fo)(r)(s) with respect to the fields ϕo and ϕ¯o.
All other interactions which involve fields of the observable sector are suppressed by the
ratio m3/2/MP, and can be neglected in a good approximation for the phenomenology
of the model. This regime is called flat limit, which formally is the limit MP 7→ ∞ of
a supergravity theory, where m3/2 is kept fixed. Taking into account the above stated
assumptions, the flat limit is calculated for a general hidden and observable sector in the
remainder of this section.
In Section 2.3.3.1, preliminary calculations are performed, which are used to determine
the globally supersymmetric Lagrangian plus the supersymmetry breaking terms of the
observable sector in the flat limit. The result is then presented in Section 2.3.3.2, where
the Ka¨hler potential, the superpotential and the gauge kinetic function may contain non-
renormalizable terms with respect to the observable sector fields. In addition, the result
for the renormalizable case is given in Section 2.3.3.3.
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2.3.3.1 Preliminary calculations
In order to perform the subsequent calculations, the correct mass dimension, which is
equal to four, of the terms in the general supergravity Lagrangian (see Eq. (2.64)) has
to be restored by multiplying with an appropriate power of the (reduced) Planck mass
MP. The component fields of the supergravity, chiral and gauge multiplets have mass
dimensions according to Eq. (2.19), (2.21) and (2.23), respectively. Furthermore, the mass
dimensions of the Ka¨hler potential, the superpotential and the gauge kinetic function are
given in Eqs. (2.56)–(2.58). Finally, derivatives with respect to matter scalar fields and
with respect to spacetime coordinates have the mass dimensions [∂k] = [∂k¯] = −1 and
[∂µ] = +1, respectively.
It is convenient to distinguish the matter field indices k in the hidden and observable
sector by an additional label, namely kh and ko, whereas for the adjoint indices (r) of the
gauge group this label is omitted for the sake of readability. In order to take account of
the mass scales in the hidden and in the observable sector, the dimensionless scalar fields
ϕˆkhh :=
ϕkhh
MP
, ϕˆkoo :=
ϕkoo
mo
, (2.153)
are introduced, where mo is the biggest mass scale in the observable sector, including
possible vevs 〈ϕo〉, which is present with a positive power. It is assumed that this mass
scale is of the same order or smaller as the gravitino mass, i.e. O(mo) ≤ O(m3/2).11
According to the definition of the dimensionless fields in Eq. (2.153), the derivative with
respect to the scalar fields takes the from
∂
∂ϕkhh
=
1
MP
∂
∂ϕˆkhh
,
∂
∂ϕkoo
=
1
mo
∂
∂ϕˆkoo
. (2.154)
In terms of the dimensionless fields, the Ka¨hler potential, the superpotential and the gauge
kinetic function from Eqs. (2.150)–(2.152) are written as
K(ϕh, ϕ¯h, ϕo, ϕ¯o) = Kh(ϕh, ϕ¯h) +Ko(
ϕh
MP
,
ϕ¯h
MP
, ϕo, ϕ¯o)
= M2P Kˆh(ϕˆh, ˆ¯ϕh) +m
2
o Kˆo(ϕˆh, ˆ¯ϕh, ϕˆo, ˆ¯ϕo) ,
(2.155)
W (ϕh, ϕo) = Wh(ϕh) +Wo(
ϕh
MP
, ϕo)
= mhM
2
P Wˆh(ϕˆh) +m
3
o Wˆo(ϕˆh, ϕˆo) ,
(2.156)
f(r)(s)(ϕh, ϕo) = (fh)(r)(s)(ϕh) + (fo)(r)(s)(
ϕh
MP
, ϕo)
= (fˆh)(r)(s)(ϕˆh) + (fˆo)(r)(s)(ϕˆh, ϕˆo) ,
(2.157)
such that the parameters in Kˆh/o, Wˆh/o and (fˆh/o)(r)(s), and possible vevs 〈ϕˆkhh 〉 and 〈ϕˆkoo 〉
are of O(1) or smaller. The mass scale mh in Eq. (2.156) is introduced to make sure that
11There may be much bigger mass scales like the GUT or the Planck scale in the observable sector
which are present with a negative power in non-renormalizable operators.
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there are no M3P terms in Wh, and it is fixed by the value of the gravitino mass as shown
below. For later use it is convenient to define the dimensionless quantities
λ := 〈eKˆh/2〉 ,
λ′ := 〈Wˆh〉 , λ¯′ := 〈Wˆ h〉 ,
λkh := 〈DkhWˆh〉 , λk¯h := 〈Dk¯hWˆ h〉 , (2.158)
λ′kh := 〈(Kˆh)kh〉 , λ′¯kh := 〈(Kˆh)k¯h〉 ,
λ′′kh := 〈(Wˆh)kh〉 , λ′′¯kh := 〈(Wˆh)k¯h〉 ,
λk¯hkh := 〈(gh)k¯hkh〉 ,
which are naturally of O(1), and the small parameter
ε :=
m˜3/2
MP
 1 , with m˜3/2 := max(m3/2,mh,mo), (2.159)
which will be used as an expansion parameter in the following. To determine mh, the vev
of the superpotential is written as
|〈W 〉| = m3/2M2P e−〈K〉/2M
2
P , (2.160)
using the expression for the gravitino mass from Eq. (2.148). On the other hand, according
to Eq. (2.155) and (2.156), 〈K〉 and |〈W 〉| have the form
〈K〉 = M2P 〈Kˆh〉+m2o 〈Kˆo〉
= M2P
(〈Kˆh〉+O(ε2)) , (2.161)
|〈W 〉| = ∣∣mhM2P 〈Wˆh〉+m3o 〈Wˆo〉∣∣
= mhM
2
P
(|〈Wˆh〉|+O(ε2)) . (2.162)
Plugging Eq. (2.161) and (2.162) in Eq. (2.160) leads to
mh = m3/2
( 1
λ|λ′| +O(ε
2)
)
, (2.163)
which shows that O(mh) = O(m3/2), if O(|λ′|) = O(1). In case that O(|λ′|) < O(1) such
that O(mh) > O(m3/2), the definition of ε in Eq. (2.159) is still valid because of the big
hierarchy between m3/2 and MP.
In the following, the general supergravity Lagrangian from Eq. (2.64), where the
auxiliary fields are integrated out, is expanded in ε after supersymmetry is spontaneously
broken in the hidden sector. In particular, the terms which contain observable sector
fields and are not suppressed by  are determined, by using the form of the Ka¨hler
potential, superpotential and gauge kinetic function stated in Eqs. (2.155)–(2.157) and
the dimensionless quantities from Eq. (2.158).
For most of the terms in the supergravity Lagrangian which include fields of the
observable sector it is apparent, whether they are suppressed by ε or not. The ones which
are not suppressed by ε are part of a globally supersymmetric Lagrangian. However, there
are two exceptions, namely the scalar potential V and the quadratic fermion interaction
term LF, which have to be discussed in more detail. This is done in the following:
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• Scalar potential:
The F -term contribution to the scalar potential from (2.130) with the correct mass
dimension is given by
e−1VF = eK/M
2
P
(
gk¯kDkWDk¯W − 3
WW
M2P
)
, (2.164)
where
DkW =
KkW
M2P
+Wk , Dk¯W =
Kk¯W
M2P
+W k¯ . (2.165)
In order to figure out which parts of VF are not suppressed by ε, the expansion of
the different constituents with respect to ε is considered. These expansions are given
by
eK/M
2
P = eKˆh+m
2
o/M
2
P Kˆo = eKˆh
(
1 +
m2o
M2P
Kˆo +O(ε4)
)
, (2.166)
WW
M2P
= m2hM
2
P WˆhWˆ h +mhm
3
o
(
WˆhWˆ o + Wˆ hWˆo
)
+ m˜43/2O(ε2) , (2.167)
and
DkhW = mhMP DkhWˆh +
mhm
2
o
MP
(Kˆo)khWˆh +
m3o
MP
(
(Kˆh)khWˆo + (Wˆo)kh
)
+ m˜23/2O(ε3) ,
Dk¯hW = mhMP Dk¯hWˆ h +
mhm
2
o
MP
(Kˆo)k¯hWˆ h +
m3o
MP
(
(Kˆh)k¯hWˆ o + (Wˆ o)k¯h
)
+ m˜23/2O(ε3) ,
DkoW = mhmo (Kˆo)koWˆh +m
2
o (Wˆo)ko + m˜
2
3/2O(ε2) ,
Dk¯oW = mhmo (Kˆo)k¯oWˆ h +m
2
o (Wˆ o)k¯o + m˜
2
3/2O(ε2) ,
(2.168)
where DkhWˆh = (Kˆh)khWˆh+(Wˆh)kh and Dk¯hWˆ h = (Kˆh)k¯hWˆ h+(Wˆ h)k¯h . In addition,
the Ka¨hler metric has the matrix form
gkk¯ =
(
gkhk¯h gkhk¯o
gkok¯h gkok¯o
)
, (2.169)
where the submatrices are given by
gkhk¯h = (gh)khk¯h +
m2o
M2P
(Kˆo)khk¯h ,
gkhk¯o =
mo
MP
(Kˆo)khk¯o ,
gkok¯h =
mo
MP
(Kˆo)kok¯h ,
gkok¯o = (go)kok¯o ,
(2.170)
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with (gh)khk¯h = (Kˆh)khk¯h and (go)kok¯o = (Kˆo)kok¯o . The expansion with respect to ε
of the submatrices of the inverse Ka¨hler metric
gk¯k =
(
gk¯hkh gk¯hko
gk¯okh gk¯oko
)
, (2.171)
is then given by
gk¯hkh = (gh)
k¯hkh +
m2o
M2P
(gh)
k¯hih
(
− (Kˆo)ih i¯h + (Kˆo)ihj¯o(go)j¯ojo(Kˆo)jo i¯h
)
(gh)
i¯hkh
+O(ε3) ,
gk¯hko = −mo
MP
(gh)
k¯hih(Kˆo)ih i¯o(go)
i¯oko +O(ε2) ,
gk¯okh = −mo
MP
(go)
k¯oio(Kˆo)io i¯h(gh)
i¯hkh +O(ε2) ,
gk¯oko = (go)
k¯oko +O(ε2) ,
(2.172)
where (gh)
k¯hkh and (go)
k¯oko are the inverses of (gh)khk¯h and (go)kok¯o , respectively.
Using the expressions from Eqs. (2.166)–(2.168) and (2.172), VF takes the form
e−1VF = + m2h (VˆF )h (M
2
P +m
2
o Kˆo)
+ m2hm
2
o e
Kˆh(gh)
k¯hkh
(
Wˆh(Dk¯hWˆ h)(Kˆo)kh + Wˆ h(DkhWˆh)(Kˆo)k¯h
)
+ mhm
3
o e
Kˆh(gh)
k¯hkh
(
(Dk¯hWˆ h)
(
(Kˆh)khWˆo + (Wˆo)kh
)
+ (DkhWˆh)
(
(Kˆh)k¯hWˆ o + (Wˆ o)k¯h
))
+ m2hm
2
o e
Kˆh(go)
k¯oko WˆhWˆ h (Kˆo)ko(Kˆo)k¯o
+ mhm
3
o e
Kˆh(go)
k¯oko
(
Wˆ h (Kˆo)k¯o(Wˆo)ko + Wˆh (Kˆo)ko(Wˆ o)k¯o
)
+ m4o e
Kˆh(go)
k¯oko(Wˆo)ko(Wˆ o)k¯o
+ m2hm
2
o e
Kˆh
((
gk¯hko
MP
mo
)
Wˆh(Dk¯hWˆ h)(Kˆo)ko
+
(
gk¯okh
MP
mo
)
Wˆ h(DkhWˆh)(Kˆo)k¯o
)
+ mhm
3
o e
Kˆh
((
gk¯hko
MP
mo
)
(Dk¯hWˆ h)(Wˆo)ko +
(
gk¯okh
MP
mo
)
(DkhWˆh)(Wˆ o)k¯o
)
+ m2hm
2
o e
Kˆh
(
gk¯hkh2
M2P
m2o
)
(DkhWˆh)(Dk¯hWˆ h)
− 3mhm3o eKˆh
(
Wˆ hWˆo + WˆhWˆ o
)
+ m˜43/2O(ε) ,
(2.173)
with gk¯hkh2 = g
k¯hkh − (gh)k¯hkh (cf. first line in Eq. (2.172)) and
(VˆF )h = e
Kˆh
(
(gh)
k¯hkh(DkhWˆh)(Dk¯hWˆ h)− 3WˆhWˆ h
)
. (2.174)
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According to Eq. (2.173), the F -term contribution to the scalar potential can be
written as
VF = (VF )h + (VF )
global
o + (VF )
SUSY
o,1 + (VF )
SUSY
o,2 + m˜
4
3/2O(ε) , (2.175)
where the first term contains only hidden sector fields and the other three terms
contain only observable sector fields. In particular, (VF )h is the F -term contribution
to the scalar potential in the hidden sector. Furthermore, (VF )
global
o is the F -term
contribution to the scalar potential in global supersymmetry in the observable sector
e−1(VF )globalo = λ
2 (go)
k¯oko (Wo)ko(W o)k¯o , (2.176)
and (VF )
SUSY
o,1 and (VF )
SUSY
o,2 are additional supersymmetry breaking terms
e−1(VF )
SUSY
o,1 = +
1
M2P
〈VF 〉Ko
+m23/2 λ
k¯hkh
(λk¯n
λ′
MP (Ko)kh + c.c.
)
+m23/2 (go)
k¯oko (Ko)ko(Ko)k¯o
−m23/2
λkh λk¯h
|λ′|2 λ
k¯hih λi¯hkh
(
M2P (Ko)ih i¯h −M2P (go)j¯ojo (Ko)ihj¯o(Ko)jo i¯h
)
−m23/2 λi¯hkh
(λkh
λ′
MP (go)
k¯oio (Ko)io i¯h(Ko)k¯o + c.c.
)
,
(2.177)
e−1(VF )
SUSY
o,2 = + m3/2 λλ
k¯hkh
λk¯h
|λ′|
(
λ′khWo +MP (Wo)k¯h
)
+ m3/2 λ
λ¯′
|λ′| (go)
k¯oko (Ko)k¯o(Wo)ko
+ m3/2 λ
λk¯h
|λ′| λ
k¯hihMP (go)
i¯oko (Ko)ih i¯o(Wo)ko
− 3m3/2 λ λ¯
′
|λ′|Wo
+ c.c. ,
(2.178)
using the definitions from Eq. (2.158). All terms in Eqs. (2.176)–(2.178) are evaluated
at 〈ϕh〉. Since 0 ≥ 〈VF 〉 ≥ −3m23/2M2P in the realistic scenario where 〈V 〉 = 0, the
coefficient of the first term of Eq. (2.177) is of O(m23/2) or smaller.
The D-term contribution to the scalar potential from Eq. (2.131) with the correct
mass dimension reads
e−1VD =
1
2
(
Re f(r)(s)
)−1(
Kk(T(r)ϕ)
kKk¯(ϕ¯T(s))
k¯
)
. (2.179)
Since the fields in the hidden and in the observable sector have no common gauge
interaction, VD can be written as
VD = (VD)h + (VD)
global
o + m˜
4
3/2O(ε) , (2.180)
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where (VD)h and (VD)
global
o contain only hidden and observable sector fields,
respectively. In particular, (VD)h is the D-term contribution to the scalar potential
in the hidden sector and (VD)
global
o is the D-term contribution to the scalar potential
in global supersymmetry in the observable sector, namely
e−1(VD)globalo =
1
2
(
Re (fo)(r)(s)
)−1(
(Ko)ko(T(r)ϕo)
ko(Ko)k¯o(ϕ¯oT(s))
k¯o
)
, (2.181)
where all terms are evaluated at 〈ϕh〉. In fact, the D-term contribution to the scalar
potential is the same in global and local SUSY.
• Quadratic fermion interaction term:
The quadratic fermion interaction term, which among others contains the fermionic
mass term (cf. Eq. (2.145)), is written as
LF = Lψ¯ψ¯ + Lχχ + Lλλ + Lψ¯χ + Lψ¯λ + Lχλ + c.c. , (2.182)
where the different parts are given by
e−1Lψ¯ψ¯ = −eK/2M2P
W
M2P
(ψ¯µσ¯
µνψ¯ν) , (2.183a)
e−1Lχχ = −1
2
eK/2M
2
PD˜jDkW (χ
jχk) , (2.183b)
e−1Lλλ = +1
4
gk¯keK/2M
2
P∂kf(r)(s)Dk¯W (λ
(r)λ(s)) , (2.183c)
e−1Lψ¯χ = +
i√
2MP
eK/2M
2
PDkW (ψ¯µσ¯
µχk) , (2.183d)
e−1Lψ¯λ = −
1
2MP
Kk(T(r)ϕ)
k(ψ¯µσ¯
µλ(r)) , (2.183e)
e−1Lχλ = −i
√
2gkk¯(ϕ¯T(r))
k¯(χkλ(r)) +
i
2
√
2
(Re f(s)(p))
−1Kj(T(s)ϕ)j∂kf(p)(r)(χkλ(r)) .
(2.183f)
First, Eq. (2.183a), (2.183d) and (2.183e) are considered, which take the form
e−1Lψ¯ψ¯ = −mh eKˆh/2Wˆh(ψ¯µσ¯µνψ¯ν) + m˜3/2O(ε) (ψ¯ψ¯)
= −m3/2 λ
′
|λ′| (ψ¯µσ¯
µνψ¯ν) + m˜3/2O(ε) (ψ¯ψ¯) ,
(2.184)
e−1Lψ¯χ = +mh
i√
2
eKˆh/2DkhWˆh(ψ¯µσ¯
µχkhh ) + m˜3/2O(ε) (ψ¯χ)
= e−1(Lψ¯χ)h + m˜3/2O(ε) (ψ¯χ) ,
(2.185)
e−1Lψ¯λ = −
1
2MP
(Kh)kh(T(r)ϕh)
kh(ψ¯µσ¯
µλ
(r)
h ) + m˜3/2O(ε) (ψ¯λ)
= e−1(Lψ¯λ)h + m˜3/2O(ε) (ψ¯λ) ,
(2.186)
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where the expressions (ψ¯ψ¯), (ψ¯χ) and (ψ¯λ) are written symbolically. Thus, Lψ¯ψ¯, Lψ¯χ
and Lψ¯λ contain no terms with observable sector fields which are not suppressed by ε.
As discussed in Section 2.3.2, the mixing of the gravitino with the chiral fermions
and the gauginos in the fermionic mass matrix takes place only via the Goldstino. In
case of hidden sector supersymmetry breaking, the Goldstino is contained in ψ¯µ and
in the hidden sector fields χh and λh up to terms of O(ε), and it can be absorbed by
the gravitino using an appropriate supersymmetry transformation. Hence, the mass
terms in Lψ¯χ and Lψ¯λ vanish.
Next, the quadratic chiral fermion interaction in Eq. (2.183b) is considered. In
order to determine which parts are not suppressed by ε, the following expansion is
performed:
D˜jDkW = Wjk − ΓijkWi + 1
M2P
(
KjkW +KjWk +KkWj − ΓijkKiW
)
+
1
M4P
KiKjW .
(2.187)
Using the identities from Eq. (2.172), the Christoffel symbols Γijk = g
i¯igji¯,k are
determined:
Γihjhkh =
1
MP
(
Γˆihjhkh +O(ε2)
)
,
Γihjhko = Γ
ih
kojh =
1
MP
O(ε) ,
Γiojhkh =
1
MP
O(ε) ,
Γihjoko =
1
MP
(
(gh)
i¯hih (Kˆo)jo i¯hko +
(MP
mo
gi¯oih
)
(Kˆo)jo i¯oko +O(ε)
)
,
Γiojhko = Γ
io
kojh =
1
MP
(
(go)
i¯oio (Kˆo)jh i¯oko +O(ε2)
)
,
Γiojoko =
1
mo
(
Γˆiojoko +O(ε2)
)
,
(2.188)
with
Γˆihjhkh = (gh)
i¯hih (Kˆh)jh i¯hkh ,
Γˆiojoko = (go)
i¯oio (Kˆo)jo i¯oko .
(2.189)
Thus, Eq. (2.187) takes the form
D˜jhDkhW = mh D˜jhDkhWˆh + m˜3/2O(ε) ,
D˜jhDkoW = D˜koDjhW = m˜3/2O(ε) ,
D˜joDkoW = mo
(
(Wˆo)joko − Γˆiojoko(Wˆo)io
)
−mhMP Γihjoko(Wˆh)ih
+mh
(
(Kˆo)joko − Γˆiojoko(Kˆo)io
)
Wˆh + m˜3/2O(ε) ,
(2.190)
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where
D˜jhDkhWˆh = (Wˆh)jhkh − ΓˆihjhkhWˆih + (Kˆh)jhkhWˆh + (Kˆh)jh(Wˆh)kh + (Kˆh)kh(Wˆh)jh
− Γˆihjhkh(Kˆh)ihWˆh + (Kˆh)ih(Kˆh)jhWˆh ,
(2.191)
and Lχχ is then given by
e−1Lχχ = −1
2
mh e
(Kˆh)/2 (D˜jhDkhWˆh)(χ
jh
h χ
kh
h )
− 1
2
mo e
(Kˆh)/2
(
(Wˆo)joko − Γˆiojoko(Wˆo)io
)
(χjoo χ
ko
o )
− 1
2
mh e
(Kˆh)/2 Wˆh
(
(Kˆo)joko − Γˆiojoko(Kˆo)io
)
(χjoo χ
ko
o )
+
1
2
mh e
(Kˆh)/2MP Γ
ih
joko(Wˆh)ih (χ
jo
o χ
ko
o )
+ m˜3/2O(ε) (χχ) .
(2.192)
According to Eq. (2.192), the quadratic chiral fermion interaction can be written as
Lχχ = (Lχχ)h + (Lχχ)globalo + (Lχχ)
SUSY
o + m˜3/2O(ε) (χχ) , (2.193)
where the first term contains only hidden sector fields and the other two terms
contain only observable sector fields. In particular, (Lχχ)h is the quadratic chiral
fermion interaction in the hidden sector. Furthermore, (Lχχ)globalo is the quadratic
chiral fermion interaction in global supersymmetry in the observable sector
e−1(Lχχ)globalo = −
1
2
λ
(
(Wo)joko − Γiojoko(Wo)io
)
(χjoo χ
ko
o ) , (2.194)
and (Lχχ)SUSYo contains additional supersymmetry breaking terms
e−1(Lχχ)SUSYo = −
1
2
m3/2
λ′
|λ′|
(
(Ko)joko − Γiojoko(Ko)io
)
(χjoo χ
ko
o )
+
1
2
m3/2
λ′′ih
|λ′|MP Γ
ih
joko(χ
jo
o χ
ko
o ) .
(2.195)
All terms in Eq. (2.194) and (2.195) are evaluated at 〈ϕh〉.
The quadratic gaugino interaction in Eq. (2.183c) contains the derivative of the gauge
kinetic function with respect to the scalar fields, which is given by
∂khf(r)(s) =
1
MP
∂kh(fˆh)(r)(s) +
1
MP
∂kh(fˆo)(r)(s) ,
∂kof(r)(s) =
1
mo
∂ko(fˆo)(r)(s) .
(2.196)
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In addition, using the identities from Eq. (2.168) and (2.172), Lλλ takes the form
e−1Lλλ = +1
4
mh e
(Kˆh)/2 (gh)
k¯hkh ∂kh(fˆh)(r)(s) (Dk¯hWˆ h)(λ
(r)
h λ
(s)
h )
+
1
4
mh e
(Kˆh)/2 (gh)
k¯hkh ∂kh(fˆo)(r)(s) (Dk¯hWˆ h)(λ
(r)
o λ
(s)
o )
+
1
4
mh e
(Kˆh)/2 (go)
k¯oko ∂ko(fˆo)(r)(s) Wˆ h(Kˆo)k¯o (λ
(r)
o λ
(s)
o )
+
1
4
mo e
(Kˆh)/2 (go)
k¯oko ∂ko(fˆo)(r)(s) (Wˆ o)k¯o (λ
(r)
o λ
(s)
o )
+
1
4
mh e
(Kˆh)/2
(
gk¯hko
MP
mo
)
∂ko(fˆo)(r)(s) (Dk¯hWˆ h)(λ
(r)
o λ
(s)
o )
+mhO(ε) (λλ) ,
(2.197)
which can also be written as
Lλλ = (Lλλ)h + (Lλλ)globalo + (Lλλ)
SUSY
o + m˜3/2O(ε) (λλ) . (2.198)
The first term (Lλλ)h is the quadratic gaugino interaction in the hidden sector.
Moreover, (Lλλ)globalo is the quadratic gaugino interaction in global supersymmetry
in the observable sector
e−1(Lλλ)globalo = +
1
4
λ (go)
k¯oko (W o)k¯o ∂ko(fo)(r)(s)(λ
(r)
o λ
(s)
o ) , (2.199)
and (Lλλ)SUSYo contains additional supersymmetry breaking terms
e−1(Lλλ)SUSYo = +
1
4
m3/2
λk¯h
|λ′| λ
k¯hkhMP ∂kh(fo)(r)(s)(λ
(r)
o λ
(s)
o )
+
1
4
m3/2
λ¯′
|λ′| (go)
k¯oko (Ko)k¯o ∂ko(fo)(r)(s)(λ
(r)
o λ
(s)
o )
− 1
4
m3/2
λk¯h
|λ′| λ
k¯hihMP (go)
i¯oko (Ko)ih i¯o ∂ko(fo)(r)(s)(λ
(r)
o λ
(s)
o ) .
(2.200)
All terms in Eq. (2.199) and (2.200) are evaluated at 〈ϕh〉.
Finally, Eq. (2.183f) can be written as
Lχλ = (Lχλ)h + (Lχλ)globalo + m˜3/2O(ε) (χλ) , (2.201)
where (Lχλ)h represents the quadratic chiral fermion-gaugino interaction term in the
hidden sector, and (Lχλ)globalo is the corresponding term in global supersymmetry in
the observable sector, namely
e−1(Lχλ)globalo = −i
√
2(go)kok¯o(ϕ¯oT(r))
k¯o(χkoo λ
(r)
o )
+
i
2
√
2
(Re(fo)(s)(p))
−1(Ko)jo(T(s)ϕo)
jo∂ko(fo)(p)(r)(χ
ko
o λ
(r)
o ) ,
(2.202)
which has the same form as in local supersymmetry. The terms in Eq. (2.202) are
evaluated at 〈ϕh〉.
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2.3.3.2 Flat limit for a general observable sector
In Section 2.3.3.1, preliminary calculations have been performed in order to determine
the terms in the supergravity Lagrangian which contain fields of the observable sector
and survive in the flat limit, i.e. they are not suppressed by a factor of O(m3/2/MP). It
turned out, that these terms are described by a globally supersymmetric Lagrangian plus
additional supersymmetry breaking terms
Lo = Lglobalo + (Lϕ)
SUSY
o,1 + (Lϕ)
SUSY
o,2 + (Lχχ)
SUSY
o + (Lλλ)
SUSY
o + m˜
4
3/2O(ε) , (2.203)
where m˜3/2 and ε are defined in Eq. (2.159). For the sake of readability, in the following the
label o is omitted, namely K ≡ Ko, W ≡ Wo, f(r)(s) ≡ (fo)(r)(s), ϕ ≡ ϕo, χ ≡ χo, A ≡ Ao,
λ ≡ λo and k ≡ ko, whereas the label h is restored. Furthermore, the dimensionless
quantities from Eq. (2.158) are used. In particular, λ is absorbed into the superpotential
W , and all subsequent terms are evaluated at 〈ϕh〉. The (on-shell) globally supersymmetric
Lagrangian has the standard form
e−1Lglobalo = −gkk¯ gµνDµϕkDνϕ¯k¯ −
i
2
gkk¯(χ
kσµDµχ¯k¯ + χ¯k¯σ¯µDµχk)
− 1
4
Re f(r)(s)F
µν(r)Fµν
(s) +
1
8
Im f(r)(s)µνρτF
µν(r)F ρτ(s)
− i
2
(
f(r)(s)λ
(r)σµDµλ¯(s) + f¯(r)(s)λ¯(r)σ¯µDµλ(s)
)
+ gk¯kWkW k¯ −
1
2
∂˜j∂kW (χ
jχk)− 1
2
∂˜j¯∂k¯W (χ¯
j¯χ¯k¯)
+
1
4
Rkk¯jj¯(χ
kχj)(χ¯k¯χ¯j¯)
− i
√
2gkk¯(χ
kλ(r))(ϕ¯T(r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T(r)ϕ)
k
− 1
2
√
2
(
∂kf(r)(s)(χ
kσµνλ(r)) + ∂k¯f¯(r)(s)(χ¯
k¯σ¯µνλ¯(r))
)
Fµν
(s)
+
1
8
∂˜j∂kf(r)(s)(χ
jχk)(λ(r)λ(s)) +
1
8
∂˜j¯∂k¯f¯(r)(s)(χ¯
j¯χ¯k¯)(λ¯(r)λ¯(s))
+
1
4
gk¯k∂kf(r)(s)W k¯(λ
(r)λ(s)) +
1
4
gk¯k∂k¯f¯(r)(s)Wk(λ¯
(r)λ¯(s))
− 1
16
gkk¯∂kf(r)(s)∂k¯f¯(p)(q)(λ
(r)λ(s))(λ¯(p)λ¯(q))
− 1
2
(
Re f(r)(s)
)−1(
Kk(T(r)ϕ)
k − i
2
√
2
∂kf(r)(p)(χ
kλ(p)) +
i
2
√
2
∂k¯f¯(r)(p)(χ¯
k¯λ¯(p))
)
×
(
Kj¯(ϕ¯T(s))
j¯ − i
2
√
2
∂jf(s)(q)(χ
jλ(q)) +
i
2
√
2
∂j¯ f¯(s)(q)(χ¯
j¯λ¯(q))
)
,
(2.204)
for a general, potentially non-renormalizable, Ka¨hler potential, superpotential and gauge
kinetic function in the observable sector. The covariant derivatives are given by
Dµϕk = ∂µϕk − iAµ(r)(T(r)ϕ)k ,
Dµϕ¯k¯ = ∂µϕ¯k¯ + iAµ(r)(ϕ¯T(r))k¯ ,
(2.205)
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Dµχkα = ∂µχkα − ωµαβχkβ − iAµ(r)(T(r)χα)k + ΓkijχiαDµϕj ,
Dµχ¯k¯α˙ = ∂µχ¯k¯α˙ − ωµα˙β˙χ¯k¯β˙ + iAµ(r)(χ¯α˙T(r))k¯ + Γk¯ i¯j¯χ¯i¯α˙Dµϕ¯j¯ ,
(2.206)
Dµλα(r) = ∂µλα(r) − ωµαβλβ(r) + Aµ(p)c(p)(q)(r)λα(q) ,
Dµλ¯α˙(r) = ∂µλ¯α˙(r) − ωµα˙β˙λ¯β˙(r) + Aµ(p)c(p)(q)(r)λ¯α˙(q) ,
(2.207)
where the spin connection only contains the graviton
eν
beρaωµb
a = ωµνρ = +
1
2
(eµ
a∂νeρa − eρa∂µeνa − eνa∂ρeµa)
− 1
2
(eµ
a∂ρeνa − eνa∂µeρa − eρa∂νeµa) ,
(2.208)
and it is written in terms of spinor indices by using Eq. (2.70). Furthermore, the
supersymmetry breaking terms are given by (cf. Eq. (2.177), (2.178), (2.195) and (2.200))
e−1(Lϕ)SUSYo,1 = −
1
M2P
〈VF 〉K
−m23/2 λk¯hkh
(λk¯n
λ′
MP Kkh + c.c.
)
−m23/2 gk¯kKkKk¯
+m23/2
λkh λk¯h
|λ′|2 λ
k¯hih λi¯hkh
(
M2P Kih i¯h −M2P gj¯jKihj¯Kji¯h
)
+m23/2 λ
i¯hkh
(λkh
λ′
MP g
k¯iKi¯ihKk¯ + c.c.
)
,
(2.209)
e−1(Lϕ)SUSYo,2 = −m3/2 λk¯hkh
λk¯h
|λ′|
(
λ′khW +MP Wk¯h
)
−m3/2 λ¯
′
|λ′| g
k¯kKk¯Wk
−m3/2
λk¯h
|λ′| λ
k¯hihMP g
i¯kKih i¯Wk
+ 3m3/2
λ¯′
|λ′|W
+ c.c. ,
(2.210)
e−1(Lχχ)SUSYo = −
1
2
m3/2
λ′
|λ′|
(
Kjk − ΓijkKi
)
(χjχk)
+
1
2
m3/2
λ′′ih
|λ′|MP Γ
ih
jk(χ
jχk)
+ c.c. ,
(2.211)
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e−1(Lλλ)SUSYo = +
1
4
m3/2
λk¯h
|λ′| λ
k¯hkhMP ∂khf(r)(s)(λ
(r)λ(s))
+
1
4
m3/2
λ¯′
|λ′| g
k¯kKk¯ ∂kf(r)(s)(λ
(r)λ(s))
− 1
4
m3/2
λk¯h
|λ′| λ
k¯hihMP g
i¯kKih i¯ ∂kf(r)(s)(λ
(r)λ(s))
+ c.c. .
(2.212)
The vev 〈VF 〉 is the vacuum expectation value of the F -term contribution to the scalar
potential of the whole theory, including the hidden sector. In a realistic scenario, where V
vanishes in the ground state, M−2P 〈VF 〉 is of O(m23/2) or smaller. Hence, the gravitino mass
m3/2 determines the mass scale of all supersymmetry breaking terms. Furthermore, in the
flat limit the only term in the supergravity Lagrangian which is proportional to M2P is the
Einstein-Hilbert action LEH = −12M2P eR. Thus, the equation of motion of the graviton is
decoupled from the matter fields and is solved by the Minkowski metric, which describes
flat spacetime. The determinant e = det eµ
a is then equal to one and the spin connection
ωµb
a, given in Eq. (2.208), vanishes.
2.3.3.3 Flat limit for a renormalizable observable sector
If the Ka¨hler potential, the superpotential and the gauge kinetic function are
renormalizable with respect to the observable sector fields, the terms in Eq. (2.209)–(2.212)
correspond to soft supersymmetry breaking terms. In a good approximation this is also
valid, if non-renormalizable terms in K, W or f(r)(s) are suppressed by a mass scale which
is much bigger than the gravitino mass, e.g. the GUT scale or the Planck scale. Using
the same conventions as in Section 2.3.3.2, the Lagrangian of the observable sector is then
written as
Lo = Lglobalo + (Lϕ)softm2 + (Lϕ)softA + (Lχ)softm + (Lλ)softm + m˜43/2O(ε) , (2.213)
where the (on-shell) globally supersymmetric part has the standard form
e−1Lglobalo = −gkk¯ gµνDµϕkDνϕ¯k¯ −
i
2
gkk¯(χ
kσµDµχ¯k¯ + χ¯k¯σ¯µDµχk)
− 1
4
Re f(r)(s)F
µν(r)Fµν
(s) +
1
8
Im f(r)(s)µνρτF
µν(r)F ρτ(s)
− i
2
(
f(r)(s)λ
(r)σµDµλ¯(s) + f¯(r)(s)λ¯(r)σ¯µDµλ(s)
)
+ gk¯kWkW k¯ −
1
2
Wjk(χ
jχk)− 1
2
W j¯k¯(χ¯
j¯χ¯k¯)
− i
√
2gkk¯(χ
kλ(r))(ϕ¯T(r))
k¯ + i
√
2gkk¯(χ¯
k¯λ¯(r))(T(r)ϕ)
k
− 1
2
(
Re f(r)(s)
)−1(
Kk(T(r)ϕ)
k
)(
Kj¯(ϕ¯T(s))
j¯
)
,
(2.214)
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and the soft supersymmetry breaking part is given by
e−1(Lϕ)softm2 = −
1
M2P
〈VF 〉K
−m23/2 λk¯hkh
(λk¯n
λ′
MPKkh + c.c.
)
−m23/2 gk¯kKkKk¯
+m23/2
λkh λk¯h
|λ′|2 λ
k¯hih λi¯hkh
(
M2P Kih i¯h −M2P gj¯jKihj¯Kji¯h
)
+m23/2 λ
i¯hkh
(λkh
λ′
MP g
k¯iKi¯ihKk¯ + c.c.
)
,
(2.215)
e−1(Lϕ)softA = −m3/2 λk¯hkh
λk¯h
|λ′|
(
λ′khW +MP Wk¯h
)
−m3/2 λ¯
′
|λ′| g
k¯kKk¯Wk
−m3/2
λk¯h
|λ′| λ
k¯hihMP g
i¯kKih i¯Wk
+ 3m3/2
λ¯′
|λ′|W
+ c.c. ,
(2.216)
e−1(Lχ)softm = −
1
2
m3/2
λ′
|λ′| Kjk(χ
jχk)
+
1
2
m3/2
λ′′ih
|λ′| λ
i¯hihMPKji¯hk(χ
jχk)
+ c.c. ,
(2.217)
e−1(Lλ)softm = +
1
4
m3/2
λk¯h
|λ′| λ
k¯hkhMP ∂khf(r)(s)(λ
(r)λ(s))
+ c.c. .
(2.218)
If the Ka¨hler potential contains no terms which are holomorphic or antiholomorphic in
the observable sector fields, i.e. K = f(ϕh/MP, ϕ¯h/MP)ϕϕ¯ with some real function f , the
term (Lχ)softm vanishes. In that case, (Lϕ)softm2 and (Lϕ)softA correspond to soft mass terms
and soft linear terms, respectively, of the scalar fields. The soft gaugino mass term is
contained in (Lλ)softm . Finally, Eqs. (2.215)–(2.218) show that the mass scale of the soft
supersymmetry breaking terms in the observable sector is determined by the gravitino mass
m3/2 in scenarios where supersymmetry breaking is mediated via Planck scale suppressed
interactions from a hidden sector.
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2.4 The minimal supersymmetric Standard Model
The minimal supersymmetric Standard Model [77–79] is the minimal extension of the SM,
such that supersymmetry is realized. In particular, the MSSM has the same gauge group
(internal symmetry) as the SM, and for each SM fermion and gauge boson there is a
corresponding chiral and gauge multiplet, respectively. Furthermore, the MSSM contains
two chiral multiplets associated with EW Higgs fields, which are both doublets under
SU(2)L, but with opposite charges under U(1)Y. This is necessary in order that gauge
anomalies are cancelled, which includes the condition tr(I23 qY) = 0 for the (left-handed)
Weyl fermions, where I3 is the third component of the weak isospin and qY the weak
hypercharge. The condition is fulfilled in the SM, thus the additional Weyl fermions
which are present in the supermultiplets associated with the EW Higgs fields have to
respect this condition as well, which would not be possible with only one supermultiplet.
An overview of the chiral and the gauge multiplets in the MSSM extended by right-handed
neutrinos is given in Table 2.1 and 2.2, respectively. The superpartners of the SM particles
are also referred to as sparticles. Furthermore, the supermultiplets Q, uc, dc, L, νc, ec are
often called “fermionic multiplets”, because they contain SM fermions, and Hu and Hd
are denoted as “Higgs multiplets”.
Table 2.1: List of the chiral multiplets which are present in the MSSM extended by right-handed
neutrinos (cf. [45]). For a specific supermultiplet, in the first column the names of the scalar and
left-handed Weyl spinor component fields are stated and the label of the multiplet is specified.
Furthermore, the labels of the component fields are written in the second and third column. In
the last column the representation with respect to the SM gauge group is given.
Names/Multiplet Spin 0 Spin 1
2
SU(3)C × SU(2)L × U(1)Y
squarks, quarks
(×3 families)
Q (u˜L d˜L) (uL dL) (3,2)(+
1
6
)
uc u˜∗R u
†
R (3,1)(−23)
dc d˜∗R d
†
R (3,1)(+
1
3
)
sleptons, leptons
(×3 families)
L (ν˜L e˜L) (νL eL) (1,2)(−12)
νc ν˜∗R ν
†
R (1,1)( 0)
ec e˜∗R e
†
R (1,1)(+1)
Higgs, higgsinos
Hu (H
+
u H
0
u) (H˜
+
u H˜
0
u) (1,2)(+
1
2
)
Hd (H
0
d H
−
d ) (H˜
0
d H˜
−
d ) (1,2)(−12)
The superpotential contains only renormalizable terms, namely the Yukawa coupling
terms Y, the Majorana mass term of the right-handed neutrinos MR, and the µ term,
which is the supersymmetric version of the mass term of the EW Higgs field in the SM.
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Table 2.2: List of the gauge multiplets which are present in the MSSM. For a specific
supermultiplet, in the first column the names of the gaugino and gauge boson are stated, and the
corresponding labels are written in the second and third column. Moreover, the representation
concerning the SM gauge group is given in the last column.
Names spin 1
2
spin 1 SU(3)C × SU(2)L × U(1)Y
gluinos, gluons G˜ G (8,1)(0)
winos, W bosons W˜ W (1,3)(0)
bino, B boson B˜ B (1,1)(0)
In left-right notation the superpotential reads
WMSSM = −(Yu)IJ Hu ·QαI ucJα + (Yd)IJ Hd ·QαI dcJα
+ (Ye)IJ Hd · LI ecJ − (Yν)IJ Hu · LI νcJ +
1
2
(MR)IJ ν
c
I ν
c
J
+ µHu ·Hd ,
(2.219)
where a (lower) upper index α represents the (anti)fundamental representation of SU(3)C,
and Ψ · Φ ≡ ab Ψa Φb (12 = 1) with the SU(2)L indices a, b of the fundamental
representation. Moreover, the family indices I, J rum from 1 to 3.
In order to avoid gauge invariant and renormalizable operators in the superpotential
which lead to experimentally non-observed baryon number (B) and lepton number (L)
violating processes like proton decay, matter parity
PM = (−1)3(B−L) (2.220)
is introduced. The chiral multiplets carry the following baryon and lepton numbers:
B(Q) = +1
3
, B(uc) = B(dc) = −1
3
, L(L) = +1 and L(ec) = L(νc) = −1, all other
assignments are zero.12 Thus, in order that operators have a vanishing matter parity,
they have to contain an even number of supermultiplets with SM fermions. An equivalent
formulation of matter parity at the component field level, which has the properties of an
R-symmetry, is R-parity
PR = (−1)3(B−L)+2s , (2.221)
where s is the spin of the component field. In a Lorentz invariant operator, fermions
always appear in pairs. Hence, the term (−1)2s does not contribute to the overall R-
parity of the operator. The definition of R-parity shows that the SM fermions and the
scalar Higgs bosons have charge 0 under this symmetry, whereas their superpartners carry
charge 1. Thus, if R-parity is indeed realized, the decay product of such a superpartner
has to contain an odd number supersymmetric particles, which implies that the lightest
12Although the Majorana mass operator of the right-handed neutrinos has L = −2, which violates
lepton number conservation, this is not in conflict with experimental observations if MR is much above
the EW scale.
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supersymmetric particle is completely stable, and consequently a possible candidate for
dark matter if it is uncharged under U(1)EM.
The Ka¨hler potential is given by K =
∑
k ϕ
kϕ¯k¯, where ϕk runs over all scalar fields of
the MSSM, which provides minimal kinetic terms. Furthermore, the gauge kinetic function
f(r)(s) = δ(r)(s) is equal to the Kronecker delta, where (r), (s) are adjoint indices of the SM
gauge group.
If the MSSM describes the observable sector of a theory with hidden sector
supersymmetry breaking, then, in the flat limit, the corresponding Lagrangian is globally
supersymmetric with additional soft supersymmetry breaking terms (cf. Section 2.3.3).
The soft supersymmetry breaking terms in the context of the MSSM are given by
−LsoftMSSM = −
1
2
[
M3 G˜ G˜+M2 W˜ W˜ +M1 B˜ B˜ + c.c.
]
+
[
− (Au)IJ Hu · Q˜I u˜∗RJ + (Ad)IJ Hd · Q˜I d˜∗RJ
+ (Ae)IJ Hd · L˜I e˜∗RJ + (Aν)IJ Hu · L˜I ν˜∗RJ + c.c.
]
+ (m2
Q˜
)IJ Q˜I Q˜J + (m
2
u˜)IJ u˜
∗
RI
u˜∗RJ + (m
2
d˜
)IJ d˜
∗
RI
d˜∗RJ
+ (m2
L˜
)IJ L˜I L˜J + (m
2
e˜)IJ e˜
∗
RI
e˜∗RJ + (m
2
ν˜)IJ ν˜
∗
RI
ν˜∗RJ
+m2Hu HuHu +m
2
Hd
HdHd +
[
bHu ·Hd + c.c.
]
,
(2.222)
with the gaugino mass terms M , the scalar squared-mass terms m2 and m2, the scalar
trilinear terms A, and the scalar bilinear term b. The SU(3)C indices are suppressed, and
the same convention for the contraction of SU(2)L indices is used as in Eq. (2.219). In case
of hidden sector supersymmetry breaking, the mass scale of the supersymmetry breaking
terms is determined by the mass m3/2 of the gravitino. Consequently, at this mass scale
the superpartners of the SM particles are integrated out and the MSSM is matched to the
SM.
Universal boundary conditions of the soft terms in Eq. (2.222), neglecting the b-term, at
an energy scale Λ are referred to as mSUGRA or constrained MSSM (CMSSM) boundary
conditions. These boundary conditions are parametrized by a universal gaugino mass M1/2,
a universal proportionality factor a0 for the trilinear couplings and a universal scalar mass
m0, namely
Mi
∣∣
Λ
= M1/2 , i ∈ {1, 2, 3} ,
Ax
∣∣
Λ
= a0 Yx , x ∈ {u, d, e, ν} ,
m2x
∣∣
Λ
= m20 13×3 , x ∈ {Q˜, u˜, d˜, L˜, e˜, ν˜} ,
m2Hx
∣∣
Λ
= m20 , x ∈ {u, d} .
(2.223)
In the MSSM, electroweak symmetry breaking SU(2)L × U(1)Y → U(1)EM takes place
if the neutral components concerning U(1)EM of the scalar fields Hu and Hd acquire non-
vanishing vevs, namely
〈H0u〉 = vu := v sin β , 〈H0d〉 = vd := v cos β , (2.224)
with v = 174 GeV and tan β = vu/vd, where 0 ≤ β ≤ pi2 . The stationarity condition for
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the corresponding local minimum of the scalar potential (at tree-level) then reads
sin(2β) =
2b
m2Hu +m
2
Hd
+ 2|µ|2 , (2.225)
M2Z =
m2Hd −m2Hu√
1− sin2(2β) −m
2
Hu −m2Hd − 2|µ|2 . (2.226)
After the EW symmetry is broken, three real degrees of freedom of Hu and Hd are absorbed
into the massive gauge bosons W± and Z0 by the Higgs mechanism. The remaining five
physical degrees of freedom are labelled by h0, H0, A0, H+ and H−, where the superscripts
indicate the corresponding EM charges. The light Higgs field at 125 GeV is denoted by
h0, while H0 and A0 denote heavier neutral scalar fields with even and odd parity P ,
respectively. The masses of these fields (at tree-level) are given by
m2A0 = 2|µ|2 +m2Hu +m2Hd , (2.227)
m2h0 =
1
2
m2A0 +
1
2
M2Z −
1
2
√
(m2A0 −M2Z)2 + 4M2Zm2A0 sin2(2β) , (2.228)
m2H0 =
1
2
m2A0 +
1
2
M2Z +
1
2
√
(m2A0 −M2Z)2 + 4M2Zm2A0 sin2(2β) , (2.229)
m2H± = m
2
A0 +M
2
W . (2.230)
where the expressions for MW and MZ are stated in Eq. (1.11).
In the electroweak broken phase of the MSSM, the mass matrices of the squarks
and charged sleptons are 6 × 6-dimensional, whereas the one of the sneutrinos is 3 × 3-
dimensional, assuming no right-handed (s)neutrinos. A suitable basis to write the mass
matrices of the squarks and the charged sleptons is given by the so-called super-CKM
(SCKM) basis. To get this basis, a rotation at the level of supermultiplet is performed, i.e.
the fermions and the sfermions are rotated in the same way, such that the mass matrices
of the quarks and the charged leptons are diagonal.
After the EW symmetry is broken, the bino, and the neutral wino and Higgsino states
form the so-called neutralinos χ˜0i . In the basis (B˜, W˜
0, H˜0d , H˜
0
u) the corresponding mass
matrix (at tree-level) is given by (cf. [45])
Mχ˜0 =

M1 0 − 1√2g1vd 1√2g1vu
0 M2
1√
2
g2vd − 1√2g2vu
− 1√
2
g1vd
1√
2
g2vd 0 −µ
1√
2
g1vu − 1√2g2vu −µ 0
 . (2.231)
Furthermore, the charged wino and Higgsino states form the so-called charginos χ˜±i , where
the mass matrix (at tree-level) in the basis (W˜+, H˜+u , W˜
−, H˜−d ) has the form
Mχ˜± =
(
0 XT
X 0
)
, with X =
(
M2 g2vu
g2vd µ
)
. (2.232)
CHAPTER 3
Grand Unified Theories
The idea of unification in physics is that two or more apparently distinct phenomena can
be traced back to a common, more fundamental principle. For example, in this sense the
weak and the electromagnetic force are two different phenomena which are unified in the
electroweak theory. The separation occurs because of the spontaneous breaking of the
EW symmetry SU(2)L × U(1)Y into U(1)EM by the vev of the EW Higgs field H in the
context of the SM. The full gauge group of the SM is given by the reductive Lie group
SU(3)C×SU(2)L×U(1)Y, where for each of the three components there is a different gauge
coupling. A Grand Unified Theory [80–82] is a theory where the SM gauge group G321 is
embedded into a simple Lie group. The unification of the gauge couplings takes place at
the so-called GUT scale MGUT, where the GUT gauge group is spontaneously broken into
the SM one by the vev of one or multiple scalar (Higgs) fields. Furthermore, in a Grand
Unified Theory the SM fields are embedded into bigger representations of the GUT gauge
group. Depending on the GUT gauge group and on the choice of the Higgs representations
involved in the GUT operators for the Yukawa couplings, the unification of the fermions
leads to a variety of relations between the entries of the Yukawa matrices at the SM level,
once the GUT symmetry is spontaneously broken. Typically the entries are related via
Clebsch-Gordan (CG) coefficients, or linear combinations of them, which are purely group
theoretic quantities.
A hint that the SM is indeed a low energy manifestation of a GUT is given by the
running of the three gauge couplings. By solving the renormalization group equations
(RGEs), it turns out that g1, g2 and g3 run towards each other above the EW scale.
However, they do not meet exactly, which would be necessary in order to unify them in
the gauge coupling of the GUT. This shortcoming can be overcome by adding intermediate
states, i.e. particles with a mass between the EW and the GUT scale, to the theory, so that
the running of the gauge couplings gets modified. A suitable set of such extra particles
is provided by the superpartners of the SM fields in the MSSM. If the masses of these
fields are located at about 103 GeV, the gauge couplings meet at around 1016 - 1017 GeV.1
Thus, supersymmetric GUTs are promising candidates for the unification of the three
interactions of the SM.
There are several Lie groups which are suitable for GUT gauge groups. The most
common ones are the SU(5) and the SO(10) group. A short review about these two
groups is given in Section 3.1 and 3.2.
1The matching of the gauge couplings may not be exact because of threshold corrections near the GUT
scale.
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3.1 The group SU(5)
The group SU(5) is a 24-dimensional simple Lie group of rank 4, with the maximal
subgroups
G321 ≡ SU(3)C × SU(2)L × U(1)Y ⊆ SU(5) ,
G41 ≡ SU(4)× U(1) ⊆ SU(5) .
(3.1)
In the following, only the maximal subgroup G321 is considered. In the fundamental
representation the generators of SU(5) are given by Hermitian and traceless matrices, with
the convention that the Dynkin index is 1
2
, which corresponds to the usual normalization
for SU(N) groups. The four diagonal generators have the form
Tdiag1 =
1
2
diag(1,−1, 0, 0, 0) , Tdiag2 =
1
2
√
3
diag(1, 1,−2, 0, 0) ,
Tdiag3 =
1
2
diag(0, 0, 0, 1,−1) , Tdiag4 =
1
2
√
15
diag(−2,−2,−2, 3, 3) .
(3.2)
Furthermore, there are ten pairs of raising and lowering operators, which are defined as
T+ij :=
j

...
· · · 1 · · · i
...
, T−ij := (T
+
ij)
T =
i

...
· · · 1 · · · j
...
, (3.3)
where i, j ∈ {1, ..., 5} and i < j. The remaining twenty generators are then given by the
linear combinations +1
2
(
T+ij + T
−
ij
)
and − i
2
(
T+ij − T−ij
)
. The definition of the diagonal
generators Tdiag1 , T
diag
2 and T
diag
3 indicates, that the 3 × 3 block with i, j ∈ {1, 2, 3}
represents the SU(3)C subgroup, and the 2 × 2 block with i, j ∈ {4, 5} describes the
SU(2)L subgroup. Moreover, the U(1)Y subgroup is generated by T
diag
4 .
The components of the 5-dimensional fundamental and the corresponding conjugate
representation are written as 5i and 5i, with an upper and a lower index, respectively.
The irreducible representations of SU(5) are located in tensor products of the 5i and 5i.
The lowest dimensional representations thus have the following index structure:
5i, 5i, 10
[ij], 10[ij], 15
(ij), 15(ij), 24
i
j, 35
(ijk), 35(ijk), 40
[ij]k, 40[ij]k, 45
[ij]
k, 45[ij]
k
,
50[ij][kl], 50[ij][kl], 70
(ij)
k, 70(ij)
k
, 70′(ijkl), 70
′
(ijkl), 75
[ij]
[kl],
(3.4)
where parentheses indicate symmetrization and square brackets indicate antisymmetriza-
tion of the indices. The components of the 24, 40, 45, 50, 70 and 75, are projected out
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of the tensor products
(5⊗ 5)ij = (24⊕ 1)ij ,
(10⊗ 5)[ij]k = (40⊕ 10)[ij]k ,
(10⊗ 5)[ij]k = (45⊕ 5)[ij]k ,
(10⊗ 10)[ij][kl] = (50⊕ 45⊕ 5)[ij][kl] ,
(15⊗ 5)(ij)k = (70⊕ 5)(ij)k ,
(10⊗ 10)[ij][kl] = (75⊕ 24⊕ 1)[ij][kl] ,
(3.5)
by imposing the relations
24ii = 0 , ijklm40
ijk = 0 , 45ijj = 0 , ijklm50
ijkn = 0 , 70ijj = 0 , 75
ij
kj = 0 , (3.6)
where ijklm is the rank 5 completely antisymmetric Levi-Civita symbol, which is an
invariant SU(5) tensor. Similar relations hold true for the corresponding conjugate
representations. Invariants concerning SU(5) transformations are formed by contracting
lower with upper indices, where the height of an index is changed by complex conjugation.
The decomposition of the 1, 5 and 10 into irreducible representations of the maximal
subgroup G321 is given by
2
1 = (1,1)(0) ,
5 = (1,2)(−1
2
)⊕ (3,1)(+1
3
) ,
10 = (1,1)(+1)⊕ (3,1)(−2
3
)⊕ (3,2)(+1
6
) ,
(3.7)
which leads to the following embedding of the MSSM supermultiplets: νc ∈ 1, L, dc ∈ 5
and ec, uc, Q ∈ 10 (cf. Table 2.1). This implies the general relation Yd ∼ YTe between the
Yukawa matrices of the down-quark and charged lepton sector at the GUT scale, where
the exact form depends on how the Yukawa terms at the SU(5) level are realized, and
how GUT symmetry breaking is implemented. In addition, the weak doublets Hu and
Hd can be embedded into multiple representations of SU(5), namely Hu ∈ 5, 45, 70 and
Hd ∈ 5, 45, 70. Finally, the representations 24 and 75 contain both a singlet (1,1)(0) of
G321, thus these two representations are appropriate to implement spontaneous symmetry
breaking of SU(5) to the SM gauge group.
3.2 The group SO(10)
The group SO(10) is a 45-dimensional simple Lie group of rank 5, with the maximal
subgroups
G51 ≡ SU(5)× U(1)X ⊆ SO(10) ,
G422 ≡ SU(4)C × SU(2)L × SU(2)R ⊆ SO(10) ,
(3.8)
2For a proper SU(5) normalization corresponding to a Dynkin index 12 , the U(1)Y charges need to be
multiplied with the factor
√
3/5.
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where G422 is the Pati-Salam group. The 45 generators Tpq of SO(10), with antisymmetric
indices p and q (p, q ∈ {1, ..., 10}), fulfil the commutation relations
[Tpq,Trs] = − i√2(δprTqs + δqsTpr − δpsTqr − δqrTps) , (3.9)
which can be realized by the following set of 10× 10-dimensional matrices
(Tpq)rs =
i√
2
(δprδqs − δpsδqr) . (3.10)
The normalization of the generator Tpq complies with a Dynkin index 1, which is the typical
normalization for SO(N) groups. This set of generators corresponds to the 10-dimensional
fundamental representation of SO(10) in the so-called “real” basis, which has lower indices
only. The indices p, q, r, ... are referred to as real fundamental indices, and the components
of the representation are written as 10p in that basis. Since the decomposition of the
fundamental representation with respect to the SU(5) subgroup is given by 10 = 5 ⊕ 5,
it is convenient to introduce a “complex” basis, which is adapted to that embedding. The
components of the 10 in the complex basis are either written with an upper or a lower
index i:
10i :
(
5
5
)
, 10i :
(
5
5
)
. (3.11)
In the following, the 10i and 10i are referred to as complex and anticomplex
basis, respectively. Furthermore, the indices i, j, k, ... are called complex or anticomplex
fundamental indices, depending on whether they are raised or lowered. The relation
between the real and the complex basis of the fundamental representation is the following:
the components of the 5 in Eq. (3.11) are of the form 1√
2
(10p + i10p+1), where p is odd.
Moreover, the 5 contains the same entries, but with i replaced by −i. The transition
from the real to the complex basis (which has an upper index) is performed by the
unitary matrix P ip ≡ P, where the first five rows, corresponding to the 5, have the form
1√
2
(0 ... 0 1 +i 0 ... 0), and the last five rows, corresponding to the 5, have the
same form but with −i. The matrix P then defines all other possible transition matrices
between the real and the (anti)complex basis, namely
real to complex: P ip ≡ P ,
real to anticomplex: Pip ≡ P∗ ,
complex to real: Ppi ≡ P−1 = P† ,
anticomplex to real: Pp
i ≡ (P∗)−1 = PT .
(3.12)
The index notation of the transition matrices is adapted to the heights of the indices in
the different bases. For example, the transition from the real to the complex basis is given
by 10i = P ip10p, whereas the inverse transformation, from the complex to the real basis,
has the form 10p = Ppi10
i. Since the real indices are always lowered, repeated indices of
this type are just summed over.
The definitions of the transition matrices in Eq. (3.12) implies the following relations:
P ip Ppj = δ
i
j , Ppi P
i
q = δpq ,
Pip Pp
j = δi
j , Pp
i Piq = δpq .
(3.13)
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In addition, the complex and the anticomplex bases are related by raising or lowering the
index i with the following two matrices:
P ij = P ipPp
j ≡
(
0 15×5
15×5 0
)
,
Pij = PipPpj = (P
ij)∗ ≡
(
0 15×5
15×5 0
)
.
(3.14)
The fundamental representation 10 is self-conjugate, since it is equivalent to its conjugate
representation. Furthermore, in the real basis the components 10p can be chosen real,
hence 10 is a real representation, and the components of the 5 and 5 in the complex basis
are related by complex conjugation. However, in supersymmetric theories the complexified
version of 10 is used, because the fields are complex. The 10 thus contains ten complex
degrees of freedom, and the 5 is no longer the conjugate of 5.
The spinor representation in SO(10) is the 16-dimensional irreducible representation
16. Since the spinor representation is complex, it is not equivalent to the conjugate
representation 16. It is convenient to write the direct sum 16 ⊕ 16 as an reducible
32-dimensional representation 32, which either carries an upper or a lower spinor index
A ∈ {1, ..., 32}, depending on the particular embedding of the components of the 16 and
16:
32A :
(
16
16
)
, 32A :
(
−16
16
)
. (3.15)
The minus sign in 32A is introduced, such that the definitions in Eq. (3.15) are consistent
with raising and lowering the spinor index by the charge conjugation matrix C, which is
defined below.
The basic objects in the construction of the SO(10) generators in the spinor
representation are the gamma matrices Γp, where p is a real fundamental index. With
respect to the basis 32A, the gamma matrices have the spinor index structure (Γp)
A
B.
Furthermore, the ten matrices Γp form an orthogonal basis of a Clifford algebra, which is
defined by the following anticommutation relations:
{Γp,Γq} = 2δpq1 . (3.16)
A particular set of gamma matrices, such that the Clifford algebra relations in Eq. (3.16)
are fulfilled, can be constructed by means of the Kronecker product of five Pauli matrices
σa (a ∈ {0, 1, 2, 3}) in the following way:
Γ2k−1 := σ0 ⊗ ...⊗ σ0 ⊗ σ1 ⊗ σ3 ⊗ ...⊗ σ3 ,
Γ2k := σ
0 ⊗ ...⊗ σ0︸ ︷︷ ︸
k−1
⊗ σ2 ⊗ σ3 ⊗ ...⊗ σ3︸ ︷︷ ︸
5−k
, (3.17)
where k = 1, ..., 5. The explicit construction in Eq. (3.17) implies, that the gamma matrices
are Hermitian, i.e. Γp = (Γp)
†. Furthermore, the matrices (Γp)AB have the block structure
Γp =
(
 
 
)
, (3.18)
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where each square represents a 16× 16-dimensional block. The blocks which are indicated
by a white square have all entries equal to zero, which implies an off-diagonal structure of
the matrices. Thus, a product of an odd number of gamma matrices has an off-diagonal
structure as well, whereas a product of an even number of gamma matrices has a diagonal
structure:
odd number of Γp:
(
 
 
)
, even number of Γp:
(
 
 
)
. (3.19)
The 45 generators in the spinor representation are formed by the commutator of two
gamma matrices in each case, namely
Tspinorpq :=
i
4
√
2
[Γp,Γq] . (3.20)
With respect to the basis 32A, the generators a have the index structure (Tspinorpq )
A
B
, and
from the construction in Eq. (3.20) follows, that they are Hermitian and have a block
diagonal form. The two non-zero blocks on the diagonal correspond to the generators
in the irreducible representations 16 and 16, respectively, which is consistent with the
embedding in Eq. (3.15). Moreover, the Clifford algebra relations in Eq. (3.16) imply, that
the generators Tspinorpq fulfil the commutation relations in Eq. (3.9).
The so-called “charge conjugation matrix” C of SO(10) is a 32×32-dimensional matrix,
which satisfies the identity
C ΓpC
−1 = −ΓTp (3.21)
for each of the gamma matrices. Using the fact that the generators in the spinor
representation are Hermitian, Eq. (3.21) implies the relation
C Tspinorpq C
−1 = −(Tspinorpq )∗ , (3.22)
which means that C is the transition matrix between the 32-dimensional spinor
representation and its conjugate representation. Concerning the basis 32A, the charge
conjugation matrix has the index structure C ≡ CAB, whereas its inverse is written as
C−1 ≡ (CAB)−1 = CAB. The two matrices have the explicit form
CAB ≡
(
0 −116×16
+116×16 0
)
, CAB ≡
(
0 +116×16
−116×16 0
)
, (3.23)
and they are used to lower and raise spinor indices, namely
32A = CAB 32
B , 32A = CAB 32B . (3.24)
This is consistent with the embedding of the 16 and 16 into 32A and 32A in Eq. (3.15).
For the construction of SO(10) invariants, it is often convenient to use a set of gamma
matrices Γi with an anticomplex index i, instead of the real index p. The conversion of
the fundamental index is realised by means of the transition matrix Pip from Eq. (3.12):
(Γi)
A
B = Pip (Γp)
A
B . (3.25)
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This transformation does not affect the block structure of the gamma matrices in
Eq. (3.18). Furthermore, the irreducible representation 16 is typically embedded into
the reducible representation 32A along the lines of Eq. (3.15), by setting the components
corresponding to the 16 equal to zero. Analogously, the 16 is embedded into the 32A as
well. Hence, in this notation both 16-dimensional representations carry an upper spinor
index:
16A :
(
16
0
)
, 16
A
:
(
0
16
)
. (3.26)
All irreducible representations of SO(10) are contained in tensor products of the 10,
16 and 16, where the lowest dimensional ones have the following index structure
10i, 16A, 16
A
, 45[ij], 54(ij), 120[ijk], 126[ijklm], 126
[ijklm]
,
144Ai, 144
Ai
, 210[ijkl], 210′(ijk).
(3.27)
To specify the representations in Eq. (3.27) only upper indices are used, and the
parentheses and square brackets indicate symmetrization and antisymmetrization of
complex fundamental indices, respectively. These symmetry properties are restored, if real
indices are used instead. All the representations which carry a spinor index are complex
representations, whereas the ones with fundamental indices only are real, except the 126
and 126, which are complex as well.
Since the number of components indicated by the index structures and the actual sizes
of the 54, 210′, 144 and 144 in Eq. (3.27) do not match, irreducible representations of
smaller dimensions have to be projected out of the tensor product in each case:
(10⊗ 10)(ij) = (54⊕ 1)(ij) ,
(10⊗ 10⊗ 10)(ijk) = (210′ ⊕ 10)(ijk) ,
(16⊗ 10)Ai = (144⊕ 16)Ai ,
(16⊗ 10)Ai = (144⊕ 16)Ai .
(3.28)
This is achieved by imposing the following conditions
54ij Pij = 0 , 210
′ijk Pjk = 0 , ΓiAB 144Bi = 0 , ΓiAB 144
Bi
= 0 . (3.29)
Furthermore, the components of the 126 and 126 are distinguished by the (anti)self-duality
identities using the real basis
126[pqrst] = − i
5!
pqrstvwxyz126[vwxyz] , 126[pqrst] = +
i
5!
pqrstvwxyz126[vwxyz] , (3.30)
where pqrstvwxyz is the rank 10 completely antisymmetric Levi-Civita symbol, which is an
invariant SO(10) tensor.
Invariants concerning SO(10) transformations are formed by summing over indices
of the same type. While in the case of spinor or (anti)complex indices, only indices of
different heights can be contracted, there is no restriction for real indices, because they
are all lowered. A (anti)complex index is raised or lowered by using the matrices P ij and
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Pij, given in Eq. (3.14), whereas the height of a spinor index is changed by means of the
charge conjugation matrix CAB and its inverse C
AB, defined in Eq. (3.23). In addition, a
fundamental index is converted into a pair of spinor indices via the gamma matrices.
Irreducible representations with antisymmetric fundamental indices can be written as
32× 32-dimensional matrices in spinor space as follows
10AB := 10
i (Γi)
A
B ,
45AB := 45
[ij] (ΓiΓj)
A
B ,
120AB := 120
[ijk] (ΓiΓjΓk)
A
B ,
210AB := 210
[ijkl] (ΓiΓjΓkΓl)
A
B ,
126AB := 126
[ijklm] (ΓiΓjΓkΓlΓm)
A
B ,
126
A
B := 126
[ijklm]
(ΓiΓjΓkΓlΓm)
A
B ,
(3.31)
which is not possible for representations with symmetric indices, because of the Clifford
algebra relations of the gamma matrices. The defined representations in Eq. (3.31) have
block structures according to Eq. (3.19).
The decompositions of the irreducible representations listed in Eq. (3.27) under the
maximal subgroup G51 are stated in Table 3.1, where in addition the locations of the SM
singlets and SU(2)L (anti)doublets are indicated (cf. [83]). The decomposition of the 16
under G321, namely
16 = (1,1)(0)︸ ︷︷ ︸
1 of SU(5)
⊕ (1,2)(−1
2
)⊕ (3,1)(+1
3
)︸ ︷︷ ︸
5 of SU(5)
⊕ (1,1)(+1)⊕ (3,1)(−2
3
)⊕ (3,2)(+1
6
)︸ ︷︷ ︸
10 of SU(5)
, (3.32)
shows, that the SM fermions of one generation, including a right-handed neutrino,
can be embedded into the 16 (cf. Table 2.1). This implies the general relation
Yu ∼ Yd ∼ Ye ∼ Yν between the Yukawa matrices of the different fermion sectors
at the GUT scale, where the exact form depends on the realization of the Yukawa terms at
the SO(10) level and on the implementation of GUT symmetry breaking. Moreover, the
embedding of the SM fermions into the 16 provides a natural explanation for the existence
of right-handed neutrinos.
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Table 3.1: Decomposition of the lowest dimensional irreducible representations of SO(10),
neglecting corresponding conjuagte representations, into irreducible representations of the
maximal subgroup G51. The U(1)X charges have to be multiplied by the factor (2
√
10)−1,
corresponding to a Dynkin index 1. A straight underline denotes that the representation contains
one SM singlet, while a wavy underline indicates one SU(2)L (anti)doublet (1,2)(±12), according
to the label ±.
SO(10) ⊃ SU(5)×U(1)X
10 = 5(+2)
::::: +
⊕ 5(−2)
::::: −
16 = 1(−5)⊕ 5(+3)
::::: −
⊕ 10(−1)
45 = 1(0)⊕ 10(+4)⊕ 10(−4)⊕ 24(0)
54 = 15(+4)⊕ 15(−4)⊕ 24(0)
120 = 5(+2)
::::: +
⊕ 5(−2)
::::: −
⊕ 10(−6)⊕ 10(+6)⊕ 45(+2)
:::::::+
⊕ 45(−2)
:::::::−
126 = 1(−10)⊕ 5(−2)
::::: −
⊕ 10(−6)⊕ 15(+6)⊕ 45(+2)
:::::::+
⊕ 50(−2)
144 = 5(−3)
::::: +
⊕ 5(−7)
::::: −
⊕ 10(+1)⊕ 15(+1)⊕ 24(+5)⊕ 40(+1)⊕ 45(−3)
:::::::+
210 = 1(0)⊕ 5(−8)
::::: +
⊕ 5(+8)
::::: −
⊕ 10(+4)⊕ 10(−4)⊕ 24(0)⊕ 40(−4)⊕ 40(+4)⊕ 75(0)
210′ = 35(−6)⊕ 35(+6)⊕ 70(+2)
:::::::+
⊕ 70(−2)
:::::::−
3.3 Doublet-triplet splitting and the MSSM Higgs
location
In Grand Unified Theories, SU(2)L doublets (1,2)(+
1
2
) and antidoublets (1,2)(−1
2
) are
typically embedded into GUT representations, which at the same time also contain color
triplets (3,1)(−1
3
) and antitriplets (3,1)(+1
3
), as for example the 5 and 5 of SU(5) or
the 10 of SO(10). In general, there may be multiple doublet-antidoublet pairs in a GUT
model. The corresponding masses are typically of the order MGUT, however there is one
light pair of mass eigenstates which corresponds to the EW doublets, namely to the Hu
and Hd of the MSSM. On the other hand, in supersymmetric theories the (anti)triplets
mediate dimension 5 proton decay, thus all of these states must be heavy in order that
the predictions for proton decay of a GUT model are compatible with the experimental
bounds (see Section 3.4). Due to the GUT embedding, the doublet and the triplet mass
matrices MD and MT , respectively, are related. Thus, naturally it is expected, that all
doublets are heavy as well. The feature, that one doublet-antidoublet pair has a mass at
the EW scale, while all other doublet and triplet masses are located at around the GUT
scale is referred to as doublet-triplet (DT) splitting.
Possible solutions to the DT splitting problem are given by the (double) missing
partner mechanism in SU(5) [84–86] or SO(10) [87, 88], or by the Dimopoulos-Wilczek
mechanism in SO(10) [89, 90]. The missing partner mechanism exploits the fact that
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certain representations in SU(5) and SO(10) contain more (anti)triplet than (anti)doublet
states. In particular, the 50 of SU(5) contains one triplet, but no doublet, while the 126
of SO(10) contains one doublet and one triplet pair, but also an additional antitriplet
state. Thus, MD and MT have different dimensions, which allows to make one doublet
light, while keeping all triplets heavy. In the Dimopoulos-Wilczek mechanism, the 45 of
SO(10) acquires a specially aligned vev, which breaks GUT symmetry but leaves one of
the doublet states massless.
Another possibility to implement DT splitting is given by fine-tuning. Since the rank of
a mass matrix indicates whether there is massless state or not, the condition det MD = 0
(the MSSM pair of doublets is almost massless compared to the GUT scale), such that
at the same time det MT 6= 0, satisfies DT splitting. A vanishing determinant of MD
is achieved by imposing a specific relation on the parameters in the Higgs sector, i.e. by
fine-tuning one of the parameters. Doublet-triplet splitting by fine-tuning can typically be
imposed in any model.
In a concrete model with the superpotential W of the Higgs sector, the doublet and
triplet mass matrices are calculates as
(MD)ij =
∂2W
∂Di∂Dj
∣∣∣
vacuum
, (3.33)
(MT )ij =
∂2W
∂Ti∂T j
∣∣∣
vacuum
, (3.34)
where Di and Dj are doublet and antidoublet states, and Ti and T j are triplet and
antitriplet states embedded into GUT representations. The dimensions of MD and MT
are given by the number of doublet-antidoublet and triplet-antitriplet pairs in the Higgs
sector. Since Hu and Hd are almost massless compared to the GUT scale, they correspond
to the left and right zero eigenmodes of MD, respectively, and can be expressed as a linear
combination of the doublets Di and antidoublets Dj:
Hu =
∑
i
aiDi , Hd =
∑
j
bj Dj , (3.35)
where the complex coefficients ai and bj have the normalization
∑
k |ak|2 =
∑
l |bl|2 = 1.
On the other hand, Di and Dj can be written in terms of states in the mass eigenbasis
Di = a
∗
i Hu + ... , Dj = b
∗
j Hd + ... . (3.36)
The dots indicate mass eigenstates whose vevs are equal to zero. Because non-vanishing
vevs of doublets or antidoublets break EW symmetry, it is assumed that only the light
mass eigenstates Hu and Hd can acquire a vev. The vevs of Di and Dj are thus given by
〈Di〉 = a∗i vu , 〈Dj〉 = b∗j vd , (3.37)
where vu = 〈H0u〉 and vd = 〈H0d〉 as defined in Eq. (2.224).
If there are multiple doublet-antidoublet pairs in a concrete model, the contribution
of the light MSSM Higgses in the states Di and Dj, which are embedded into GUT
representations, depends on the coefficients ai and bj via Eq. (3.36). These coefficients in
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turn depend on the superpotential parameters of the Higgs sector, and are therefore also
linked to the particular implementation of DT splitting.
In SU(5) theories, where only Yd and Ye are connected via GUT relations, the
parameters ai and bj can be absorbed into the Yukawa couplings, since the down-type
quarks and the charged leptons couple both to Hd. Thus, these extra parameters do not
affect predictions in the Yukawa sector.
In contrast, in SO(10) theories the parameters ai and bj can generally not be absorbed
into Yukawa couplings, because the Yukawa matrices of all fermion sectors arise from the
same GUT operator. This implies, that there is in principle extra freedom to the SO(10)
“Clebsch-Gordan” relations between the Yukawa matrices, due to the parameters ai and
bj, which depend on the form of the superpotential in the Higgs sector.
3.4 Proton decay
A general feature of Grand Unified Theories is that they predict proton decay, induced
by baryon and lepton number violating (but B-L preserving) operators of dimension 6 at
the Lagrangian level. These effective four-fermion operators form invariants under the SM
gauge group and are schematically written as
L ⊃ 1
M2
(
QLQQ+ u†R d
†
R e
†
R u
†
R +QQe
†
R u
†
R +QLu
†
R d
†
R
)
+ c.c. . (3.38)
They are generated by integrating out heavy scalar or vector (gauge boson) leptoquarks
with mass M , which are present in GUTs due to the embedding of the SM fields into
bigger GUT representations and the embedding of the SM gauge group into the bigger
GUT gauge group. For example, the first two operators in Eq. (3.38) are generated via
the scalar leptoquarks (3,1)(−1
3
) and (3,1)(+1
3
) (i.e. triplets and antitriplets), which are
present in the 5 and 5, respectively, of SU(5). Moreover, the last two operators in Eq. (3.38)
are generated via the vector leptoquarks (3,2)(−5
6
) and (3,2)(+5
6
), which are part of the
adjoint representation of SU(5). A naive estimate based on dimensional analysis for the
decay width of the proton in these two cases is given by [91]
Γp ≈ |yuyd|2
m5p
M4T
, Γp ≈ α2GUT
m5p
M4V
, (3.39)
where mp is the proton mass, αGUT = g
2
GUT/(4pi) the unified structure constant, and
MT and MV are the masses of the scalar and the vector leptoquarks, respectively. So
far, proton decay has not been measured, but the most stringent bounds on the lifetime
of the proton currently come from the Super-Kamiokande experiment [92]. Using the
experimental constraint τ(p→ K+ν¯) & 6.5 ·1033 yr [93], which is one of the decay channels
with the strictest bound, and the realistic values gGUT ≈ 0.7, yu ≈ 2.7 · 10−6/ sin β and
yd ≈ 5.0 · 10−6/ cos β (with tan β = 20) for the unified gauge coupling and the Yukawa
couplings at the GUT scale [94], rough lower bounds for MT and MV are obtained:
MT & 3.6 · 1011 GeV , MV & 4.3 · 1015 GeV . (3.40)
The estimate shows that proton decay from dimension 6 operators as in Eq. (3.38) is
compatible with a typical GUT scale & 1016 GeV, and triplet masses which are even
several orders of magnitude below MGUT.
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Proton decay from dimension 6 operators, which are generated by heavy scalar and
vector leptoquarks, is present in any GUT and is typically not in conflict with the
experimental bounds. However, in SUSY theories, the dimension 6 operators can also
be generated via dimension 4 and 5 operators (at the Lagrangian level), which contain
two fermions and one or two scalar superpartners. The dimension 6 operators are then
generated by integrating out the sparticles. Since the sparticle masses are typically much
smaller than the GUT scale, in order to account for the hierarchy problem of the EW Higgs
mass, the induced proton decay is in general much stronger than in the above scenario. In
fact, proton decay from dimension 4 operators is far above the experimental bounds, thus
such operators must not be present in the Lagrangian, which, for example, is achieved by
introducing R-parity (matter parity) as discussed in Section 2.4.
The dimension 5 operators are formed by integrating out heavy triplet states, which
typically have masses & 1017 GeV in order that the induced proton decay is consistent
with the experimental bounds (see e.g. [95]). At the SUSY scale MSUSY, the dimension 6
operators are then built at 1-loop level by “dressing” the dimension 5 operators with
gluino, chargino and neutralino exchange diagrams. Again, a naive estimate based on
dimensional analysis can be made for dimension 5 proton decay
Γp ∝
m5p
M2T M
2
SUSY
, (3.41)
however, the determination of the constant represented by ∝ is more involved in this case,
because of the loop structure of the dimension 6 operator. An example diagram for the
proton decay channel p → K+ν¯ via the dressing of a dimension 5 operator is shown in
Figure 3.1. In this example the dressing takes place by means of a mass insertion of the
winos W˜±, and the big black circle indicates the effective dimension 5 operator. The two
different diagrams with renormalizable interactions, which lead to the effective dimension 5
operator by integrating out a heavy triplet are drawn in Figure 3.2 (cf. [96]). The right
diagram contains a scalar triplet T , whereas in the left digram a mass insertion of the
fermionic superpartner T˜ is present.
Figure 3.1: An example diagram for the proton decay channel p→ K+ν¯. The big black circle
represents the effective dimension 5 operator, and the dressing of this operator takes place by
using a mass insertion of the winos W˜±.
d
u
s
ν
u u
W˜+
W˜−
t˜
τ˜
p
K+
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Figure 3.2: The two different diagrams with renormalizable interactions, which lead to the
effective dimension 5 operator in Figure 3.1. The scalar triplets and antitriplets are labelled by
T and T , respectively, while their fermionic superpartners are written as T˜ and T˜ .
d
u τ˜
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T˜
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d
u
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In general, multiple triplet and antitriplet superfields Ti and T j, respectively, with a
mass matrix (MT )ij are present in a GUT model (cf. Section 3.3). At the superpotential
level the interactions between the (anti)triplet and the MSSM superfields form so called
“quasi-Yukawa” terms with quasi-Yukawa matrices Y˜iIJ . Apart from the two family
indices I, J , the quasi-Yukawa matrices carry also a triplet index i. The quasi-Yukawa
operators and the mass term for the (anti)triplets are given by
WT = +
1
2
(Y˜qq)iIJ αβγ Q
α
I ·QβJ T γi + (Y˜eu)iIJ ecI ucJα Tαi
+ (Y˜ql)jIJ Q
α
I · Lj T jα + (Y˜ud)jIJ αβγ ucIα dcJβ T jγ
+ (MT )ij T
α
i T jα ,
(3.42)
where the indices α, β, γ belong to the (anti)fundamental representation of SU(3)C , with
123 = 
123 = 1. Moreover, the contraction of fundamental SU(2)L indices is written as
Ψ ·Φ = ab Ψa Φb with 12 = 1. After integrating out the (anti)triplets, the effective baryon
and lepton number violating operators are obtained
W5 = −12(M−1T )ij (Y˜ql)iIJ (Y˜qq)jKN αβγ (QαI · LJ)(QβK ·QγN)
− (M−1T )ij (Y˜ud)iIJ (Y˜eu)jKN αβγ ucIα dcJβ ecK ucNγ
+ ... .
(3.43)
where the dots indicate terms which are not relevant for proton decay, and
I, J,K,N ∈ {1, 2, 3} represent family indices. Since the superpotential is holomorphic
in the superfields, only the QLQQ and the u†R d
†
R e
†
R u
†
R operators from Eq. (3.38) are
present in Eq. (3.43). Using the following definitions of the dimension 5 operators CIJKN5L
and CIJKN5R :
CIJKN5L := +(M
−1
T )ij (Y˜ql)iIJ (Y˜qq)jKN , (3.44)
CIJKN5R := +(M
−1
T )ij (Y˜ud)iIJ (Y˜eu)jKN , (3.45)
the effective superpotential in Eq. (3.43) is written as
W5 = −12CIJKN5L αβγ (QαI · LJ)(QβK ·QγN)
−CIJKN5R αβγ ucIα dcJβ ecK ucNγ
+ ... ,
(3.46)
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which matches the conventions in [97]. The definitions in Eq. (3.44) and (3.45) show, that
the dimension 5 operators, and therefore also the predictions for proton decay, depend on
the form of the quasi-Yukawa matrices, as well as on the form of the triplet mass matrix.
Since the triplet states are present in the same GUT representations as the doublet
states, which contain the Hu and Hd of the MSSM, the quasi-Yukawa matrices are related
to the Yukawa matrices at the GUT scale. For example, in SU(5) the following general
relations in family space hold: Y˜qq ∼ Y˜eu ∼ Yu and Y˜ql ∼ Y˜ud ∼ Yd, using the
conventions from Eq. (2.219) for Yu and Yd, where the exact form depends on the choice
of the SU(5) operators. In SO(10), on the other hand, the Yukawa and quasi-Yukawa
operators originate from the same GUT operators, thus all Yukawa and quasi-Yukawa
matrices are related.
As discussed in Section 3.3, due to the GUT embeddings the doublet and the triplet
mass matrices MD and MT are related, so doublet-triplet splitting is necessary in order
that all triplet states are heavy, namely at the GUT sale or higher, while one doublet pair
is light, namely at the EW scale. Hence, the form of the triplet mass matrix MT depends
on the implementation of DT splitting, what finally impacts the predictions for proton
decay.
A detailed discussion about the dressing of the dimension 5 operators and how the
decay width of the proton for different decay channels is calculated is given in Chapter 7.
PART III
Flavour model building in SUSY
GUTs

CHAPTER 4
Predictions from a flavour GUT model
combined with a SUSY breaking sector
4.1 Motivation
The framework of supersymmetric flavour GUT models has the attractive feature that it is
capable to resolve several shortcomings of the SM. Because of the embedding of multiple
SM representations into one bigger GUT representation, such models predict relations
between the Yukawa couplings of the different fermion sectors at the GUT scale, after the
GUT symmetry is spontaneously broken. Moreover, if the GUT representations used for
the embedding of the SM fermions also contain an SM singlet state, as for example the 16 of
SO(10), there is a straight forward explanation for the existence of right-handed neutrinos,
so that the SM neutrinos get small masses via the seesaw mechanism. A discrete flavour
symmetry can be introduced in order to explain the structure of the Yukawa matrices in
family space. Particular Yukawa structures at the GUT scale are conveniently implemented
in models, where the flavour symmetry is spontaneously broken by vevs of flavour-Higgs
fields, so-called flavon fields. Supersymmetry, on the other hand, provides a solution to
the hierarchy problem of the EW Higgs mass, and the lightest superpartner of the SM
particles is a suitable candidate for cold dark matter, assuming matter parity.
If supersymmetry indeed exists, it must be spontaneously broken, since no
superpartners of the SM particles have been detected so far. The appropriate framework
to consider spontaneous SUSY breaking is supergravity, where SUSY is implemented as
a local symmetry. In contrast to global SUSY, in supergravity it is possible to form
SUSY breaking ground states which have a vanishing vacuum energy at the same time.
In particular, SUSY breaking in a hidden sector has the appealing property that under
certain conditions only soft SUSY breaking terms are generated in the matter (observable)
sector, as discussed in Section 2.3.3, such that there is still a systematic cancellation of
loop corrections to the EW Higgs mass.
Roughly speaking, a complete supersymmetric flavour GUT model consists of four
distinct sectors, so that the superpotential has the schematic form
W = Wmat +Wfl +WGUT +WSUSY . (4.1)
The part Wmat gives rise to the Yukawa and mass terms of the matter sector once the GUT
and the family symmetry are spontaneously broken. Family symmetry breaking is caused
by flavon vevs, which are generated in the flavon sector Wfl, and WGUT represents the
sector, where GUT symmetry breaking takes place. Finally, the part WSUSY describes the
SUSY breaking sector of the model. Flavour GUT models typically focus on the matter
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and flavon part of the superpotential, without explaining the origin of GUT symmetry and
SUSY breaking. The incorporation of a SUSY breaking sector in the model has the feature,
that in case of gravity mediated SUSY breaking the form of the soft SUSY breaking terms
in the matter sector is predicted at the GUT scale.
The purpose of this chapter is to investigate in a first step how a generic flavon sectorWfl
can be combined with a simple SUSY breaking sector WSUSY, such that family symmetry
and SUSY breaking takes place in the desired manner. In a second step, we consider the
flavour GUT model from [98] with slight modifications, and calculate the predictions of
this model in the presence of a SUSY breaking sector.
This chapter is based on the publication [1] and is organized as follows: after discussing
the combination of a flavon sector with a SUSY breaking sector in Section 4.2, the
conclusions are applied on an example model in Section 4.3. Finally, a complete fit of
this model to experimental data is performed in Section 4.4.
4.2 Combining a flavon with a SUSY breaking sector
4.2.1 Generic flavon superpotential
In the following, we consider SUSY flavour GUT models with a (discrete) family symmetry
GF. In order that the family symmetry is spontaneously broken by vevs of flavon fields,
such that the flavour structure of the model is generated at the GUT scale, at least some
of the flavons must be in non-singlet representations of GF. The part of the superpotential
which realizes a non-trivial vev alignment of the flavon fields is labelled by Wfl. A typical
term in Wfl which generates such a vev alignment for a flavon field θ has the schematic
form
W θfl = P (κ θ
n −M2) , (4.2)
where P is a so-called driving field, M a mass scale of the order MGUT, and n ≥ 2 an
integer. Furthermore, the complex parameter κ has mass dimension −(n−2) and is of the
order 1/Λn−2, with a mass scale Λ > M . Although θ transforms in a non-trivial way under
the family symmetry, the n-th power θn must have the form of a singlet. For the sake
of readability, we set the (reduced) Planck mass MP = 1 in the subsequent calculations.
With the covariant derivatives
DPW
θ
fl = κ θ
n −M2 +W θfl ∂PK , (4.3)
DθW
θ
fl = nκP θ
n−1 +W θfl ∂θK , (4.4)
the scalar potential reads
V = eK
(
gk¯kDkW
θ
fl Dk¯W
θ
fl − 3|W θfl |2
)
, (4.5)
where k ∈ {P, θ}. For any Ka¨hler potential K the scalar potential has a local minimum
at
〈P 〉 = 0 , 〈θ〉 =
(M2
κ
)1/n
, (4.6)
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with
〈V 〉 = 0 , (4.7)
since 〈W θfl 〉 = 0 and 〈DPW θfl 〉 = 〈DθW θfl 〉 = 0.1 Thus, SUSY is not broken in that minimum.
Moreover, the positive definiteness of the Ka¨hler metric gkk¯ guarantees, that for the field
values in Eq. (4.6) the scalar potential indeed has a (local) minimum, i.e. the masses of
the fields are positive.
The form of W θfl can be protected by introducing a U(1)R symmetry, as well as a global
Zn symmetry. In order that the weight wR of W θfl is equal to 2, the R-charges of the driving
and the flavon field must be wR(P ) = 2 and wR(θ) = 0. Furthermore, with respect to
the Zn symmetry P and θ have the charges 0 and 1, respectively.2 For the construction
of a simple SUSY breaking sector as in Section 4.2.2, it turns out though, that it is more
appropriate to consider a discrete ZRm symmetry instead of the U(1)R symmetry. In that
case, higher powers of the driving field Pm+1 + . . . (or Pm/2+1 + . . . if m is even) are
compatible with the symmetries, and thus, they are generally also present in W θfl . If these
terms are added to the superpotential, additional minima of the scalar potential with
〈P 〉 6= 0 appear. However, the minimum from Eq. (4.6) still exists and can be used for
model building.
As a basic principle in model building one may assume “spontaneous CP violation”,
which means that the fundamental theory is CP symmetric, and CP violation is only
induced after spontaneous symmetry breaking. In the context of the flavon superpotential
form Eq. (4.2) this means, that the parameters κ and M are real, and therefore, the
argument of 〈θ〉 can only take the discrete values 2pip/n (p ∈ {0, ..., n − 1}), which may
correspond to a CP violation phase. Spontaneous CP violation is implemented in the
example model which we consider in Section 4.3.
In principle, a flavour model contains multiple flavon and driving fields, which form
superpotential terms as in Eq. 4.2. The general case will be discussed in Section 4.2.3.
4.2.2 Simple SUSY breaking setup
In order to spontaneously break SUSY in the context of supergravity, we consider a simple
setup with one chiral superfield ϕ. The form of the corresponding superpotential WϕSUSY
is given by
WϕSUSY = µ
2(ϕ+ λϕp) , (4.8)
where the parameters µ and λ have mass dimensions 1 and 1 − p, respectively. Since
the overall phase of the superpotential is not physical, we can choose µ and λ to be real,
by applying the redefinition ϕ → exp(iα/(1 − p))ϕ where α is the phase of λ. If the
model contains a ZRm symmetry, the R-charge of ϕ must be equal to 2, and the power p is
restricted to values like 1 +m, or 1 +m/2 if m is even. Using the covariant derivative
DϕW
ϕ
SUSY = µ
2(1 + p λϕp−1) +WϕSUSY ∂ϕK , (4.9)
1Note, the conditions 〈W θfl 〉 = 0 and 〈DPW θfl 〉 = 〈DθW θfl 〉 = 0 imply that 〈∂PW θfl 〉 = 〈∂θW θfl 〉 = 0,
which corresponds to vanishing F -terms in global SUSY.
2In principle, superpotential terms like θ2n are also compatible with the Zn symmetry. However, such
terms are highly suppressed by a large power of the mass scale Λ and are therefore neglected.
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the corresponding scalar potential is written as
V = eK
(
gϕ¯ϕDϕW
ϕ
SUSYDϕ¯W
ϕ
SUSY − 3|WϕSUSY|2
)
, (4.10)
where K is the Ka¨hler potential of ϕ. If a (local) minimum exists, it typically satisfies
〈Fϕ〉 6= 0, thus SUSY is spontaneously broken (cf. Section 2.3.1). The fermionic
superpartner of the scalar field ϕ is then absorbed by the gravitino, which gets the mass
m3/2. Furthermore, the parameters µ and λ can be adjusted (without affecting SUSY
breaking), such that the two conditions
〈V 〉 = 0 , (4.11)〈
eK/2|WϕSUSY|
〉
= m3/2 , (4.12)
are satisfied, for a given value of m3/2. The first constraint is fulfilled by an appropriate
choice of λ. Once λ is fixed, the factor µ2 is used to rescale WϕSUSY, such that the second
identity holds.
In general, the vev of ϕ is located above the Planck scale, if the Ka¨hler potential is
minimal, i.e. K = ϕϕ¯. However, by adding additional terms of the form γϕϕ(ϕϕ¯)
2 + . . .
to the Ka¨hler potential, where the dots indicate terms with higher powers in ϕϕ¯, the vev
can be shifted to values below MP.
4.2.3 General scenario with multiple driving and flavon fields
In the following we will argue, that the general scenario with ND driving fields P
′
j
(j ∈ {1, ..., ND}) and NF flavon fields θi (i ∈ {1, ..., NF}), where the number of driving
fields is bigger than the one of flavon fields (i.e. ND > NF), is suitable to combine a
flavon and a SUSY breaking sector as described in Section 4.2.1 and 4.2.2, respectively.
In particular, after a change of basis in the fields P ′j , NF of these fields serve as driving
fields for the flavons, whereas the remaining ND − NF fields can be used to implement
SUSY breaking. The prime in the label of the driving fields is used to distinguish the
two different bases. We assume again, that the theory contains a ZRm symmetry, where
the driving and the flavon fields have R-charges wR(P
′
j) = 2 and wR(θi) = 0. Moreover,
each flavon transforms under a separate global Zni symmetry with charge 1. The driving
fields are singlets concerning these symmetries. The general ansatz for the superpotential
is then given by
Wfl+SUSY = P
′
1
(
κ′11θ
n1
1 + κ
′
12θ
n2
2 + κ
′
13θ
n3
3 + . . .+ κ
′
1NF
θ
nNF
NF
− M ′21
)
+ P ′2
(
κ′21θ
n1
1 + κ
′
22θ
n2
2 + κ
′
23θ
n3
3 + . . .+ κ
′
2NF
θ
nNF
NF
− M ′22
)
+ P ′3
(
κ′31θ
n1
1 + κ
′
32θ
n2
2 + κ
′
33θ
n3
3 + . . .+ κ
′
3NF
θ
nNF
NF
− M ′23
)
...
+P ′ND
(
κ′ND1θ
n1
1 +κ
′
ND2
θn22 +κ
′
ND3
θn33 + . . .+κ
′
NDNF
θ
nNF
NF
−M ′2ND
)
+ . . . ,
(4.13)
where the dots in the last line indicate terms which contain higher powers of the fields P ′j .
The couplings between the driving and the flavon fields are implemented by the matrix κ′,
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where each entry κ′ji has the required mass dimension, and the additional mass scales are
written as M ′j.
Like every complex rectangular matrix, the coupling matrix κ′ can be decomposed by
a QR decomposition into a unitary matrix and an upper triangular matrix. The unitary
matrix induces a new basis in the driving fields, which is denoted by Pj, and the resulting
upper triangular coupling matrix is labelled by κ. Consequently, the ND−NF driving fields
PNF+1, ..., PND do not couple to the flavon fields. Furthermore, the mass scales are rotated
as well, and are now written as Mj. With respect to this new basis, the superpotential
Wfl+SUSY reads
Wfl+SUSY = P1
(
κ11θ
n1
1 +κ12θ
n2
2 +κ13θ
n3
3 + . . .+ κ1NFθ
nNF
NF
− M21
)
+ P2
(
0 +κ22θ
n2
2 +κ23θ
n3
3 + . . .+ κ2NFθ
nNF
NF
− M22
)
+ P3
(
0 + 0 +κ33θ
n3
3 + . . .+ κ3NFθ
nNF
NF
− M23
)
...
+ PNF
(
0 + 0 + 0 + . . .+κNFNFθ
nNF
NF
− M2NF
)
+PNF+1
(
0 + 0 + 0 + . . .+ 0 −M2NF+1
)
...
+ PND
(
0 + 0 + 0 + . . .+ 0 − M2ND
)
+ . . . ,
(4.14)
where the last line again indicates terms which contain higher powers, such as m + 1 (or
m/2 + 1 if m even), of the driving fields, which are compatible with the ZRm symmetry.
Such a term may contain different fields Pj.
In order to establish the connection with the SUSY breaking scenario from
Section 4.2.2, we make the following relabelling: the driving fields PNF+l with
l ∈ {1, ..., ND −NF} are written as ϕl, and the corresponding mass scales MNF+l as µl. In
addition, the higher order terms λl ϕ
m+1
l are explicitly considered. The superpotential is
then given by
Wfl+SUSY = P1
(
κ11θ
n1
1 + κ12θ
n2
2 + κ13θ
n3
3 + · · ·+ κ1NFθ
nNF
NF
−M21
)
+ P2
(
κ22θ
n2
2 + κ23θ
n3
3 + · · ·+ κ2NFθ
nNF
NF
−M22
)
+ P3
(
κ33θ
n3
3 + · · ·+ κ3NFθ
nNF
NF
−M23
)
...
+ PNF
(
κNFNFθ
nNF
NF
−M2NF
)
+
(
µ21ϕ1 + λ1ϕ
m+1
1
)
+ · · ·+ (µ2ND−NFϕND−NF + λND−NFϕm+1ND−NF)
+ . . . .
(4.15)
The above discussion shows, that starting with a general setup of ND driving fields
and NF < ND flavon fields, one can perform a unitary rotation in the space of driving
fields, so that one ends up with NF driving fields Pi associated to the flavon fields θi, and
ND−NF fields ϕl, which do not directly couple to the flavon fields and which can be used
to implement spontaneous SUSY breaking.
88 4. Predictions from a flavour GUT model combined with a SUSY breaking sector
Using 〈Pi〉 = 0 and neglecting possible coupling terms between Pi and ϕl, the conditions
for the vevs of the flavon fields are recovered iteratively: in a first step, the term 〈DPW 〉 as
in Eq. (4.3) for the field PNF is set equal to zero which fixes the vev 〈θNF〉 (cf. Section 4.2.1).
In a second step, by using the value of 〈θNF〉, the vanishing term 〈DPW 〉 for the field
PNF−1 fixes the vev 〈θNF−1〉. In the same manner the value of 〈θNF−2〉 is determined. This
procedure continuous until the vev 〈θ1〉 is fixed in a last step.
In general, there are couplings between the flavon fields Pi and the SUSY breaking
fields ϕl. We will argue in Section 4.2.4, that these additional coupling terms do
not qualitatively change the SUSY and family symmetry breaking minimum of the
scalar potential corresponding to the combined superpotential Wfl+SUSY, i.e. to a good
approximation the flavon and the SUSY breaking sector can be considered separately.
4.2.4 Example: one driving and one SUSY breaking field
To investigate the influence of coupling terms between the driving and the SUSY breaking
fields in the superpotential Wfl+SUSY from Eq. (4.15) on the spontaneous breaking of SUSY
and GF, we consider the simplified scenario, where ND = 2 and NF = 1, and where the R-
symmetry is given by ZR4 . Hence, there is only one driving field P and one SUSY breaking
field ϕ after the rotation of the fields, and the superpotential reads
Wfl+SUSY = µ
2(ϕ+ λϕ3) + P (κθn −M2) + a1P 3 + a2ϕP 2 + a3ϕ2P . (4.16)
In addition, the Ka¨hler potential has the following form:
K = K˜(ϕ, ϕ¯) + PP + θθ¯ , (4.17)
where K˜ corresponds to the Ka¨hler potential of the SUSY breaking field ϕ from
Section 4.2.2. Since K is canonically normalized, there is no renormalizable term which
mixes ϕ and P . All other mixing terms between the fields, which are suppressed by the
Planck scale, are neglected. In the following analysis we assume that M  m3/2, what
is well justified because the gravitino mass is typically much smaller than the GUT scale,
where family symmetry breaking takes place.
In a first step, we discuss the case where the couplings ai (i ∈ {1, 2, 3}) between the
driving and the SUSY breaking field are equal to zero. Using the covariant derivatives
DϕWfl+SUSY = µ
2(1 + 3λϕ2) +Wfl+SUSY ∂ϕK , (4.18)
DPWfl+SUSY = κθ
n −M2 +Wfl+SUSY ∂PK , (4.19)
DθWfl+SUSY = nκP θ
n−1 +Wfl+SUSY ∂θK , (4.20)
the scalar potential is given by
V = eK
(
gk¯kDkWfl+SUSY Dk¯W fl+SUSY − 3|Wfl+SUSY|2
)
, (4.21)
with the index k ∈ {ϕ, P, θ}. Because in Wfl+SUSY the superpotential Wfl from Eq. (4.2)
is combined with WSUSY from Eq. (4.8), the values of 〈P 〉 and 〈θ〉 in Eq. (4.6) describe
no longer a minimum of the scalar potential. Also the vev of ϕ changes and the values of
the parameters µ and λ have to be adjusted, such that the two conditions in Eq. (4.11)
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and (4.12) are still fulfilled. A numerical analysis of the scalar potential in Eq. (4.21)
showed, that all these shifts are small when the flavon and the SUSY breaking sector are
combined, and that the qualitative picture of the discussions in the previous sections does
not change.
At the analytical level this result can be understood in the following way: in a local
minimum of V the two necessary conditions 〈∂V/∂P 〉 = 0 and 〈∂V/∂θ〉 = 0 have to be
satisfied. In a first approximation this is achieved by a shift of 〈P 〉 away from zero of the
order O(m3/2 · Λ2/M2), which corresponds to 〈DθW 〉 = 0, and a relative shift of θn away
from M2/κ of the order O(m23/2/M2 ·Λ2/M2), which corresponds to 〈DPW 〉 = 0. Because
the contribution from the flavon sector to 〈W 〉 is only of the order O(m33/2), the vev of ϕ
experiences only a negligible relative correction of the order O(m23/2/M2P). Furthermore,
the relative adjustment of the parameter λ is of the order O(m23/2/M2P) as well, so that
〈V 〉 = 0.
The impact of the additional coupling terms a1P
3, a2ϕP
2 and a3ϕ
2P is discussed in
the following: if the first term is present, additional minima with 〈P 〉 6= 0 appear, however
the minimum with 〈P 〉 ≈ 0 still exists as discussed in Section 4.2.1. The other two terms
leave 〈DθW 〉 unchanged but modify 〈DPW 〉 and 〈DϕW 〉. The numerical analysis showed,
that although the vev of ϕ can be of the order of the Planck scale, the two terms do
not qualitatively change the picture, because they can be absorbed by a redefinition of
M when plugging in the vev of ϕ. The only condition which the parameters ai have to
satisfy is a3〈ϕ〉2 ≤ M2, such that the relative correction of M is at most of order one.
Furthermore, the relative shifts of 〈ϕ〉 and λ are up to O(m3/2/MP).
The above discussion can also be applied to the case of a more general flavon
superpotential.
4.3 An example flavour GUT model
Having discussed the combination of a general flavon sector with a SUSY breaking sector
in Section 4.2, we consider in this section the implementation of a specific flavour GUT
model in the presence of a SUSY breaking sector. For the flavour GUT model we take the
one from [98], with slight modifications, which is based on an SU(5) GUT symmetry and
an A4 family symmetry GF, in combination with additional discrete “shaping symmetries”.
The main features related to the flavon sector of this model are, that CP symmetry is
spontaneously broken by discrete vacuum alignments of the flavons, as discussed in [99].
The CP violation phase in the CKM matrix is then realized by a unitarity triangle angle
αUT ≈ 90◦ via the phase sum rule [100] in the quark sector. Furthermore, the “Constrained
Sequential Dominance 2” scheme [101] for the neutrino sector is implemented, which, in
combination with contributions from the charged lepton sector, predicts the PMNS mixing
angles and phases.
The most important modifications of the flavour model we consider compared to the
one from [98] are the following: instead of a U(1)R symmetry, we use a ZR4 symmetry,
3 such
3We have checked that the only new terms which appear in the renormalizable superpotential, due
to the choice of a ZR4 instead of a U(1)R symmetry, are trilinear couplings between messenger fields,
which however only induce suppressed higher order operators in the matter sector, such that the model
predictions are not changed.
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that we can add a simple SUSY breaking sector. Moreover, we choose different relations
between the entries of the down-quark and the charged lepton Yukawa matrices at the
GUT scale, e.g. we predict the approximate ratios yµ = −3ys and yτ = yb for the second
and third family.
An overview of all fields of the flavour model, including driving and messenger fields,
with the corresponding representations and charges under all symmetries of the model, as
well as the full superpotential of the renormalizable theory is given in Appendix A.1.
4.3.1 The flavon potential and the flavon vevs
We take the same flavon superpotential Wfl as given in [98]. Since in our model we include a
SUSY breaking sector in the context of supergravity, the flavon vev alignments get slightly
modified. However, as discussed in Section 4.2.4, these shifts are suppressed by the small
ratio between the gravitino mass and the GUT scale. In addition, although we consider a
ZR4 instead of a U(1)R symmetry, which allows for additional coupling terms between the
driving fields, the original vev alignment of the driving fields at approximately zero still
exists. Hence, the predictions of the flavon sector get not spoiled.
The most important flavons to generate the flavour structure in the up-quark/charged
lepton sector and in the CSD2 scheme of the neutrino sector are the fields θ23, θ102, θ2 and
θ3, which are all triplets under the A4 family symmetry. They acquire the following vev
alignments in flavour space:
〈θ23〉 ∝

0
1
−1
 , 〈θ102〉 ∝

1
0
2
 , 〈θ2〉 ∝

0
1
0
 , 〈θ3〉 ∝

0
0
1
 , (4.22)
where the symbol ∝ indicates proportionality (with a real factor). The additional flavon
fields which appear in the matter sector are θ′2, θ
′
102, ξ1, ξ2 and ξu, which form singlets
under A4. Moreover, the vevs of ξ1 and ξu are real, whereas the ones of θ
′
2, θ
′
102 and ξ2
have the complex phases pi/2, 4pi/3 and −pi/3, respectively.
4.3.2 SUSY breaking sector and the matter superpotential
For the SUSY breaking sector we choose the simple setup from Section 4.2.2, which contains
one chiral superfield ϕ with an R-charge wR(ϕ) = 2. Apart from that, the field ϕ is a
complete singlet under all symmetries of the model, namely the SU(5) GUT symmetry,
the A4 family symmetry and the additional discrete shaping symmetries. Since in our
flavour model the R-symmetry is given by ZR4 , the superpotential of the SUSY breaking
sector from Eq. (4.8) reads
WSUSY = µ
2(ϕ+ λϕ3) . (4.23)
The set of matter superfields in the model is given by F , T1, T2, T3, N1 and N2, where
F and TI are in the 5 and 10 representation of SU(5), respectively. Furthermore, the F is
a triplet under A4, whereas the TI are singlets. The N1 and N2 are singlets under SU(5)
as well as under A4, and represent the right-handed neutrinos (cf. Table A.1). The MSSM
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Higgs doublet Hu is embedded into H5, and the antidoublet Hd is contained in H5 and
H
′
5.
4 Moreover, the H24 acquires an SM singlet GUT scale vev v24, which breaks the SU(5)
symmetry. After the heavy messenger fields, whose masses are above the GUT scale, are
integrated out, the superpotential Wmat of the matter sector consists of four terms, namely
Wmat = Wu +Wd +Wν +WR , (4.24)
where these terms are given by
Wu =
1
Λ2
T 21H5ξuξ1 +
1
Λ2
T1T2H5ξ
2
u +
1
Λ2
T 22H5ξ
2
1 +
1
Λ
T2T3H5ξ1 + T
2
3H5 ,
Wd =
1
Λ3
θ′2H5F (T1θ2)H24 +
1
Λ3
θ′102H5F (T2θ102)H24 +
1
Λ2
F (T2θ23)H
′
5H24 +
1
Λ
H5F (T3θ3),
Wν =
1
Λ
(H5F )(θ23N1) +
1
Λ
(H5F )(θ102N2) ,
WR = ξ1N
2
1 + ξ2N
2
2 ,
(4.25)
with the messenger mass scale Λ. Note that the coefficients in front of each operator
are omitted. The labels indicate that the Yukawa terms of the up-quark, the down-
quark/charged lepton and the neutrino sector emerge from Wu, Wd and Wν , respectively.
Moreover, the Majorana mass term of the right-handed neutrinos results from WR. After
the flavons acquired their vevs, the Yukawa matrices at the GUT scale are given by
Yu =

au bu 0
bu cu du
0 du eu
 , Yd =

0 i2 0
ω¯102 23 2ω¯102 − 23
0 0 3
 ,
Ye =

0 ω¯102 0
i2 −323 0
0 2ω¯102 + 323 3
 , Yν =

0 b
a 0
−a 2b
 ,
(4.26)
using the left-right convention from Section 2.4, and the right-handed neutrino mass matrix
takes the form
MR =
(
MA 0
0 MB
)
. (4.27)
The real parameters in Yu are defined as
au ∝ |〈ξu〉〈ξ1〉|
Λ2
, bu ∝ |〈ξu〉|
2
Λ2
, cu ∝ |〈ξ1〉|
2
Λ2
, du ∝ |〈ξu〉|
Λ
, (4.28)
4A complete Higgs sector may contain additional doublet and antidoublet states. Since in SU(5)
GUTs the form of the doublet mass matrix does not affect the predictions in the Yukawa sector, we do
not consider a particular scenario for doublet-triplet splitting.
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whereas eu is not suppressed by the mass scale Λ, since it belongs to a renormalizable
operator. Furthermore, the real parameters in Yd and Ye are given by
23 ∝ v24
Λ2
|〈θ23〉| , 102 ∝ v24
Λ3
|〈θ′102〉〈θ102〉| , 2 ∝
v24
Λ3
|〈θ′2〉〈θ2〉| , 3 ∝
1
Λ
|〈θ3〉| , (4.29)
where the phase factor ω¯ is equal to e4pii/3, corresponding to the phase of 〈θ′102〉, and the
factor i next to the parameter 2 in Yd and Ye is induced by 〈θ2〉. Finally, the real
parameters in Yν read
a ∝ |〈θ23〉|
Λ
, b ∝ |〈θ102〉|
Λ
, (4.30)
and the mass parameters MA and MB in MR get the complex phases 0 and −pi/3 from
the vevs 〈ξ1〉 and 〈ξ2〉, respectively. If the right-handed neutrinos are integrated out at
their corresponding mass scale, the mass matrix of the left-handed neutrinos is calculated
by the seesaw formula
Mν =
v2u
2
YνM
−1
R Y
T
ν , (4.31)
where vu = v sin β, and v = 174 GeV is the EW Higgs vev. Using the neutrino Yukawa
matrix and the Majorana mass matrix from Eq. (4.26) and (4.27), we get
Mν =

mb 0 2mb
0 ma −ma
2mb −ma ma + 4mb
 , with ma := v2ua22MA , mb := v
2
ub
2
2MB
. (4.32)
Note that Mν only depends on the ratios a
2/MA and b
2/MB.
4.3.3 Soft SUSY breaking terms
The coefficients in front of each superpotential operator in Eq. (4.25) are in general
functions of the SUSY breaking field ϕ, i.e. beside a constant factor a coefficient contains
a term proportional to ϕ2/M2P, or even higher order terms of ϕ. Furthermore, after the
flavon fields acquired their vevs, the matter sector contains only MSSM fields and the mass
scale is given by the EW scale, which is smaller than the gravitino mass.5 Thus, SUSY
breaking takes place in a hidden sector and we can consider the matter sector in the flat
limit, where the theory is globally supersymmetric with additional soft SUSY breaking
terms (see Section 2.3.3). The mass scale of these terms is determined by the gravitino
mass.
The soft trilinear couplings of the squarks and the sleptons have the same structure
as the Yukawa matrices in Eq. (4.26), due to the transformation properties of the fields
5The only exceptions are the Majorana masses of the right-handed neutrinos, which are typically much
bigger than the gravitino mass. However, these heavy masses do not affect the mass scale of the soft
trilinear couplings and the soft masses, which is given by m3/2. The only soft terms which get a bigger
mass scale are bilinear terms of right-handed sneutrinos. Since such terms have no effect on the running
of the other soft terms, and the right-handed (s)neutrinos are integrated out at high mass scales, they can
safely be ignored.
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under the symmetries of the model. However, the different terms of the from 〈ϕ2〉/M2P in
each operator coefficient give, in general, non-universal contributions to the soft trilinear
couplings. These contributions are indicated by an additional parameter ki, with mass
dimension one, in each non-zero entry of the matrices. At the GUT scale the trilinear
couplings are then written as
Au =

k5au k6bu 0
k6bu k7cu k8du
0 k8du k9eu
 , Ad =

0 ik12 0
k2ω¯102 k323 2k2ω¯102 − k323
0 0 k43
 ,
Ae =

0 k2ω¯102 0
ik12 −3k323 0
0 2k2ω¯102 + 3k423 3
 , Aν =

0 k11b
k10a 0
−k10a 2k11b
 ,
(4.33)
where again left-right notation is used.
Since the three matter 5-plets are embedded into the representation F , which forms
a triplet under the family symmetry A4, the corresponding soft mass matrix has to be
proportional to the identity matrix at the GUT scale. Although the matter 10-plets are
singlets under A4, the different transformations under the shaping symmetries require that
their soft mass matrix is diagonal as well, but in general it is not proportional to the identity
matrix. According to the embedding of the MSSM fields into the GUT representations,
the squared soft masses of the squarks and the sleptons have the form
m2
L˜
= m2
d˜
=

m2F 0 0
0 m2F 0
0 0 m2F
 , m2Q˜ = m2u˜ = m2e˜ =

m2T1 0 0
0 m2T2 0
0 0 m2T3
 , (4.34)
where the parameters m2F and m
2
TI
have mass dimension 2. Moreover, the squared soft
masses of the right-handed sneutrinos are given by
m2ν˜ =
(
m2ν1 0
0 m2ν2
)
, (4.35)
and for the squared soft masses of the MSSM Higgs doublets, we use the usual labellings
m2Hu and m
2
Hd
, respectively.
Under the assumption that the gauge kinetic function has the simple form
f(r)(s) = f(ϕ) · δ(r)(s), all three soft masses of the gauginos in the MSSM have the same
value M1/2 at the GUT scale, because SU(5) is a simple Lie group.
4.4 Numerical analysis of the example model
4.4.1 Model implementation
The Yukawa matrices of the quarks and the leptons, as well as the mass matrix of the right-
handed neutrinos at the GUT scale are stated in Eq. (4.26) and (4.27), after spontaneous
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breaking of the SU(5) gauge symmetry and the A4 family symmetry. Moreover, the form
of the soft terms at the GUT scale is given in Eqs. (4.33)–(4.35), by assuming spontaneous
SUSY breaking in a hidden sector.
In order to reduce the number of free parameters in our model, we fix the values of the
three gauge couplings at the GUT scale: g3 = 0.698, g2 = 0.697 and g1 = 0.704, which
is consistent with the experimental values at low energies. Furthermore, we choose for
the right-handed neutrino masses |MA| = 2 · 1010 GeV and |MB| = 2 · 1011 GeV, assuming
that we are in the regime of small neutrino Yukawa couplings, where the values of these
masses (to a good approximation) only affect the left-handed neutrino mass matrix, which
now only depends on the parameters a and b. Finally, we choose signµ = −1 and assume
normal ordering for the left-handed neutrino masses, which is basically predicted by the
CSD2 scheme.
• Parameters:
The model contains 30 free parameters: the Yukawa matrices from Eq. (4.26) are
specified by the eleven parameters 2, 102, 23, 3, au, bu, cu, du, eu, a, b. Furthermore,
there are the eleven parameters ki in the soft trilinear couplings stated in Eq. (4.33),
the six parameters mF , mT1 , mT2 , mT3 , mHu , mHd in the soft masses from Eq. (4.34),
6
and the gaugino mass M1/2. Finally, the ratio of the MSSM Higgs vevs tan β is a
free parameter of the model as well. All these values (except tan β) are input at the
GUT scale.
• Observables:
The 30 parameters are fitted to 30 observables at low energies. In the Yukawa sector
there are the nine Yukawa couplings yu, yc, yt, yd, ys, yb, ye, yµ, yτ of the quarks
and the charged leptons, and the four CKM parameters θCKM12 , θ
CKM
23 , θ
CKM
13 , δ
CKM,
where the corresponding experimental values at MZ are given in [94]. Although
the values of the charged lepton Yukawa couplings are measured very precisely, we
take a standard deviation of 1% of the central value, which roughly corresponds to
the precision of the running. In the neutrino sector we fit the three PMNS angles
sin2(θPMNS12 ), sin
2(θPMNS23 ), sin
2(θPMNS13 ), and the two mass-squared differences of the
light neutrinos ∆m221, ∆m
2
31, where the experimental values are taken from NuFIT
3.0 (2016) [54]. Moreover, we fit the dark matter relic density Ω and the EW Higgs
mass mh, whose experimental values are given in PDG (2016) [102]. For the Higgs
mass we take a standard deviation of 3 GeV, which roughly corresponds to the error
in the theoretical calculation. Finally, we calculate the branching ratios of the nine
flavour violation processes µ → eγ, τ → eγ, τ → µγ, K0L → pi0ν¯ν, K+ → pi+ν¯ν,
B0S → e+e−, B0S → µ+µ−, B0S → e±µ∓, B → τν, and the quantity K , which
gives a measure for CP violation in the Kaon decay K → pipi. The experimental
values/bounds of these observables are taken from PDG (2016) [102]. In order to
account for the uncertainty in the theoretical calculation of K , we normalize the
predicted and the experimental value with SMK , which is the value calculated by
SUSY FLAVOR v2.54 [103–105] for the SM, i.e. we consider the ratio K/
SM
K as the
observable.
6Note that the parameters mν1 and mν2 are not included in the fit, because the right-handed
(s)neutrinos are integrated out at a high energy scale and m2ν˜ gives a negligible contribution to the
running of the other soft masses in the regime where the neutrino Yukawa couplings are  1.
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• Predictions:
Apart from the observables from above, the model has the capability to predict,
among others, the mass spectrum of superpartners of the SM particles, as well as
the WIMP-nucleon cross section of dark matter.
4.4.2 Numerical procedure
The numerical procedure for the analysis of the model is the following: we apply 1-
loop RGEs of the MSSM to run the Yukawa matrices and the soft terms from the GUT
scale MGUT = 2 · 1016 GeV to the SUSY scale MSUSY by using the Mathematica package
SusyTC [106], which is an extension of the Mathematica package REAP [107]. The right-
handed neutrinos are integrated out at the corresponding mass scales, generating the left-
handed neutrino masses, and the SUSY scale is determined dynamically by the geometric
mean of the two up-type squark masses which have the largest mixing with the stop flavour
eigenstates t˜1 and t˜2, namely MSUSY =
√
mt˜1mt˜1 . All superpartners of the SM particles
are integrated out at that scale, and the MSSM is matched to the SM by taking into
account the SUSY threshold corrections. Moreover, the model quantities at the SUSY
scale are used to calculate the sparticle spectrum with SusyTC, the masses of the extra
MSSM Higgs states with FeynHiggs 2.12.0 [108–115], the properties of dark matter with
MicrOMEGAs 4.3.5 [116], and the observables related to flavour violating processes with
SUSY FLAVOR v2.54 [103–105]. Finally, we use 1-loop RGEs of the SM in SusyTC to
run the Yukawa matrices and the mass matrix of the left-handed neutrinos from the SUSY
scale the Z boson mass scale MZ = 91.2 GeV. At this energy scale, the Yukawa couplings
of the SM fermions, the neutrino masses, as well as the CKM and PMNS angles and phases
are calculated.
As a measure for the goodness of the fit we apply the χ2 function. Moreover, to
calculate the posterior density of the parameters and the observables, we perform an
MCMC analysis by using an adaptive Metropolis-Hastings algorithm [117]. In order to
get a better resolution of the regions with a good fit for the DM relic density, we use
ten times the experimental error for Ω in the MCMC analysis. This modification has
no influence on the predictions for the other observables. In addition, to avoid a short
lifetime of the metastable EW symmetry breaking vacuum, we confine the values of the
parameters ki to the interval [−104 GeV,+104 GeV], where the numerical analysis showed,
that only trilinear terms may escape this interval, which have no big impact on the low
energy observables. We choose all prior distributions to be flat.
4.4.3 Results
Applying the numerical procedure as described in Section 4.4.3, we calculate for each
parameter and for each observable the 1σ highest posterior density (HPD) interval and
the mode value, i.e. the maximal value of the corresponding density function. The values
are listed in Table 4.1 and 4.2, respectively. For the points with lowest χ2 in the MCMC
analysis we checked that the lifetime of the EW vacuum in the presence of unbounded
from below (UFB) directions or charge and colour breaking (CCB) minima is much bigger
than the age of the universe, by applying the procedures described in [118–121]. The χ2
values of these best-fit points are at around 20.
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In the following we comment on selected results of the MCMC analysis:
• Since all free parameters of our model, including the ones in the soft terms, are fitted
by the observables, we can predict the mass spectrum of the SM superpartners and
of the extra MSSM Higgs states. The corresponding 1σ HPD intervals of the masses
are shown in Figure 4.1. Note that for the SM superpartners the running masses
are used. As expected, in all the calculated parameter points in the MCMC analysis
the lightest supersymmetric particle is a neutralino χ˜0, because in our model DM
matter consists of weakly interacting massive particles, which are given by the LSPs.
In addition, in the calculated points the next-to-LSP (NLSP) is either a chargino, a
stau or a sneutrino. The heaviest particles in the spectrum are typically the gluino
and the up- and down-type squarks. The predicted mass spectrum is at the edge of
the reach of 100 TeV pp colliders (see e.g. [122]).
• Using MicrOMEGAs, we calculate in each point of the MCMC analysis the (spin
independent) WIMP-nucleon cross section. Since in our model the WIMP is always
the lightest neutralino, we can correlate the predictions for the mass of the WIMP
and for the cross section with nucleons, as shown in Figure 4.2, where on the x-axis
the mass and on the y-axis the cross section is plotted. The darker and the lighter
red areas correspond the 1σ and the 2σ HPD regions, respectively, predicted by the
model. Moreover, in the same plot we indicate the sensitivity of the XENON1T
experiment [123] by a solid blue line, as well as the predicted sensitivity of the future
XENONnT experiment by a dashed blue line. We see that there is no overlap of
our model prediction with the sensitivity of XENON1T, however, the prediction is
in the reach of XENONnT.
• The branching ratio Br(µ→ eγ) is sensitive to off-diagonal entries in the mass matrix
of the charged sleptons, written in the SCKM basis, which mix the selectron and the
smuon. Such off-diagonal terms are induced by a 1-2 mixing in the Yukawa matrix of
the charged leptons, and non-universal diagonal soft masses in the 2× 2 block of the
first two families in m2e˜. Since in our model a 1-2 mixing in Ye is present, we expect
a correlation between the parameters mT1 and mT2 from Eq. (4.34), in order that the
experimental bound of Br(µ→ eγ) is satisfied. In Figure 4.3 we show the combined
predictions of these two parameters, where mT1 is plotted on the x-axis and mT2 on
the y-axis. The 1σ and the 2σ HPD regions from the MCMC analysis are displayed
by the darker and lighter red areas, respectively. We see that our model predicts a
mild correlation between these two parameters.
• The predictions of the MCMC analysis for the branching ratios Br(K+ → pi+ν¯ν),
Br(B0S → µ+µ−) and Br(B → τν) lie at the edge of the 1σ intervals of the
experimental data, as shown in Table (4.2). More precise measurements of these
quantities in future experiments can test our model. Moreover, for the branching
ratios Br(K0L → pi0ν¯ν) and Br(B0S → e+e−) our model makes precise predictions too,
however the values are far below the experimental sensitivities.
• Typically, our model predicts values below 40◦ for the PMNS angle θPMNS23 , which is
in tension with the experimental data where the central value is higher. The 1σ HPD
interval from the MCMC analysis is given by θPMNS23 = 39.9
◦ ± 0.3◦, which is still
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Figure 4.1: The 1σ HPD intervals of the SM superpartners and of the extra MSSM Higgs states
from the MCMC analysis, indicated as red bars. The LSP is always the lightest neutralino χ˜01,
which corresponds to the WIMP of DM.
within the 2σ range of the experimental data from NuFIT 3.0 (2016) [54], as used in
the analysis. However, the newest data from NuFIT 4.1 (2019) [54] shows, that our
prediction lies now even outside the experimental 3σ range given by [40.8◦, 51.3◦]. As
can be seen from the plots provided by NuFIT, the χ2 projection for this observable
does not follow a Gaussian distribution, and the predicted value of 39.9◦ is even
beyond a χ2 of 15. This implies that in the context of the new data, our model is
disfavoured. Though, in order to see whether the model is excluded or not, a fit with
the data from NuFIT 4.1 (2019) [54] would be required.
In summary, with the above numerical analysis we showed that the integration of a SUSY
breaking sector in a flavour GUT model, which specifies the form of the soft terms at the
GUT scale, has the potential to be very predictive for the mass spectrum of the sparticles
and the extra Higgs states, as well as for properties of the WIMP of cold DM, given by
the lightest neutralino. Furthermore, precise predictions for branching ratios of flavour
violating processes can be made. The predictions have the potential to be tested by a next
generation of experiments. Although the example model we considered in this chapter is
in tension with the experimental data in the neutrino sector, the general considerations
from above can be applied to different flavour GUT models.
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Figure 4.2: The spin-independent WIMP-nucleon cross section as a function of the WIMP
mass. The darker and lighter read areas represent the 1σ and 2σ HPD regions from the MCMC
analysis. The solid and dashed blue curves indicate the sensitivities of the XENON1T and the
(planed) XENONnT experiment [123], respectively. In addition, the green and yellow bands
correspond to the 1σ and 2σ sensitivities of XENON1T.
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Figure 4.3: Correlation plot of the parameters mT1 (on the x-axis) and mT2 (on the y-axis)
given in Eq. (4.34). The 1σ and 2σ HPD regions from the MCMC analysis correspond to the
darker and lighter read areas, respectively.
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Table 4.1: List of the mode values and the 1σ HPD intervals of the model parameters from
the MCMC analysis. The values of the ki are confined to the interval [−104 GeV,+104 GeV],
and the symbol − indicates a (almost) uniform distribution of the respective parameter within
that prior. The two values of au correspond to the two solutions of the (leading order) equation
yu ≈ |(Yu)11 − (Yu)212/(Yu)22|, where (Yu)11 = au. The 1σ HPD interval of au is given by the
union of the two stated intervals.
Parameter MCMC
2 in 10
−3 1.639 +0.971−0.942
102 in 10
−3 −1.428 +0.071−0.102
23 in 10
−3 −7.369 +0.423−0.437
3 in 10
−1 −4.226 +0.159−0.205
au in 10
−5
{
−1.182 +0.127−0.118
−0.741 +0.117−0.109
bu in 10
−4 1.102 +0.054−0.060
cu in 10
−3 −1.069 +0.048−0.046
du in 10
−3 9.403 +0.811−0.877
eu in 10
−1 4.629 +0.154−0.143
a in 10−3 3.848 +0.044−0.046
b in 10−3 4.551 +0.047−0.060
tanβ 47.68 +4.95−3.11
k1 in GeV −8122 +9686−1.878
k2 in GeV −
k3 in GeV 8397
+1603
−8233
k4 in GeV 2
+4201
−4745
k5 in GeV −
k6 in GeV −
k7 in GeV −
k8 in GeV −
k9 in GeV −3551 +4062−3679
k10 in GeV −
k11 in GeV −
mF in GeV 2595
+1847
−1965
mT1 in GeV 3454
+3299
−1908
mT2 in GeV 3314
+2842
−1644
mT3 in GeV 4564
+1930
−1556
mHu in GeV 3294
+2043
−2500
mHd in GeV 2297
+1581
−2171
M1/2 in GeV 4193
+638
−761
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Table 4.2: List of the observables used to fit the model. For each observable the experimental
central value and the 1σ range are stated, as well as the mode value and the 1σ HPD interval from
the MCMC analysis. The experimental values of the Yukawa couplings and the CKM parameters
are taken from [94], the ones related to the neutrino sector from NuFIT 3.0 (2016) [54] and the
remaining ones from PDG (2016) [102]. For ye, yµ, yτ we take a relative error of 1%, reflecting
the precision of the running, and for mh an error of ±3 GeV, reflecting the uncertainty in the
theoretical calculation. The symbol ? indicates that ten times the listed experimental error of Ω
is used in the MCMC analysis.
Observable Experiment MCMC
yu in 10
−6 7.4 +1.5−3.0 7.0
+1.8
−2.7
yc in 10
−3 3.60 ±0.11 3.61 +0.10−0.12
yt 0.9861
+0.0086
−0.0087 0.9883
+0.0078
−0.0097
yd in 10
−5 1.58 +0.23−0.10 1.44
+0.05
−0.05
ys in 10
−4 3.12 +0.17−0.16 3.55
+0.12
−0.10
yb in 10
−2 1.639 ±0.015 1.636 +0.016−0.014
ye in 10
−6 2.795 ±1% 2.808 +0.027−0.029
yµ in 10
−4 5.900 ±1% 5.857 +0.054−0.064
yτ in 10
−2 1.003 ±1% 1.003 +0.009−0.010
θCKM12 in 10
−1 2.2735 ±0.0072 2.2729 +0.0072−0.0078
θCKM23 in 10
−2 4.208 ±0.064 4.211 +0.057−0.073
θCKM13 in 10
−3 3.64 ±0.13 3.676 +0.116−0.142
δCKM 1.208 ±0.054 1.207 +0.015−0.014
sin2(θPMNS12 ) in 10
−1 3.08 +0.13−0.12 3.08
+0.02
−0.02
sin2(θPMNS23 ) in 10
−1 4.51 +0.38−0.25 4.11
+0.06
−0.05
sin2(θPMNS13 ) in 10
−2 2.19 ±0.10 2.03 +0.05−0.04
∆m221 in 10
−5 7.49 +0.19−0.17 7.671
+0.174
−0.173
∆m231 in 10
−3 2.477 ±0.042 2.505 +0.036−0.042
mh in GeV 125.6 ±3.0 125.7 +0.9−0.8
Ω in 10−1 1.186 ±0.020 ? 1.219 +0.219−0.193
µ→ eγ in 10−13 ≤ 5.7 ≤ 1.9
τ → eγ in 10−16 ≤ 3.3 · 108 ≤ 9.8
τ → µγ in 10−13 ≤ 4.4 · 105 ≤ 4.3
K0L → pi0ν¯ν in 10−11 ≤ 2.6 · 103 2.839 +0.007−0.011
K+ → pi+ν¯ν in 10−10 1.73 +1.15−1.05 0.7798 +0.0013−0.0021
B0S → e+e− in 10−14 ≤ 2.8 · 107 4.97 +0.55−0.74
B0S → µ+µ− in 10−9 3.1 ±0.7 2.12 +0.24−0.32
B0S → e±µ∓ in 10−20 ≤ 1.1 · 1012 ≤ 1.7
B → τν in 10−4 1.14 ±0.27 0.886 +0.005−0.006
expK /
SM
K 1.09 ±0.16 1.01 +0.10−0.10
CHAPTER 5
Predicting δPMNS, θPMNS23 and fermion mass
ratios from flavour GUTs with CSD2
5.1 Motivation
Due to the embedding of the SM representations into bigger GUT representations, Grand
Unified Theories are a natural framework to address the favour puzzle, namely to explain
the observed masses, as well as the mixing angles and the CP violation phases in the
fermion sector. In theories with an SU(5) gauge group, the Yukawa terms of the charged
leptons originate from the same GUT operators as the ones of the down-type quarks, thus
we typically expect that the charged lepton Yukawa matrix features some non-zero mixing
of the order of the CKM angles. However, the observed mixing in the lepton sector is
much bigger than the one in the quark sector, which implies that the main contribution
to the mixing angles in the PMNS matrix must originate from the neutrino mass matrix.
The mixing from the charged lepton sector then gives subleading corrections to the leading
order mixing pattern of the neutrino sector. A suitable class of models to explain such a
mixing pattern are flavour GUT models with a spontaneously broken family symmetry by
flavon vevs.
A viable leading order mixing pattern in the neutrino sector is given by tri-bimaximal
(TB) mixing [124, 125]. In flavour models with spontaneously broken family symmetry,
the TB mixing pattern of the neutrino mass matrix can be realized via a type I seesaw
mechanism with so-called Constrained Sequential Dominance (CSD, also referred to as
CSD1) [126], which assumes the existence of two right-handed neutrinos. In this scenario,
the columns of the neutrino Yukawa matrix are proportional to the two flavon vev
alignments (0, 1,−1) and (1, 1, 1), respectively, in family space. The TB mixing pattern
implies that in leading order the PMNS angle θPMNS13 originates solely from the charged
lepton sector and is given by the identity θPMNS13 ≈ θeL12 /
√
2. However, since in the context
of SU(5) GUTs the 1-2 left angle θeL12 of the charged leptons is typically fixed by the values
of the charged fermion masses and the CKM parameters, the above identity for θPMNS13 is
usually too stringent to reproduce the experimental value.
An improved version of Constrained Sequential Dominance is given by CSD2 [101].
In this setup, one of the flavon vevs, which generate the texture of the neutrino Yukawa
matrix, is aligned in the direction (0, 1,−1), and the other one in the direction (1, 2, 0) or
(1, 0, 2), which corresponds to two different implementations of CSD2. The CSD2 scheme
adopts the feature θν12 ≈ 35◦ for the 1-2 angle in the neutrino sector from TB mixing,
which is close to the measured value. On the other hand, in contrast to the TB mixing
pattern, CSD2 predicts a deviation of θν23 from 45
◦ as well as a non-vanishing θν13, such
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that θPMNS13 is not solely generated from the charged lepton sector. In the context of SU(5)
GUT models with the feature, that the mixing in the charged lepton sector is determined
by the GUT relations, CSD2 offers an attractive setup in the neutrino sector to predict
the PMNS angles and phases.
The purpose of this chapter is to systematically investigate a class of predictive SU(5)
GUT models which feature the CSD2 setup in the neutrino sector. By performing a fit to
the experimental data, we determine the most promising model candidates and investigate
the predictive power of this class of models.
This chapter is based on the publication [2] and is organized as follows: in Section 5.2
the class of SU(5) models is specified, including a discussion on the chosen texture of the
fermion sector. In Section 5.3 we state the predictive power of the models and describe
the procedure for the numerical analysis. The results of the analysis are then discussed in
Section 5.4.
5.2 CSD2 in a simple and predictive GUT setup
5.2.1 General model setup
The class of models we consider in this chapter are supersymmetric SU(5) models, where
we choose the texture in the Yukawa sector at the GUT scale to be as predictive as
possible. However, we do not consider any specific flavour model to generate this texture
dynamically, as for example by spontaneous breaking of a family symmetry by flavon vevs,
in order that the analysis is as model independent as possible. Moreover, we also do not
consider any specific setup to achieve spontaneous GUT symmetry breaking.
We assume the standard embedding of the fermionic MSSM multiplets into the
representations FI , TI , and, NK , where FI is a 5, TI a 10 and NK a 1 of SU(5). The
family index I runs from 1 to 3, while K can in principle be any positive integer, which
means that the number of right-handed neutrinos can be different from three. The MSSM
Yukawa terms emerge from SU(5) superpotential terms of the form
(Yu)IJ : TI TJ X , (5.1)
(Yd)IJ & (Y
T
e )IJ : TI FJ Y , (5.2)
(Yν)IK : FI NK Z , (5.3)
where X, Y, Z represent Higgs fields, or products of Higgs fields, which are in general
different for different tuples of family indices (I, J). In particular, X, Y, Z consist of
SU(5) representations which contain the MSSM Higgs doublets, and possibly additional
representations which acquire SM singlet GUT scale vevs. Since the down-quark and
charged lepton Yukawa operators are embedded into the same GUT operator, the entries of
the two Yukawa matrices are related by Clebsch-Gordan coefficients (or linear combinations
of them) at the GUT scale. The CG coefficients depend on the specific choice of the Higgs
field(s) Y and on the construction of the SU(5) invariant.
Since we do not consider any specific flavour model, the appropriate framework to
specify the superpotential of the Yukawa sector at the GUT scale is the MSSM, by taking
the SU(5) boundary conditions into account. For the definition of the superpotential the
left-right convention from Eq. (2.219) is used.
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Although we study the model setup in the context of supersymmetry, we are mainly
interested in the predictions for the Yukawa couplings, the left-handed neutrino masses,
and the CKM and PMNS parameters. The “SUSY part” of the model affects the
predictions mainly via the RG running of the parameters from the GUT scale to low energy
scales, and via the threshold corrections at the SUSY scale [127–131]. To implement the
effect of the SUSY threshold corrections in a model independent way, we do not consider
a particular texture for the soft SUSY breaking terms, but parametrize the threshold
corrections directly by a set of free parameters [94], as discussed in Section 5.2.3.
5.2.2 Texture of the Yukawa sector
In the following we discuss the choice of the texture in the Yukawa sector at the GUT
scale, which is based on the principles of simplicity and predictivity:
• Phase sum rule for δCKM:
In order to predict a viable CP violating phase δCKM in the CKM matrix, we
implement a unitary triangle angle αUT = δ
dL
12 − δuL12 ≈ 90◦ [100], where δdL12 and δuL12
are the phases of the left 1-2 mixings in the down- and up-quark sector, respectively.
A necessary condition for the phase sum rule in the quark sector to work are vanishing
mixing angles θuL13 = θ
dL
13 = 0 of the left-handed quarks. In addition, the generation
of αUT by a single imaginary entry in the up- or down-quark Yukawa matrix has the
attractive feature, that it can easily be generated by discrete flavon vev alignments
in flavour models with spontaneous CP violation (cf. [99]).
• Simplicity in Yd:
We choose a 2 + 1 block diagonal structure for Yd, meaning that there is no
mixing between the first two families and the third family in the down-sector,
i.e. θdL23 = θ
dL
13 = 0, which is consistent with the conditions for the phase sum rule
in the previous point. Thus, all CKM mixing between the first two and the third
family comes from the up-sector, and only the largest CKM mixing angle θCKM12 gets
also a contribution from the down-sector. The structure can be further simplified
by choosing (Yd)11 = 0. This still allows to fit the three down-type masses as well
as the θdL12 contribution to the CKM angle. Moreover, it ensures that the right 1-2
mixing, which is used in the lepton sector, does not vanish. Complex phases in Yd
can be absorbed by redefinitions of the fields. In particular, with the freedom of
the three phases in TI we can make one entry in each row real. On the other hand,
since in flavour models with flavon fields the FI typically form a triplet under the
family symmetry, there is only one overall phase which can be chosen. However, a
redefinition of FI would also modify the form of the neutrino mass matrix, so we do
not absorb the one remaining phase in Yd by FI . Instead, we use this freedom to
absorb a phase in the neutrino mass matrix, as discussed below. The texture of the
down-quark Yukawa matrix at the GUT scale is thus given by
Yd =

0 z 0
ye−iγ x 0
0 0 yb
 , (5.4)
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where x, y, z and yb are real, positive parameters. Since x and z are positive, the
phase of the left 1-2 mixing vanishes, i.e. δdL12 = 0. The remaining complex phase γ
will affect CP violation in the lepton sector.
• CP violation in Yu:
Since the Yukawa terms in the up-quark sector originate from operators as in
Eq. (5.1), the corresponding Yukawa matrix is symmetric at the GUT scale. In
order that the conditions for the phase sum rule in the quark sector are satisfied,
we require that the 1-3 mixing in Yu vanishes. In a very good approximation this
is fulfilled by setting (Yu)13 = 0 (and also (Yu)31 = 0 due to the symmetry of the
matrix). Furthermore, because there is no contribution from the down-quark sector
to the unitarity triangle αUT, the phase of the left 1-2 mixing must have the value
δuL12 = −pi2 . Due to the texture zero in the entries (Yu)13 and (Yd)13 the relation
θCKM13 ≈ θuL12 θuL23 (5.5)
holds, where the 2-3 angle is given by θuL23 ≈ θCKM23 . Because Yd has a block diagonal
structure, the CKM angles θCKM13 and θ
CKM
23 are entirely generated from the up-quark
sector, whereas θCKM12 gets contributions from the up- and the down-quark sector.
We implement the phase δuL12 = −pi2 by choosing all entries to be real, except the
(Yu)12 (and (Yu)21) entry to be imaginary.
1 The texture of Yu is thus given by
Yu =

u1 −iu2 0
−iu2 u3 u4
0 u4 u5
 , (5.6)
where the ui are real, positive parameters. These parameters are used to fit the
three up-type masses mu, mc and mt, as well as the two CKM angles θ
CKM
13 and
θCKM23 . Note that the phases of the TI are set by the form of Yd, thus the basis for
Yu is fixed.
• Single operator dominance:
In our model setup we assume single operator dominance, that is, for each tuple of
family indices (I, J) the corresponding Yukawa terms are dominantly generated by a
single (non-)renormalizable GUT operator as in Eqs. (5.1)–(5.3). Since at the SU(5)
level Yd and Y
T
e are present in the same operator, cf. Eq (5.2), the entries of the two
matrices are related by Clebsch-Gordan coefficients. For each entry, the value of the
corresponding CG coefficient depends on the form of Y , which represents a Higgs
field, or a product of Higgs fields. Thus, according to Eq. (5.4) Ye has the form
Ye =

0 cyye
−iγ 0
czz cxx 0
0 0 yτ
 , (5.7)
1Note that any implementation of the phase sum rule leads to the same predictions. Thus, with no
loss of generality we can us the particular ansatz from Eq. (5.6) for the implementation of the up-quark
Yukawa matrix.
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where cx, cy and cz label CG coefficients. In an explicit model there is also a CG
coefficient relating yb and yτ , e.g. yτ/yb = 1 (i.e. b-τ unification [132]) or yτ/yb = 3/2
(see for example [133]), which gives an additional constraint on the sparticle spectrum
via the SUSY threshold corrections. However, in order to be as model independent
as possible, we will simply fit these two parameters to the experimental data.
Furthermore, since Yd and Y
T
e are connected via the CG coefficients, the parameters
x, y and z are used to fit the masses of the first two families in the down-quark
and charged lepton sector, as well as to generate a suitable angle θdL12 such that, in
combination with the contribution from the up-quark sector, the CKM angle θCKM12
is predicted correctly. Since θCKM12 and the electron and muon masses me and mµ
are very well measured, x, y and z are basically fixed by these three observables.
The mass ratio md/ms, which is approximately invariant under SUSY threshold
corrections, is then predicted by the set of CG coefficients, whereas the overall scale
of the two masses can be adjusted by the SUSY threshold parameter ηq of the first
two families in the down-quark sector (see Section 5.2.3). Moreover, the left-mixing
angle θeL12 in the charged lepton sector is determined as well and is typically small,
namely of the order of the Cabibbo angle.
• CSD2 in the neutrino sector:
We choose the CSD2 scheme [101] for the neutrino sector, which assumes two right-
handed neutrinos with a Majorana mass matrix
MR =
(
MA 0
0 MB
)
. (5.8)
Furthermore, the neutrino Yukawa matrix can be implemented in two different ways,
namely
Y(102)ν =

0 b
a 0
−a 2b
 , Y(120)ν =

0 b
a 2b
−a 0
 , (5.9)
based on the two different flavon vev alignments (1, 0, 2) or (1, 2, 0) in family space,
which determine the form of the second column of Yν . By using the seesaw formula
Mν =
v2u
2
YνM
−1
R Y
T
ν , (5.10)
and the textures from Eq. (5.8) and (5.9), the mass matrices for the left-handed
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neutrinos are then given by:
M(102)ν = ma

0 0 0
0 1 −1
0 −1 1
+mb

1 0 2
0 0 0
2 0 4
 = ma

eiα 0 2eiα
0 1 −1
2eiα −1 1 + 4eiα
 ,
(5.11)
M(120)ν = ma

0 0 0
0 1 −1
0 −1 1
+mb

1 2 0
2 4 0
0 0 0
 = ma

eiα 2eiα 0
2eiα 1 + 4eiα −1
0 −1 1
 ,
(5.12)
where the complex mass parameters ma and mb are defined as
ma :=
v2ua
2
2MA
, mb :=
v2ub
2
2MB
, (5.13)
while their ratio is parametrized by the modulus  and the phase α:
mb
ma
≡ eiα . (5.14)
The overall phase of the FI can be used to absorb the phase of ma, thus the left-
handed neutrino mass matrices in Eq. (5.11) and (5.12) are parametrized by the three
real, positive parameters ma,  and α. While ma determines the overall scale of the
neutrino masses, the mixings and phases in the neutrino sector are parametrized by
 and α.
In our model setup, the PMNS matrix gets contributions from the neutrino sector,
as well as from the 1-2 mixing in the charged lepton sector, which is typically small,
i.e. θeL12  1. Since in the CSD2 scheme the mass hierarchy MA MB of the right-
handed neutrinos is assumed, we get from Eq. (5.13) and (5.14) that   1. Thus,
we can use  and θeL12 for a parameter expansion of the PMNS matrix. According to
Eqs. (B.15)–(B.17) and Eqs. (B.20)–(B.22), the expansion of the PMNS angles reads
θPMNS12 ≈ 35.3◦ −
θeL12√
2
cos γ , (5.15)
θPMNS13 ≈
1√
2
(
2 + θeL12
2 ± 2θeL12 cos (α + γ)
)1/2
, (5.16)
θPMNS23 ≈ 45◦ ∓  cosα , (5.17)
for the two CSD2 scenarios M
(102)
ν and M
(120)
ν , respectively (indicated by the ± and
the ∓ sign), where γ is the complex phase from Ye in Eq. (5.7).
Moreover, the mass hierarchy MA  MB of the right-handed neutrinos in CSD2
implies normal ordering for the left-handed neutrino masses, where the lightest mass
mν1 is predicted to be zero. The two parameters ma and  in Mν are then used
to fit the non-zero neutrino masses mν2 and mν3 , which are represented by the two
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mass-squared differences ∆m221 and ∆m
2
31, respectively. In addition, since θ
eL
12 is
fixed by the observables in the charged lepton and quark sector, the values of the
two remaining parameters α and γ from Mν and Ye determine the three angles, as
well as the CP violating and Majorana phases of the PMNS matrix. Since the 2-3
angle is least accurately measured, the two parameters are basically fixed by θPMNS12
and θPMNS13 , and we can view θ
PMNS
23 , δ
PMNS and ϕPMNS2 as predicted quantities. Note
that only the Majorana phase ϕPMNS2 is physical, since the lightest neutrino mass
vanishes.
The simple and predictive texture of the charged fermion Yukawa matrices in Eq. (5.4),
(5.6) and (5.7), and the left-handed neutrino mass matrix in Eq. (5.11) or (5.12), depending
on the implementation of CSD2, contains a significantly reduced set of parameters, such
that, generally speaking, this class of models is able to make predictions for the following
observables:
predicted quantity root cause
δCKM phase sum rule
md/ms GUT connection
θPMNS23 Ye texture and CSD2
δPMNS Ye texture and CSD2
ϕPMNS2 Ye texture and CSD2
In addition to these observables, the charged lepton mixing angle θeL12 is predicted as well,
which is an interesting quantity from the point of view of model building. The value of
θeL12 can discriminate between different schemes in the neutrino sector, which are combined
with the same setup in the charged fermion sector. A detailed analysis of the class of
models, by taking the different energy scales and the RG running into account, is done
Section 5.3.
5.2.3 Candidates for GUT operators in the Yukawa sector
The value of each of the Clebsch-Gordan coefficients cx, cy and cz in Ye depends on
the particular choice of the Higgs field(s) Y in the SU(5) operator in Eq. (5.2). A
classification of the available CG coefficients in such operators has been done in [133,134]
for superpotential operators up to dimension four, where Hd is either embedded into a 5 or
45 and the SM singlet GUT scale vev originates from a 24 or 75. Since the exact relations
between Yd and Y
T
e via CG coefficients only hold at the GUT scale, but get modified by
the RG running and the SUSY threshold corrections, we consider the following double
ratio d of Yukawa couplings
d :=
yµyd
yeys
, (5.18)
in order to determine which combinations of cx, cy and cz are not suitable to reproduce the
experimental values of the Yukawa couplings at low energies. In a good approximation, at
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the GUT scale the double ratio can entirely be expressed in terms of CG coefficients
d
∣∣
MGUT
=
yµyd
yeys
∣∣∣
MGUT
≈
∣∣∣ c2x
cycz
∣∣∣ , (5.19)
where for the second identity we used the approximate formulas for the Yukawa couplings
of the first and second family
yd ≈
∣∣∣yz
x
∣∣∣ , ys ≈ |x| , ye ≈ ∣∣∣cycz
cx
∣∣∣∣∣∣yz
x
∣∣∣ , yµ ≈ |cx||x| , (5.20)
assuming that x  y, z. On the other hand, at low energies (e.g. at the Z boson mass
scale) the double ratio is given by the experimental data [94]:
d
∣∣
MZ
=
mµmd
mems
= 10.7 +1.6−0.9 , (5.21)
where the uncertainty is mostly induced by the quark masses ms and md. The expressions
for d at MGUT and MZ in Eq. (5.19) and (5.21) are connected, because the double ratio is
approximately stable under RG running and SUSY threshold corrections [127–131]. This
follows directly from the fact that already the ratios yd/ys and yµ/ye of Yukawa couplings
within the same sector have this property, which is discussed in the following:
• RG running:
Since in the down-quark and charged lepton sector the Yukawa couplings of the third
family are much bigger than the ones of the first and second family, the 1-loop RGEs
in the MSSM (see e.g. [106,107,135]) of yd, ys, ye and yµ take the approximate forms
d
dt
yd ≈ 116pi2 yd
(
3|yb|2 + |yτ |2 − 163 g23 − 3g22 − 715g21
)
, (5.22)
d
dt
ys ≈ 116pi2 ys
(
3|yb|2 + |yτ |2 − 163 g23 − 3g22 − 715g21
)
, (5.23)
d
dt
ye ≈ 116pi2 ye
(
3|yb|2 + |yτ |2 − 3g22 − 95g21
)
, (5.24)
d
dt
yµ ≈ 116pi2 yµ
(
3|yb|2 + |yτ |2 − 3g22 − 95g21
)
. (5.25)
Note that the contribution from the neutrino Yukawa couplings in the last two
equations is neglected, as they are typically subdominant. Comparing the RGEs
in Eq. (5.22) and (5.23), it follows directly that d
dt
(yd/ys) ≈ 0, and analogously from
Eq. (5.24) and (5.25) we get d
dt
(yµ/ye) ≈ 0. This implies that the two ratios are
approximately invariant under RG running in the MSSM. The same holds true for
the RG running in the SM below the SUSY scale.
• SUSY threshold corrections:
We implement the threshold corrections at the SUSY scale, by using the (real)
parameters ηb and ηq, in the following general way [94]:
YMSSMu ≈
YSMu
sin β
, (5.26)
YMSSMd ≈ diag
(
1
1 + ηq
,
1
1 + ηq
,
1
1 + ηb
)
YSMd
cos β
, (5.27)
YMSSMe ≈
YSMe
cos β
, (5.28)
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where only tan β-enhanced contributions are taken into account. The Yukawa
matrices are written in a basis where Yu is diagonal, and again the left-right
convention is used. While ηq parametrizes the threshold corrections of the first
two families in the down-quark sector, which are typically similar, the threshold
correction of the third family is parametrized independently by ηb.
2 Since there
is no mixing between the first two and the third family in the down-quark and
charged lepton sector, from Eq. (5.27) and (5.28) follows immediately, that the ratios
yd/ys and yµ/ye are not affected by the given implementation of the SUSY threshold
corrections.
Since the value of the double ratio d is approximately independent of the energy scale, the
comparison of Eq. (5.19) with Eq. (5.21) shows that the ratio of CG coefficients |c2x/(cycz)|
must be roughly equal to the experimental value 10.7. The available CG coefficients can
be read off from Table 2 in [134] and are given by
0, +1
6
, −1
2
, −2
3
, +1, ±3
2
, +2, −3, +9
2
, +6, +9, −18. (5.29)
In Section 5.3.1.3 we will argue, that the predictions of the model are only sensitive to the
absolute values |cx|, |cy| and |cz| of the CG coefficients. Furthermore, we consider only the
cases where |cx| ∈ {3, 92 , 6}, because when the experimental value of the ratio yµ/ys is run
up to the GUT scale without SUSY threshold corrections we get roughly 4.5.3 Threshold
corrections can shift this value to 3 or 6, but no much further. In Table 5.1 we list all
combinations of |cx|, |cy| and |cz| for which the double ratio is between 9 and 14. This
interval roughly corresponds to the experimental 2σ range of d from Eq. (5.21). Since
the model predictions depend on the individual values of cy and cz, and not only on their
product like the double ratio, we distinguish between exchanges of cy and cz in Table 5.1.
2In principle, there are also tanβ-enhanced threshold corrections for Ye, which can be parametrized
in the same manner as the ones for Yd. However, the correction of the third family can be absorbed
by a redefinition tanβ → tan β¯, and the correction of the first two families corresponds to a shift of the
parameters x, y, z and ηq. Since the threshold corrections of the charged leptons are typically small
compared to the ones of the down-quarks, the shift of the parameter point is minor, and tanβ ≈ tan β¯ in
the moderate or large tanβ regime.
3Generally speaking, we expect that in case of cx =
9
2 the SUSY threshold correction of the first two
families has to vanish, i.e. ηq ≈ 0, in order to reproduce the experimental data of yµ and ys. On the other
hand, if cx ∈ {3, 6} we expect ηq ≈ ±0.33, because the Yukawa ratio is raised/lowered by 33% at the GUT
scale. This is indeed confirmed by the numerical analysis, see Table 5.3
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Table 5.1: List of all combinations of SU(5) Clebsch-Gordan coefficients (only absolute values),
which provide a Yukawa double ratio d ≈ |c2x/(cycz)| between 9 and 14, and where cx ∈ {3, 92 , 6}.
The available values for the CG coefficients are listed in Eq. (5.29) and have been classified
in [133,134].
cx, cy, cz cx, cy, cz cx, cy, cz
3, 1
6
, 9
2
9
2
, 1
6
, 9 6, 1
2
, 6
3, 1
6
, 6 9
2
, 1
2
, 3 6, 2
3
, 9
2
3, 1
2
, 3
2
9
2
, 1
2
, 9
2
6, 2
3
, 6
3, 1
2
, 2 9
2
, 2
3
, 3 6, 1, 3
3, 2
3
, 1 9
2
, 1, 3
2
6, 3
2
, 2
3, 2
3
, 3
2
9
2
, 1, 2 6, 2, 3
2
3, 1, 2
3
9
2
, 3
2
, 1 6, 2, 2
3, 1, 1 9
2
, 3
2
, 3
2
6, 3, 1
3, 3
2
, 1
2
9
2
, 2, 1 6, 9
2
, 2
3
3, 3
2
, 2
3
9
2
, 3, 1
2
6, 6, 1
2
3, 2, 1
2
9
2
, 3, 2
3
6, 6, 2
3
3, 9
2
, 1
6
9
2
, 9
2
, 1
2
3, 6, 1
6
9
2
, 9, 1
6
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5.3 Model implementation and analysis
In this section we describe the analysis of the class of models from Section 5.2, that
is performed to determine which tuples of Clebsch-Gordan coefficients cx, cy and cz in
combination with one of the two CSD2 scenarios (M
(102)
ν or M
(120)
ν ) are able to fit the
experimental data at low energies, and what model predictions we get in those cases.
Since the model is implemented at the GUT scale, we take the RG running and the SUSY
threshold corrections into account for the fit to the experimental data. As a measure for the
goodness of the fit the χ2 function is used. In Section 5.3.1 we specify the implementation
of the model at the GUT scale for the numerical analysis, as well as the parameters and
observables which are used in the fit. Moreover, in Section 5.3.2 we discuss the fit of the
PMNS angles and the CP violating phase at an analytical level.
5.3.1 Model setup
5.3.1.1 Texture
The Yukawa matrices in the down-quark and charged lepton sector are implemented
according to the textures in Eq. (5.4) and (5.7), respectively, and are given by
Yd =
 0 z 0ye−iγ x 0
0 0 yb
 , Ye =
 0 cyye−iγ 0czz cxx 0
0 0 yτ
 . (5.30)
The texture of the Yukawa matrix in the up-quark sector is specified in Eq. (5.6). However,
in order to get direct control over the mixing angles and the singular values of the matrix,
we choose a different parametrization, namely
Yu = U23(θ
CKM
23 ) U12(θ
uL
12 ) diag(yu, yc, yt) U
T
12(θ
uL
12 ) U
T
23(θ
CKM
23 ) , (5.31)
where the two unitary matrices are given by
U23(θ
CKM
23 ) =
1 0 00 cos θCKM23 sin θCKM23
0 − sin θCKM23 cos θCKM23
 , U12(θuL12 ) =
 cos θuL12 −i sin θuL12 0−i sin θuL12 cos θuL12 0
0 0 1
 .
(5.32)
Although the entry (Yu)13 is only approximately equal to zero, the 1-3 mixing angle θ
uL
13
vanishes exactly in this parametrization, thus the conditions for the phase sum rule in
the quark sector are fulfilled. Furthermore, the complex rotation matrix U12 reproduces
the factor −i in (Yu)12, such that δuL12 = −pi2 , and the parametrization ensures that Yu
is symmetric. Since each of the parameters yb, yτ , yu, ys, yt and θ
CKM
23 in Eq. (5.30) and
(5.31) corresponds to one observable, we set them to the experimental values at the GUT
scale, which are provided in [94] (for given tan β and threshold parameters ηb and ηq).
4
4Note, in fact θCKM23 does not exactly correspond to the 2-3 angle in the CKM matrix, but only up to
(negligible) corrections of quadratic order in the CKM angles.
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Depending on the choice of the CSD2 setup, the left-handed neutrino mass matrix
has one of the following two forms after the right-handed neutrinos are integrated out, as
stated in Eq. (5.11) and (5.12):
M(102)ν = ma
 eiα 0 2eiα0 1 −1
2eiα −1 1 + 4eiα
 , M(120)ν = ma
 eiα 2eiα 02eiα 1 + 4eiα −1
0 −1 1
 . (5.33)
Note, we make the simplification that we implement the left-handed neutrino mass matrices
directly at the GUT scale, without considering the running of the neutrino Yukawa matrix
and of the right-handed neutrino masses down to the corresponding energy scale. This is
well justified, by assuming that we are in the regime were the neutrino Yukawa couplings
are small and, thus, do not affect the running of the other quantities in the model.
Finally, the matching of the MSSM to the SM at the SUSY scale is parametrized by
tan β, ηb and ηq according to Eqs. (5.26)–(5.28).
5.3.1.2 Observables
For the fit of the models we use 12 observables which are measured by the experiments.
These are the four Yukawa couplings yd, ys, ye, yµ of the first two families in the down-quark
and charged lepton sector, the two CKM angles and CP violating phase θCKM12 , θ
CKM
13 , δ
CKM,
the two mass-squared differences ∆m221,∆m
2
31 of the left-handed neutrinos, and the three
PMNS angles θPMNS12 , θ
PMNS
13 , θ
PMNS
23 . As discussed above, the CSD2 scheme in the neutrino
sector predicts normal ordering for the left-handed neutrino masses, where the lightest one
vanishes. Thus the mass-squared differences just correspond to the two non-zero masses
squared. There are further measured observables which are not counted above, since
each of them is in one-to-one correspondence with a parameter of the model, namely the
bottom and the tau Yukawa couplings, the three up-type Yukawa couplings, and the 2-3
CKM angle.
In addition, the model setup allows to make predictions for the following two
observables which are not (or not accurately) measured: the PMNS CP violating phase
δPMNS and the effective mass 〈mββ〉 in neutrinoless double-beta decay. Although the
PMNS angle θPMNS23 is used for the fit, the model prediction is much more restricted than
the experimental uncertainty. The same applies to the mass ratio md/ms of the down and
the strange quark, where the two individual Yukawa couplings are part of the fit, however,
the prediction for their ratio is more confined than the experimental error. Thus, each
model candidate basically makes specific predictions for four observables.5 The effective
mass 〈mββ〉 works as a proxy for the Majorana phase ϕPMNS2 via the formula
〈mββ〉 =
∣∣∣∑
i
(UPMNS1i )
2mνi
∣∣∣
= c212c
2
13e
−iϕPMNS1 mν1 + s
2
12c
2
13e
−iϕPMNS2 mν2 + s
2
13e
−2iδPMNSmν3 ,
(5.34)
where cij ≡ cos θPMNSij and sij ≡ sin θPMNSij . Since the lightest neutrino mass is equal to
zero, the Majorana phase ϕPMNS1 is not physical.
5We do not consider here the prediction for the CKM phase δCKM, which is determined by the phase
sum rule in the quark sector, and therefore independent of the chosen model candidate.
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The experimental values for the Yukawa couplings and the CKM parameters are taken
directly at the GUT scale MGUT, where the data is provided in [94] (for MSUSY = 3 TeV),
including the corresponding 1σ ranges, as a function of the parameters tan β, ηb, ηq. On the
other hand, the mass-squared differences in the neutrino sector and the PMNS parameters
are calculated at the Z boson mass scale MZ , where the experimental data is taken from
NuFIT 3.2 (2018) [54].6 A schematic illustration of the model quantities at the different
energy scales is given in Figure 5.1.
For all measured observables we use the 1σ range from the experimental data to
calculate the contribution to the χ2, except for the PMNS angle θPMNS23 we use the χ
2
projection provided by NuFIT 3.2 (2018) [54].
5.3.1.3 Parameters
Once the CG coefficients cx, cy, cz are fixed and one of the two CSD2 scenarios (M
(102)
ν
or M
(120)
ν ) is chosen, the model contains 11 parameters, which are used for the fit of the
12 observables from above. These are the four parameters x, y, z, γ in Yd and Ye, the
one parameter θuL12 in Yu, the three parameters ma, , α in Mν , and the three threshold
parameters tan β, ηb, ηq. The other parameter yb, yτ , yu, yc, yt, θ
CKM
23 , which are in one-to-
one correspondence with an observable and thus can be fitted independently, are not
counted. In fact, for given threshold parameters we assign these parameters the correct
values at the GUT scale, which are provided in [94].
The parameters x, y, z, θuL12 , ηb are used to fit the Yukawa couplings yd, ys, ye, yµ and the
CKM quantities θCKM12 , θ
CKM
13 , δ
CKM, while the parameters ma, , α, γ determine the mass-
squared differences ∆m221,∆m
2
31 and the PMNS angles θ
PMNS
12 , θ
PMNS
13 , θ
PMNS
23 . The threshold
parameters tan β, ηb only have a minor effect via the RG running on these observables,
thus we basically fit 12 observables with 9 parameters.
With no loss of generality we can assume that the CG coefficients cx, cy, cz are positive,
because a change of sign cx 7→ −cx or cy 7→ −cy can be compensated by a shift γ 7→ γ+pi,
whereas the change of sign cz 7→ −cz has no effect on the calculated observables at all.
For the numerical analysis we choose the following ranges for the parameters:
x, θuL12 ∈ [0, 0.1] , y, z ∈ [0, 0.01] , γ, α ∈ [0, 2pi] ,  ∈ [0, 1] , ma ∈ [0, 0.1] eV ,
tan β ∈ [20, 50] , ηb, ηq ∈ [−0.6, 0.6] .
(5.35)
Note, due to the freedom of phase redefinitions of the fields at the SU(5) level, as
discussed in Section (5.2), the parameters x, y, z,ma can be restricted to positive values.
Furthermore, for the Z boson mass scale, the SUSY scale and the GUT scale we use the
following values:
MZ = 91.2 GeV , MSUSY = 3 · 103 GeV , MGUT = 2 · 1016 GeV . (5.36)
6To efficiently calculate the running from MGUT to MZ , we prepared a data table which contains the
effect of the running for the seven quantities θPMNS12 , θ
PMNS
13 , θ
PMNS
23 , δ
PMNS, ϕPMNS2 ,mν2 ,mν3 as a function
of the five parameters tanβ, ηb, θ
PMNS
23 , δ
PMNS, ϕPMNS2 . The data table was calculated by using 2-loop
RGEs in the SM and MSSM [107,135,136], and a SUSY scale of 3 TeV.
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Figure 5.1: Schematic illustration of the model analysis. On the y-axis the involved mass scales
as well as the type of RGEs used for the running are indicted. The model is implemented at
the GUT scale by specifying the CG coefficients, the CSD2 scenario and the eight parameters
in the Yukawa and the neutrino mass matrices. The Yukawa couplings and the CKM quantities
are directly calculated at MGUT and fitted to the experimental data given in [94]. The mass-
squared differences of the left-handed neutrinos and the PMNS quantities are run down to the
Z boson mass scale, where they are fitted to the experimental data from NuFIT 3.2 (2018) [54].
The matching of the MSSM to the SM at the SUSY scale is specified by the three threshold
parameters. While the Yukawa ratio of the down and the strange quark is predicted at MGUT,
the predicted quantities in the lepton sector are run down to MZ .
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5.3.2 Analytical considerations in the lepton sector
For a given choice of the Clebsch-Gordan coefficients cx, cy, cz the parameters x, y, z, θ
uL
12 in
the charged lepton and in the up- and down-quark Yukawa matrices, as well as the SUSY
threshold parameter ηq, are completely fixed by the experimental values of the Yukawa
couplings yd, ys, ye, yµ and the CKM quantities θ
CKM
12 , θ
CKM
13 , δ
CKM. In the lepton sector,
the three parameters ma, , α from the mass matrix of the left-handed neutrinos and the
phase γ from the charged lepton Yukawa matrix are then used to fit the mass-squared
differences ∆m221,∆m
2
31 and the PMNS angles θ
PMNS
12 , θ
PMNS
13 , θ
PMNS
23 . It turns out, that for
a given point in the space of these four parameters with a low χ2, there are additional
parameter points with the same or a similar χ2 value. From an analytical point of view,
this feature can be understood by means of the below-mentioned three steps. Since the
considerations take place at a qualitative level, we neglect the effects of the RG running
in the following.
1. The two non-zero neutrino masses correspond to the two non-vanishing singular
values of Mν . Thus, by fitting ∆m
2
21 and ∆m
2
31, the parameters ma and  can be
expressed as functions of α, where the sign of α is irrelevant.
2. Since the angle θeL12 ≈ |(cyy)/(cxx)| of the charged lepton sector is determined by the
fit of the Yukawa couplings and the CKM angles, the parameter γ is fixed too, up
to a minus sign, by the fit of θPMNS12 via the approximate identity (cf. Eq. (B.15))
θPMNS12 ≈ 35.3◦ −
θeL12√
2
cos γ . (5.37)
Thus, suitable values of γ appear always in pairs.
3. The last step in the analytic consideration depends on the choice of the CSD2
scenario. We discuss here the scenario M102ν , however the other case works
analogously. The PMNS angle θPMNS13 and the CP phase δ
PMNS can be calculated
by means of the approximate identity (cf. Eq. (B.25))
θPMNS13 e
iδPMNS ≈ √
2
ei(pi+α) +
θeL12√
2
ei(pi−γ) . (5.38)
According to the first two steps, we can view the right-hand side of the equation as
a function of α only. Thus, in order to get a low χ2 in the fit of the model, we have
to find an appropriate value for α.
In Figure 5.2 the identity from Eq. (5.38) is graphically illustrated in the complex
plane for the CG coefficients (cx, cy, cz) = (3,
3
2
, 1
2
) and the CSD2 scenario M102ν . The
left-hand side of Eq. (5.38) is represented by the solid red circle, whose radius is
equal to the experimental central value of θPMNS13 . The darker red part of the circle
corresponds to the experimental 3σ range of δPMNS (see NuFIT 3.2 (2018) [54]).
The dashed blue line corresponds to the first term on right-hand side of Eq. (5.38).
According to the dependence of  on α, the line forms an approximate off-centred
circle. The two solid blue circles, which represent the right-hand side of the identity,
are then obtained by a shift of the dashed circle according to the second term, which
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contains θeL12 and γ. There are two circles because of the unspecified sign of γ.
The darker blue parts indicate the experimental 1σ range of θPMNS23 , whose value is
determined by  and α via Eq. (B.17).
The intersections of the solid red and blue circles correspond to values of α, where
Eq. (5.38) is fulfilled, and thus χ2 has a low value. Each blue circle has typically
0 or 2 intersection points with the red circle, thus, if there exist such points, we
generically expect 4 of them, what is indeed the case in Figure 5.2. Concerning
a point (γ, α) with low χ2, the other intersection points are located at (−γ,−α),
(γ, 2γ − α) and (−γ,−2γ + α). Since the first two points differ only by an overall
minus sign, they give exactly the same value for χ2; this also applies to the last two
points. However, the relation between the two pairs is only approximate, because
the center of the dashed blue circle is not located at the origin of the complex plane.
Since the observable θPMNS23 is part of the χ
2 as well, we see that only 2 out of the 4
intersection points are compatible with the corresponding 1σ range (dark blue lines).
Thus, in a fit of the model we expect either no point with a low χ2, or two best-fit
points with the same χ2. Moreover, typically only one of the two best-fit points
predicts a value for δPMNS which lies within the experimental 3σ range (dark red
line). In Figure (5.2), the two best fit points predict 90◦ and 270◦ for δPMNS, where
the second value is compatible with the 3σ range.
The above conclusion, that in a model fit two best-fit points with the same χ2 are expected,
where typically only one of them is compatible with the 3σ range of the PMNS CP
violating phase, applies to all combinations of CG coefficients from Table 5.1 and both
CSD2 scenarios. These statements are also confirmed by the numerical analysis of the
models.
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Figure 5.2: Graphical illustration of the individual terms in Eq. (5.38) for (cx, cy, cz) = (3,
3
2 ,
1
2)
and the CSD2 scenario M102ν . The fit of the two non-zero neutrino masses implies that  is a
function of α, and the two copies of the solid blue circle correspond to the two solutions of γ in the
fit of θPMNS12 (cf. Eq. (5.37)). Furthermore, θ
eL
12 ≈ |(cy/cx)(y/x)| is fixed by the fit of the Yukawa
couplings and the CKM matrix, and the parameter α runs from 0 to 2pi. The radius of the red
circle is given by the experimental central value of θPMNS13 , and the darker red part corresponds
to the experimental 3σ range of δPMNS. The dark blue line indicates the experimental 1σ range
of θPMNS23 for given  and α using Eq. (B.17).
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5.4 Results
In performing the numerical analysis as described in Section 5.3 for the simple and
predictive class of models, we are mainly interested in two results: first, which combinations
of Clebsch-Gordan coefficients (cx, cy, cz) from Table 5.1, in combination with one of the
two CSD2 scenarios M
(102)
ν and M
(120)
ν , provide a good fit to the experimental data, and
second, what are the predictions for the quantities θPMNS23 , δ
PMNS, yd/ys and 〈mββ〉 in those
cases. The two issues are discussed in Section 5.4.1 and 5.4.2, respectively.
5.4.1 Suitable model candidates
In Table 5.2 a complete list of the model candidates from Table 5.1, which provide χ2 < 15,
is shown. The models are ordered according to their best fit value and labelled by an
integer. For each model the corresponding values of the CG coefficients (cx, cy, cz) are
specified, and the best-fit points for both CSD2 scenarios M
(102)
ν and M
(120)
ν are listed,
where only points with χ2 < 15 are considered. The best-fit points always come in pairs and
differ only in the signs (mod 2pi) of the parameters α and γ, as discusses in Section 5.3.2.
Each best-fit point is identified with an extra label ai or bi, according to the CSD2 scenario
M
(102)
ν or M
(120)
ν . For each best-fit point the following quantities are listed:
• The value χ2Tot represents the total χ2 of the fit, whereas χ2q contains only the
contributions from the Yukawa couplings and the CKM quantities, and χ2ν only
the ones from the neutrino mass-squared differences and the PMNS angles. Because
of the appropriate selection of CG-coefficients in Table 5.1, which was guided by the
double ratio in Eq. (5.18), the contribution of χ2q to the total χ
2 is always small.
Thus, in models with a big χ2, the main contribution comes from χ2ν , and in general
mainly from θPMNS23 .
• The values for θPMNS23 and δPMNS are indicated by θ23 and δ, respectively, where a
more detailed discussion of these predictions takes place in Section 5.4.2.
• The best-fit values of the parameters γ and α, as well as of the 1-2 left angle θeL12 in
the charged lepton sector are instructive from a model building point of view.
In a complete flavour model the values of the phases γ and α are preferably explained
by a specific mechanism. A possible way to implement such phases is given by
discrete flavon vev alignments in flavour models with spontaneous CP violation [99].
A common feature of almost all model candidates with a low χ2 is, that γ is close to
70◦ or 290◦.
Since the angle θeL12 is fixed by the fit of the Yukawa couplings and the CKM
matrix, the corresponding best-fit value can explore the viability of setups in the
neutrino sector within the same class of models, which are different from CSD2. For
example, the tri-bimaximal mixing pattern [124,125] in the neutrino sector predicts
θPMNS13 ≈ θeL12 /
√
2. In order that the prediction is compatible with the experimental
3σ range of θPMNS13 from NuFIT 3.2 (2018) [54], the value of θ
eL
12 must lie in the
interval [11.4◦, 12.7◦]. However, we see in Table 5.2 that none of the models with a
low χ2 provides a suitable θeL12 .
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The list in Table 5.2 shows that 20 out of the 37 model candidates from Table 5.1 have
best-fit points with χ2 < 15, where for 10 models the total χ2 is even smaller than 4. We
see that overall there is no clear preference for one of the two CSD2 scenarios in the best-
fit points. However, for a given tuple of CG coefficients usually one of the two scenarios
provides a clearly better fit.
In Table 5.3 the model parameters for the 12 best-points with lowest χ2 from Table 5.2
are listed, using the same labelling. Since there are always two best-fit points with the same
χ2, only the ones where the predicted value of δPMNS is compatible with the experimental 3σ
range (see NuFIT 3.2 (2018) [54]) are considered. Furthermore, because the CG coefficients
of model 1 and 2 differ only by an overall factor, the predictions of the two models are
essentially equal. The same applies to model 4 and 5. Thus, the best-fit points of model 2
and 5 are not listed in the table.
5.4.2 Predictions
In the following we discuss the predictions for the PMNS angle θPMNS23 , the CP violating
phase δPMNS, the ratio yd/ys between the down and the strange quark Yukawa couplings
(or equivalently the ratio between the two quark masses), and the effective mass 〈mββ〉 in
neutrinoless double-beta decay.
5.4.2.1 θPMNS23 and δ
PMNS
The predictions for θPMNS23 and δ
PMNS of the 12 best-fit points from Table 5.3 are illustrated
in Figure 5.3. For each best-fit point a separate plot is shown with θPMNS23 on the x-axis and
δPMNS on the y-axis, where the prediction of the best-fit point is indicated by a black ×.
Around the best-fit point contours of minimal χ2 are drawn, i.e. for given θPMNS23 and δ
PMNS
the χ2 is minimized with the condition, that θPMNS23 and δ
PMNS have the correct values.
The χ2 contours are drawn up to a certain threshold. Thus, for each model candidate the
plots show which values of θPMNS23 and δ
PMNS are compatible with a low χ2. Note that for
all considered best-fit points the value of δPMNS lies within the experimental 3σ range.
From the plot we can see, that although θPMNS23 is included in the calculation of the χ
2,
in most of the model candidates the predicted range for θPMNS23 is much smaller than the
experimental 3σ range, which is given by [40.3◦, 51.5◦] (see NuFIT 3.2 (2018) [54]). The
same applies to the predicted ranges for δPMNS, where the experimental 3σ range is given
by [144◦, 374◦].
In Figure 5.4 the χ2 contours from the 12 plots in Figure 5.3 are combined in one plot,
where again θPMNS23 is on the x-axis and δ
PMNS on the y-axis. The grey areas represent
the regions outside the 3σ ranges of θPMNS23 and δ
PMNS. We see, that the predicted ranges
for θPMNS23 can be very different for different model candidates. Thus, a more precise
measurement of this quantity in future experiments has the potential to discriminate, or
even exclude some of the models. On the other hand, all the model candidates predict
δPMNS within the (rough) interval [230◦, 290◦], which is a feature of this particular class of
models, independent of the choice of the CG coefficients or the CSD2 scenario. A more
precise measurement of this quantity is therefore able to exclude the whole class of models.
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5.4.2.2 Ratio of yd and ys
In contrast to the above analysis of the observables θPMNS23 and δ
PMNS, we calculate the
posterior density for the different model candidates in order to determine the predictions
of the Yukawa ratio yd/ys. The calculation is performed by means of an MCMC analysis,
using an adaptive Metropolis-Hastings algorithm [117]. All prior distributions for the
parameters are chosen to be flat within the corresponding intervals given in Eq. (5.35).
Since the posterior density of the Yukawa ratio depends on the choice of the CG-coefficients,
but not on the CSD2 scenario in the neutrino sector, we compute for each of the 20 models
in Table 5.2 the 1σ HPD interval of yd/ys. In Figure 5.6 these intervals are shown as vertical
red lines, where the labelling is the same as in Table 5.2. The dashed horizontal line
indicates the experimental central value of yd/ys, and the grey areas represent the regions
outside the 1σ range, which is given by 5.06 +0.78−0.42 · 10−2 [94]. Note that the predictions for
the Yukawa ratio are calculated at the GUT scale. However, since yd/ys is stable under RG
running and SUSY threshold corrections, we can compare it directly with the experimental
data at low energies.
The plot shows, that on the one hand the predicted ranges for yd/ys of the models are
much smaller than the experimental 1σ range, and on the other hand the ranges may be
quite different for different model candidates. Thus, more precise measurements of the
quark masses md and ms have the potential to distinguish between these models. The
above observation is directly linked to the double ratio d = (yµ/ye)(yd/ys) ≈ |c2x/(cycz)|
from Eq. (5.19), which is basically fixed for a given choice of CG coefficients. Since in
addition the Yukawa couplings ye and yµ have much smaller experimental errors than yd
and ys, the predicted range for yd/ys is small compared to the experimental uncertainty.
5.4.2.3 Effective mass in 0νββ decay
Since the CSD2 scenario predicts one left-handed neutrino mass to be zero, the two non-
zero masses are predicted by a fit of the two neutrino mass-squared differences. Moreover, a
model fit determines all quantities in the PMNS matrix, including the (physical) Majorana
phase, so that the effective mass 〈mββ〉 in neutrinoless double-beta decay can be calculated,
by using Eq. (5.34). The effective mass works basically as a proxy for the Majorana
phase, however the quantity 〈mββ〉 is more interesting from an experimental point of view.
Because the prediction for 〈mββ〉 depends on the choice of the CG coefficients, as well as
on the CSD2 scenario in the neutrino sector, we calculate for the 12 models with lowest χ2
listed in Table 5.3 the corresponding 1σ HPD intervals, where δPMNS has to be compatible
with the experimental 3σ range. In Figure 5.6 the 1σ HPD intervals are shown as vertical
red lines with the corresponding labelling. The mass 〈mββ〉 is given in eV. Although
the different models predict different ranges for 〈mββ〉, Figure 5.6 shows that all these
predictions lie within the range [2.5, 4.0] · 10−3 eV. However, these values are far beyond
the reach of planned experiments, which have a sensitivity of around 0.1 eV (see e.g. Table
II in [137]).
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Table 5.2: List of all combinations of Clebsch-Gordan coefficients (cx, cy, cz) which, in
combination with one of the two CSD2 scenarios M102ν and M
120
ν , provide a fit with χ
2 < 15.
The models are ordered according to their overall best-fit value. For each tuple of CG coefficients
all the best-fit points with χ2 < 15 are stated. The first column assigns a unique label to the
best-fit points, and the second column specifies the values of the CG coefficients and the CSD2
scenario. The total χ2 of the fit is given by χ2Tot, whereas χ
2
q only contains the contributions from
the Yukawa couplings and the CKM quantities, and χ2ν the ones from the neutrino mass-squared
differences and the PMNS angles. Moreover, the predictions for the PMNS angle θPMNS23 and the
CP violating phase δPMNS are labelled as θ23 and δ, respectively. The last three columns contain
the best-fit values of the model parameters α and γ, and of the 1-2 left angle θeL12 in the charge
lepton sector.
Label (cx, cy, cz) χ
2
Tot χ
2
q χ
2
ν θ23[
◦] δ[◦] γ[◦] α[◦] θeL12 [◦]
1
(
3, 32 ,
1
2
)
a1 (102) 0.17 0.06 0.11 47.9 92.7 68.7 233.1 7.23
a2 0.17 0.06 0.11 47.9 267.3 291.3 126.9 7.23
b1 (120) 4.05 0.06 3.99 41.6 120.1 71.6 148.2 7.22
b2 4.05 0.06 3.99 41.6 239.9 288.4 211.8 7.22
2 (6, 3, 1)
a1 (102) 0.19 0.06 0.14 47.9 93.7 67.7 233.9 7.23
a2 0.19 0.06 0.14 47.9 266.3 292.3 126.1 7.23
b1 (120) 4.19 0.06 4.13 41.5 118.9 72.6 147.0 7.22
b2 4.19 0.06 4.13 41.5 241.1 287.4 213.0 7.22
3
(
9
2 , 2, 1
)
a1 (102) 1.62 1.06 0.56 43.9 103.0 72.9 263.2 5.49
a2 1.62 1.06 0.56 43.9 257.0 287.1 96.8 5.49
b1 (120) 1.06 1.06 0.00 47.2 90.2 71.0 90.5 5.49
b2 1.06 1.06 0.00 47.2 269.8 289.0 269.5 5.49
4
(
9
2 ,
3
2 , 1
)
a1 (102) 1.81 1.12 0.69 43.7 110.9 66.2 272.3 5.33
a2 1.81 1.12 0.69 43.7 249.1 293.8 87.7 5.33
b1 (120) 1.24 1.12 0.12 47.4 93.0 68.8 94.0 5.33
b2 1.24 1.12 0.12 47.4 267.0 291.2 266.0 5.33
5
(
3, 1, 23
)
a1 (102) 1.82 1.12 0.70 43.7 110.7 66.5 272.1 5.32
a2 1.82 1.12 0.70 43.7 249.3 293.5 87.9 5.32
b1 (120) 1.24 1.12 0.12 47.4 93.1 68.7 94.1 5.32
b2 1.24 1.12 0.12 47.4 266.9 291.3 265.9 5.32
6
(
9
2 , 3,
2
3
)
a1 (102) 1.64 0.92 0.72 48.8 83.9 72.5 215.3 8.29
a2 1.64 0.92 0.72 48.8 276.1 287.5 144.7 8.29
b1 (120) 9.68 0.93 8.75 40.4 117.1 78.4 155.0 8.28
b2 9.68 0.93 8.75 40.4 242.9 281.6 205.0 8.28
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Label (cx, cy, cz) χ
2
Tot χ
2
q χ
2
ν θ23[
◦] δ[◦] γ[◦] α[◦] θeL12 [◦]
7
(
6, 2, 32
)
a1 (102) 2.97 0.06 2.91 42.3 117.7 64.3 283.7 4.80
a2 2.97 0.06 2.91 42.3 242.3 295.7 76.3 4.80
b1 (120) 1.77 0.05 1.72 48.3 84.7 77.8 87.7 4.80
b2 1.77 0.05 1.72 48.3 275.3 282.2 272.3 4.80
8
(
6, 6, 12
)
a1 (102) 2.37 0.38 1.99 49.6 84.4 71.5 147.4 14.90
a2 2.37 0.38 1.99 49.6 275.6 288.5 212.6 14.90
a3 8.62 0.43 8.19 40.9 133.9 64.5 63.6 14.93
a4 8.62 0.43 8.19 40.9 226.1 295.5 296.4 14.93
b1 (120) 3.11 0.38 2.74 42.1 121.6 68.9 218.5 14.90
b2 3.11 0.38 2.74 42.1 238.4 291.1 141.5 14.90
9
(
3, 2, 12
)
a1 (102) 3.24 3.12 0.12 47.9 87.4 72.7 226.9 7.42
a2 3.24 3.12 0.12 47.9 272.6 287.3 133.1 7.42
b1 (120) 8.59 3.15 5.45 41.2 114.2 77.5 144.0 7.41
b2 8.59 3.15 5.45 41.2 245.8 282.5 216.0 7.41
b3 11.64 3.19 8.45 49.2 97.0 49.2 75.2 7.40
b4 11.64 3.19 8.45 49.2 263.0 310.8 284.8 7.40
10
(
3, 32 ,
2
3
)
a1 (102) 3.76 3.27 0.49 44.0 102.7 72.6 262.3 5.54
a2 3.76 3.27 0.49 44.0 257.3 287.4 97.7 5.54
b1 (120) 3.28 3.27 0.01 47.1 91.4 69.8 91.5 5.54
b2 3.28 3.27 0.01 47.1 268.6 290.2 268.5 5.54
11
(
6, 92 ,
2
3
)
a1 (102) 4.87 0.14 4.73 50.6 82.0 70.5 187.2 10.97
a2 4.87 0.14 4.73 50.6 278.0 289.5 172.8 10.97
b1 (120) 8.16 0.14 8.01 40.5 128.9 69.9 188.8 10.98
b2 8.16 0.14 8.01 40.5 231.1 290.1 171.2 10.98
12
(
6, 6, 23
)
a1 (102) 5.98 2.65 3.32 50.2 78.0 73.6 182.1 11.28
a2 5.98 2.65 3.32 50.2 282.0 286.4 177.9 11.28
b1 (120) 14.58 2.66 11.92 39.8 125.1 72.7 187.3 11.28
b2 14.58 2.66 11.92 39.8 234.9 287.3 172.7 11.28
13
(
9
2 ,
9
2 ,
1
2
)
a1 (102) 6.13 2.65 3.48 50.2 78.4 73.2 182.3 11.28
a2 6.13 2.65 3.48 50.2 281.6 286.8 177.7 11.28
b1 (120) 14.66 2.66 12.00 39.8 125.0 72.8 187.2 11.28
b2 14.66 2.66 12.00 39.8 235.0 287.2 172.8 11.28
14
(
9
2 , 3,
1
2
)
a1 (102) 6.40 1.56 4.84 50.6 82.9 69.9 189.3 10.81
a2 6.40 1.56 4.84 50.6 277.1 290.1 170.7 10.81
b1 (120) 9.66 1.56 8.09 40.5 128.9 70.0 187.4 10.81
b2 9.66 1.56 8.09 40.5 231.1 290.0 172.6 10.81
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Label (cx, cy, cz) χ
2
Tot χ
2
q χ
2
ν θ23[
◦] δ[◦] γ[◦] α[◦] θeL12 [◦]
15
(
6, 32 , 2
)
b1 (120) 11.62 0.07 11.55 50.3 67.1 99.7 74.5 3.60
b2 11.62 0.07 11.55 50.3 292.9 260.3 285.5 3.60
16
(
9
2 , 1,
3
2
)
b1 (120) 13.25 1.10 12.16 50.3 66.4 101.3 74.3 3.54
b2 13.25 1.10 12.16 50.3 293.6 258.7 285.7 3.54
17
(
3, 23 , 1
)
b1 (120) 13.28 1.09 12.19 50.3 66.5 101.2 74.5 3.54
b2 13.28 1.09 12.19 50.3 293.5 258.8 285.5 3.54
18
(
9
2 ,
3
2 ,
3
2
)
b1 (120) 13.30 3.35 9.95 50.2 62.0 103.7 68.4 3.69
b2 13.30 3.35 9.95 50.2 298.0 256.3 291.6 3.69
19 (6, 2, 2)
b1 (120) 13.36 3.36 10.00 50.2 62.6 103.1 69.0 3.69
b2 13.36 3.36 10.00 50.2 297.4 256.9 291.0 3.69
20 (3, 1, 1)
b1 (120) 13.41 3.35 10.06 50.2 63.1 102.7 69.6 3.69
b2 13.41 3.35 10.06 50.2 296.9 257.3 290.4 3.69
Table 5.3: List of the 12 best-fit points from Table 5.2, with the corresponding labelling, which
predict δPMNS within the experimental 3σ range (see NuFIT 3.2 (2018) [54]). For each best-fit
point the values of the model parameters are stated. Note that model 2 and 5 are not considered,
since they have essentially the same best-fit points as model 1 and 4, respectively (see main text).
Label tan β ηb ηq x y z γ[
◦] θuL12 ma[eV]  α[
◦]
1a2 46.9 0.45 −0.34 0.0072 0.00183 0.00164 291 0.087 0.028 0.103 127
3b2 33.4 −0.17 0.02 0.0035 0.00075 0.00078 289 0.087 0.026 0.119 270
4b2 48.5 0.60 −0.05 0.0050 0.00140 0.00115 291 0.087 0.027 0.117 266
3a2 31.1 −0.15 0.02 0.0032 0.00069 0.00071 287 0.087 0.026 0.116 97
6a2 31.0 −0.14 0.02 0.0031 0.00069 0.00070 288 0.087 0.029 0.099 145
7b2 48.0 0.40 0.31 0.0037 0.00095 0.00085 282 0.087 0.026 0.121 272
4a2 49.3 0.60 −0.05 0.0051 0.00142 0.00117 294 0.087 0.026 0.119 88
8a2 48.7 0.57 0.33 0.0037 0.00097 0.00083 289 0.087 0.029 0.098 213
7a2 49.1 0.49 0.31 0.0038 0.00096 0.00087 296 0.087 0.026 0.125 76
8b2 49.6 0.59 0.33 0.0037 0.00099 0.00085 291 0.087 0.029 0.097 142
9a2 32.5 −0.17 −0.31 0.0050 0.00098 0.00112 287 0.087 0.028 0.102 133
10b2 35.0 −0.08 −0.31 0.0054 0.00105 0.00120 290 0.087 0.026 0.119 269
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Figure 5.3: Graphical illustration of the predictions for θPMNS23 and δ
PMNS. From top left to
bottom right, the plots correspond to the 12 best-fit points from Table 5.3. In each plot the
minimal χ2 contours for given values of θPMNS23 and δ
PMNS are shown, where the best fit-point is
indcated by a black ×. Note, all the shown best-fit points predict δPMNS within the experimental
3σ range. The title of each plot contains the labelling of the best-fit point, as well as the
corresponding values of (cx, cy, cz) and the chosen CSD2 scenario.
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Figure 5.4: Combination of the χ2 contours from the 12 plots in Figure 5.3 in the θPMNS23 -δ
PMNS
plane. The grey area represents the region outside the experimental 3σ ranges of θPMNS23 and
δPMNS, which are given by [40.3◦, 51.5◦] and [144◦, 374◦], respectively (see NuFIT 3.2 (2018) [54]).
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Figure 5.5: The 1σ HPD intervals of the Yukawa ratio yd/ys, shown as vertical red lines, for all
the 20 combintions of CG coefficients listed in Table 5.3, where the intervals are independent of
the choice of the CSD2 scenario. The horizontal dashed line indicates the experimental central
value of the Yukawa ratio, and the grey areas represent the regions outside the experimental 1σ
range. These values are is given by yd/ys = 5.06
+0.78
−0.42 · 10−2 [94].
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Figure 5.6: The 1σ HPD intervals of the effective mass 〈mββ〉 in neutrinoless double-beta decay,
shown as vertical red lines, for the 12 models with lowest χ2 listed in Table 5.3. The mass is
given in eV.
CHAPTER 6
Yukawa ratio predictions in
non-renormalizable SO(10) GUT models
6.1 Motivation
In flavour GUT models, the concept of single operator dominance, where each entry
of the MSSM Yukawa matrices is dominantly generated from one (non-)renormalizable
GUT operator, has the attractive feature, that it can give rise to fixed ratios between
the Yukawa couplings of different fermion sectors at the GUT scale. These ratios are
typically given by group theoretical Clebsch-Gordan factors. Although models of this
type have a larger particle content compared to minimal GUT models, which achieve
GUT symmetry breaking and fitting of the experimental data by a minimal set of fields
and parameters, they have the potential to be very predictive for mass ratios, mixing
angles and CP violating phases in the fermion sector, especially in combination with a
discrete flavour symmetry. The Yukawa terms at the MSSM level are formed, if the extra
field representations, i.e. the ones which do not contain MSSM degrees of freedom, in the
non-renormalizable operators of the Yukawa sector acquire vevs at the GUT scale, which
break GUT symmetry but are singlets under the SM gauge group.
A possible way to generate the non-renormalizable operators from a renormalizable
superpotential is to introduce so-called mediator fields, which have masses above the
GUT scale. Once these mediators are integrated out at the GUT scale, the non-
renormalizable operators are identified with the generated effective operators. The form
of the effective operators, and thus also the predicted Clebsch-Gordan coefficients, depend
on the representations of the mediators, and how exactly the renormalizable couplings
are implemented. Along these lines, a classification of CG factors has been worked out
in [133,134] in the context of SU(5) for (non-) renormalizable superpotential operators up
to dimension 4. This set of CG-coefficients we used in Chapter 5 to investigate a class of
predictive SU(5) flavour GUT models.
A similar analysis of possible predictions for Yukawa ratios at the GUT scale can in
principle be done in the context of SO(10). GUTs with an SO(10) gauge group have the
attractive feature, that the MSSM Yukawa matrices of all fermion sectors are connected
via GUT relations, because all SM fermions of one generation, including a right-handed
neutrino, are embedded into a single irreducible representation. However, it turns out
that such an analysis in SO(10) is more involved than in the SU(5) case, manly because of
the following two points: first, irreducible SO(10) representations can contain more than
one SM singlet state, which is not the case for (low-dimensional) SU(5) representations.
Thus, the exact alignment of each of the SM singlet vevs at the GUT scale has an
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influence on the predictions for the MSSM Yukawa couplings. Second, as discussed in
Section 3.3, if the GUT representations in the Higgs sector of a model contain more than
one doublet-antidoublet pair (1,2)(±1
2
), the EW doublets Hu and Hd may not be well
aligned with these states, depending on the form of the doublet mass matrix and thus
also on the implementation of doublet-triplet splitting in the Higgs sector. Because of the
stronger Yukawa relations in SO(10), this ambiguity can not be absorbed by redefinitions
of parameters like in SU(5).
The purpose of this chapter is to investigate the predictions for the MSSM Yukawa
couplings at the GUT scale for a class of non-renormalizable SO(10) Yukawa operators,
by taking the above mentioned points into account. Our results are an extension of the
analysis in [138]. We furthermore show, that single operator dominance can be achieved
by constructing the non-renormalizable operators via mediators.
This chapter is based on the publication [3] and is organized as follows: in Section 6.2
the class of non-renormalizable Yukawa operators is defined and the predictions for the
MSSM Yukawa couplings are worked out. Furthermore, in Section 6.3 we show how these
operators can be generated from renormalizable interactions by using mediators, and in
Section 6.4 we provide examples of predictive Higgs sectors.
6.2 A class of non-renormalizable Yukawa operators
in SO(10)
The class of non-renormalizable SO(10) superpotential operators in the Yukawa sector,
which we consider throughout this chapter, are of the schematic form
W ⊃ 16I · 16J ·H · 45n · 210m , (6.1)
where 16I,J contains the fermionic supermultiplets of the MSSM (including a right-handed
neutrino) with family indices I, J ∈ {1, 2, 3}. Furthermore, n and m are arbitrary powers,
and it is assumed that the 45 and 210 acquire SM singlet vevs at the GUT scale. In
principle, each 45 or 210 factor can correspond to a separate field. Because of the
decomposition of the product
16 ⊗ 16 = 10⊕ 126⊕ 120 , (6.2)
we choose H to be a 10, 126 or 120. Each of these representations contain SU(2)L
doublets/antidoublets (1,2)(±1
2
) (cf. Table 3.1), so they are suitable to form MSSM
Yukawa terms.
As stated in Table 3.1, the 45 contains 2 SM singlet states, while 210 has 3 SM singlets.
Thus, their vevs can lie in an arbitrary direction in the space of singlets, i.e. in C2 and
C3, respectively. For specifying the singlet states, it is convenient to make use of a basis
adapted to the maximal subgroup G51, namely
X1 := 〈1〉45 , X2 := 〈24〉45 ,
Z1 := 〈1〉210 , Z2 := 〈24〉210 , Z3 := 〈75〉210 .
(6.3)
The angle brackets indicate the irreducible representation of G51 the singlets belong to,
while their SO(10) origin is specified by the index. Alternatively, one can make use of a
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basis adapted to the Pati-Salam group G422:
X˜1 := 〈(1,1,3)〉45 , X˜2 := 〈(15,1,1)〉45 ,
Z˜1 := 〈(1,1,1)〉210 , Z˜2 := 〈(15,1,1)〉210 , Z˜3 := 〈(15,1,3)〉210 .
(6.4)
The connection between the G51 and G422 adapted bases is given by
X˜1 =
√
2
5
X1 −
√
3
5
X2 ,
X˜2 =
√
3
5
X1 +
√
2
5
X2 ,
Z˜1 =
1√
10
Z1 −
√
2
5
Z2 +
1√
2
Z3 ,
Z˜2 =
√
3
10
Z1 + 2
√
2
15
Z2 +
1√
6
Z3 ,
Z˜3 =
√
3
5
Z1 − 1√15 Z2 − 1√3 Z3 .
(6.5)
Moreover, the SU(5) and Pati-Salam aligned states are normalized such that their vevs
are orthonormal:
〈45∗ij · 45ij〉 = |X1|2 + |X2|2 = |X˜1|2 + |X˜2|2 ,
〈210∗ijkl · 210ijkl〉 = |Z1|2 + |Z2|2 + |Z3|2 = |Z˜1|2 + |Z˜2|2 + |Z˜3|2 ,
(6.6)
using the conventions from Section 3.2.
The H-representations 10, 126 and 120 contain doublets (1,2)(+1
2
) and antidoublets
(1,2)(−1
2
) of the SM group G321. While each of the two representations 10 and 126
contains one doublet-antidoublet pair, the representation 120 contains two pairs. In
addition, there is also an SM singlet in 126. These states are labelled in the following
under the embedding chain G321 ⊆ G51 ⊆ SO(10) (cf. Table 3.1): the doublets are
Hu1 ≡ (1,2)(+12) ⊆ 5(+2) ⊆ 10 ,
Hu2 ≡ (1,2)(+12) ⊆ 5(+2) ⊆ 126 ,
Hu3 ≡ (1,2)(+12) ⊆ 5(+2) ⊆ 120 ,
Hu4 ≡ (1,2)(+12) ⊆ 45(+2) ⊆ 120 ,
(6.7)
the antidoublets are
Hd1 ≡ (1,2)(−12) ⊆ 5(−2) ⊆ 10 ,
Hd2 ≡ (1,2)(−12) ⊆ 45(−2) ⊆ 126 ,
Hd3 ≡ (1,2)(−12) ⊆ 5(−2) ⊆ 120 ,
Hd4 ≡ (1,2)(−12) ⊆ 45(−2) ⊆ 120 ,
(6.8)
and the singlet vev in 126 is written as
∆ ≡ 〈(1,1, 0)〉 ⊆ 〈1(10)〉 ⊆ 〈126〉 . (6.9)
All the states Hui , H
d
i and the vev ∆ are canonically normalized analogous to Eq. (6.6).
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In order to get Yukawa relations which differ from the renormalizable case, i.e.
m = n = 0, the GUT scale factors should contract in a non-trivial way with the EW Higgs
representation H and the fermionic representations 16I,J . This is most easily achieved by
writing the H, 45 and 210 as 32×32 matrices in spinor space (cf. Eq. (3.31)). Furthermore,
the 16 is embedded into a 32-dimensional vector according to Eq. (3.26). Actually, we
limit ourselves to invariants of this form, i.e. where the contractions happen in a “spinorial
way”. A general superpotential operator of this form is then written as
W ⊃
( n∏
i=1
m∏
j=1
45αi210βj
)A
D (16I)
D CAB H
B
E
( n′∏
k=1
m′∏
l=1
45α′k210β′l
)E
F (16J)
F , (6.10)
with the spinor indices A,B,C,D,E, F ∈ {1, ..., 32} and the charge conjugation matrix
CAB specified in Eq. (3.23). The products over i, j, k, l in parentheses represent ordinary
matrix multiplications. Since the SM singlet vevs 〈45〉 and 〈210〉 form diagonal matrices,
they commute among each other, but they do not commute with the doublets/antidoublets
in H. Thus, in Eq. (6.10) we distinguish whether a 45 or 210 acts on 16I or 16J , which
is also indicated by primed and unprimed labels.
The n + n′ factors of the representation 45 have an index αi or α′k, since they may
correspond to different fields. Thus, the SM singlet vevs of these factors may point in
different directions. Analogously the m + m′ factors of the representation 210 carry an
index βj or β
′
l. The more complicated labels, e.g. αi instead of i, are used later to indicate
specific alignments of the vevs.
The type of operators as in Eq. (6.10) can be generated from a renormalizable theory
by integrating out heavy mediators of the type 16 and 16, which is investigated in detail
in Section 6.3.
Broadly speaking, there are two approaches how to generate Yukawa terms from a
non-renormalizable operator as in Eq. (6.10):
• The GUT scale vevs in the 45 and 210 are in the well aligned “discrete” directions
of the maximal subgroups G51 and G422 from Eq. (6.3) and (6.4). These directions
can be generated, for example, by a suitable set of invariants in the superpotential
of the Higgs sector.
• The GUT scale vevs are not restricted to the discrete directions from the previous
point, but they can have “arbitrary” (continuous) directions in the SM singlet spaces
of the representations 45 and 210. This approach is suitable if the Higgs sector of
a model does not fix the alignments, or if one assumes that the Higgs sector is rich
enough to generate such an alignment, without explicitly constructing it.
The results for the two cases are discussed in Section 6.2.1 and 6.2.2, respectively. In
principle, there is also the “mixed” case, where some GUT scale vevs point in discrete and
some in arbitrary directions. We briefly comment on that case at the end of Section 6.2.2.
6.2.1 Discrete directions
It is assumed that the GUT scale vev of each factor 45αi and 45α′k in Eq. (6.10) lies in
one of the four well aligned directions X1, X2, X˜1 or X˜2 defined in Eq. (6.3) and (6.4),
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which specifies the labelling, e.g. α1 = X1 or α1 = X˜2. Analogously, it is assumed that
the vevs of each 210βj and 210β′l has one of the six alignments Z1, Z2, Z3, Z˜1, Z˜2 and
Z˜3. However, we do not specify how these vev alignments can be constructed from a GUT
Higgs superpotential.
This setup is an extension of the studies in [138], where they only considered the
factors 45 in the case H = 10. Since discrete vev alignments do not introduce additional
parameters into the Yukawa sector, this approach of constructing Yukawa terms is the
analogue of the predictive approach with Clebsch-Gordan coefficients in SU(5) GUTs,
as for example in Chapter 5. However, in SO(10) there may be additional freedom in
the Yukawa predictions, because of the possible non-alignment of the light MSSM Higgs
doublets with the doublets in the GUT representations, as discussed later in this section
(cf. also Section 3.3).
As stated above, in spinor notation the GUT scale vevs 〈45〉AB and 〈210〉AB, which
are aligned in one of the discrete directions, form diagonal 32× 32 matrices. Furthermore,
the 16A, which contains the SM fermions of one family, and the conjugate representation
16
A
are embedded into a 32-dimensional vector according to Eq. (3.26). Thus, each entry
on the diagonal of 〈45〉AB and 〈210〉AB corresponds to an SM particle p or its conjugate
p¯ and is labelled by q(p) or q(p¯), referred to as “charge”. The charges are normalized such
that q(Q) = 1 for the quark doublet (or q(uc) = 1 if q(Q) = 0). Note that q(p¯) = −q(p).
A list of the charges and the corresponding normalization factors N of the vevs, regarding
the normalizations in Eq. (6.6), is provided in Table 6.1 and 6.2. Knowing these quantities
is sufficient to reconstruct the vev matrices 〈45〉AB and 〈210〉AB.
Table 6.1: The charges q for the SM fermions for the different vev alignments X of the 45 listed
in Eq. (6.3) and (6.4), including the corresponding normalization factors N .
Particle X1 X2 X˜1 X˜2
Q 1 1 0 1
uc 1 −4 1 −1
dc −3 2 −1 −1
L −3 −3 0 −3
ec 1 6 −1 3
νc 5 0 1 3
N −√2/5 −2/√15 2 −√2/3
Using these charges to express the GUT scale vevs of the 45 and 210, the general
Yukawa operator from Eq. (6.10) for fixed family indices I and J takes the following form
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Table 6.2: The charges q for the SM fermions for the different vev alignments Z of the 210
listed in Eq. (6.3) and (6.4), including the corresponding normalization factors N .
Particle Z1 Z2 Z3 Z˜1 Z˜2 Z˜3
Q 1 1 1 1 1 0
uc 1 −4 −1 −1 1 1
dc −1 −6 0 −1 1 −1
L −1 9 0 1 −3 0
ec 1 6 −3 −1 −3 3
νc −5 0 0 −1 −3 −3
N 4√3/5 −4/√15 8√3 2√6 2√2 4
at the MSSM level:
W ⊃ C
Λn+n′+m+m′
( ∏
i,j,k,l
NαiNβjNα′kNβ′l Xαi Xα′k Zβj Zβ′l
) (
QI u
c
J H
H
u
[
CHud
∏
i,j,k,l
qαi(Q) qβj(Q) qα′k(u
c) qβ′l(u
c)
]
+QJ u
c
I H
H
u
[
sHCHud
∏
i,j,k,l
qαi(u
c) qβj(u
c) qα′k(Q) qβ′l(Q)
]
+QI d
c
J H
H
d
[
CHud
∏
i,j,k,l
qαi(Q) qβj(Q) qα′k(d
c) qβ′l(d
c)
]
+QJ d
c
I H
H
d
[
sHCHud
∏
i,j,k,l
qαi(d
c) qβj(d
c) qα′k(Q) qβ′l(Q)
]
+ LI e
c
J H
H
e
[
CHeν
∏
i,j,k,l
qαi(L) qβj(L) qα′k(e
c) qβ′l(e
c)
]
+ LJ e
c
I H
H
e
[
sHCHeν
∏
i,j,k,l
qαi(e
c) qβj(e
c) qα′k(L) qβ′l(L)
]
+ LI ν
c
J H
H
ν
[
CHeν
∏
i,j,k,l
qαi(L) qβj(L) qα′k(ν
c) qβ′l(ν
c)
]
+ LJ ν
c
I H
H
ν
[
sHCHeν
∏
i,j,k,l
qαi(ν
c) qβj(ν
c) qα′k(L) qβ′l(L)
]
+ νcI ν
c
J ∆
[
CH∆
∏
i,j,k,l
qαi(ν
c) qβj(ν
c) qα′k(ν
c) qβ′l(ν
c)
])
. (6.11)
The Nαi and qαi label the normalization factors and the charges from Table 6.1 for the
alignments Xαi ∈ {X1, X2, X˜1, X˜2} of the factors 〈45αi〉. The same definitions hold for
Nα′k and qα′k . Moreover, the normalization factors and charges corresponding to the factors
〈210βj〉 and 〈210β′l〉 can be read off from Table 6.2. The H-dependent constants sH and
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CH are given in Table 6.3, where in addition the fields HHu,d,e,ν in terms of the doublets H
u
i
and antidoublets Hdi from Eq. (6.7) and (6.8), respectively, are defined. Finally, the non-
renormalizable operator is suppressed by the mass scale Λ, e.g. the mass scale of mediators,
to the power n + n′ + m + m′, and C is a dimensionless constant. Note that the product
of normalizations N and the product of vev sizes X or Z can be absorbed into the overall
operator coefficient C/Λn+n
′+m+m′ .
Table 6.3: The H-dependent quantities which are present in Eq. (6.11), where H represents
either a 10, a 126 or a 120.
H 10 126 120
sH 1 1 −1
CHud
√
2 4
√
10 4
CHeν
√
2 −12√10 −4√3
CH∆ 0 −16
√
15 0
HHu H
u
1 H
u
2 H
u
4
HHd H
d
1 H
d
2
√
3
2
Hd3 − 12Hd4
HHe H
d
1 H
d
2
1
2
Hd3 +
√
3
2
Hd4
HHν H
u
1 H
u
2 H
u
3
Since both 16I and 16J contain all SM fermions of one generation, including a right-
handed neutrino, for each of the four fermion sectors there are always two Yukawa operators
in Eq. (6.11). For example, in the up-sector the field Q either originates from 16I and u
c
from 16J or vice versa, leading to the two Yukawa terms. The last term in Eq. (6.11),
which contains the SM singlet vev ∆, forms a Majorana mass term of the right-handed
neutrinos. This term is only present if H = 126, since 10 and 120 do not contain an SM
singlet.
The doublet and antidoublet states Hui and H
d
i of H, which are connected to the fields
HHu,d,e,ν in Eq. (6.11) via the relations in Table 6.3, may not be well aligned with the light
MSSM doublets Hu and Hd, if there are multiple doublet-antidoublet pairs in a specific
model. The alignment depends on the form of the doublet mass matrix MD, which in turn
depends on the form of the Higgs sector of the model. Since only the EW doublets Hu and
Hd acquire a vev, the masses of the SM fermions may depend on Higgs sector parameters
which enter MD, as discussed in Section 3.3. Moreover, because in GUTs the doublet
and triplet mass matrices are associated, the dependence on the Higgs sector parameters
is directly related to doublet-triplet splitting. Although the construction of a complete
Higgs sector is beyond the scope of this chapter, in Section 6.4 we provide some examples
of simple Higgs sector scenarios, which are predictive in the Yukawa sector, i.e. they do
not introduce additional parameters in the Yukawa sector.
A GUT operator with family indices (I, J) contributes to the entries (I, J), but also
to the entries (J, I) of the Yukawa matrices at the MSSM level. Thus, if one wants to
implement single operator dominance in all the Yukawa entries, i.e. every Yukawa entry
is dominantly generated by only one operator, in order to obtain maximal predictivity,
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there can be at most six (dominant) Yukawa operators at the GUT level. It is well known,
that for renormalizable operators, i.e. n = n′ = 0 and m = m′ = 0, the Yukawa matrices
are symmetric in case of H is equal to 10 or 126, and antisymmetric for the 120, which
is reproduced by the factor sH in Eq. (6.11). However, for non-renormalizable operators
these symmetry properties are lost, because the product over αi, βj of the charges acting
on 16I is not the same as the product over α
′
k, β
′
l of charges acting on 16J .
Of particular importance for flavour GUT model building are predictions for ratios of
the diagonal Yukawa entries between the different sectors. The Yukawa ratios for the case
I = J read
(Ye)II
(Yd)II
= χHed
CHeν
CHud
∏
i,j,k,l
qαi(L) qβj (L) qα′k(e
c) qβ′l(e
c) + sH
∏
i,j,k,l
qαi(e
c) qβj (e
c) qα′k(L) qβ
′
l
(L)∏
i,j,k,l
qαi(Q) qβj (Q) qα′k(d
c) qβ′l(d
c) + sH
∏
i,j,k,l
qαi(d
c) qβj (d
c) qα′k(Q) qβ
′
l
(Q)
,
(Yu)II
(Yd)II
= χHud
∏
i,j,k,l
qαi(Q) qβj (Q) qα′k(u
c) qβ′l(u
c) + sH
∏
i,j,k,l
qαi(u
c) qβj (u
c) qα′k(Q) qβ
′
l
(Q)∏
i,j,k,l
qαi(Q) qβj (Q) qα′k(d
c) qβ′l(d
c) + sH
∏
i,j,k,l
qαi(d
c) qβj (d
c) qα′k(Q) qβ
′
l
(Q)
,
(Yν)II
(Yd)II
= χHνd
CHeν
CHud
∏
i,j,k,l
qαi(L) qβj (L) qα′k(ν
c) qβ′l(ν
c) + sH
∏
i,j,k,l
qαi(ν
c) qβj (ν
c) qα′k(L) qβ
′
l
(L)∏
i,j,k,l
qαi(Q) qβj (Q) qα′k(d
c) qβ′l(d
c) + sH
∏
i,j,k,l
qαi(d
c) qβj (d
c) qα′k(Q) qβ
′
l
(Q)
,
(6.12)
where the factors χH are defined by
χHed :=
HHe
HHd
, χHud :=
HHu
HHd
Hd
Hu
, χHνd :=
HHν
HHd
Hd
Hu
. (6.13)
These factors may depend on parameters of the Higgs sector due to the presence of the
fields HHu,d,e,ν in the definitions, as discussed above. Though, there are simple scenarios of
Higgs sectors, as shown in Section 6.4, for which the χH are fixed numbers. For each of
these scenarios the values for the χH factors are listed in Table 6.4, where the numbering
# of the scenarios corresponds to the one in Table 6.7. Furthermore, for each scenario
the available Higgs representations H are listed. Usually H corresponds to a particular
representation, however in scenario #5 and 6 two different H-representations are available.
Finally, a general observation is, that χHed = 1 if H = 10 or H = 126, independent of the
form of the Higgs sector, because HHd = H
H
e in this case (cf. Table 6.3).
Although SU(5) is a subgroup of SO(10), Clebsch-Gordan ratios between the down-
quark and the charged lepton sector from SU(5) operators are not necessarily reproduced
in SO(10), since each SO(10) Yukawa operator actually combines two operators at the
SU(5) level in a given sector, thus modifying the singe operator SU(5) predictions (cf.
Eq. (6.11) and (6.12)). However, since at the renormalizable level the products over
i, j, k, l in Eq. (6.12) are just equal to 1, and also χHed = 1 in case of H ∈ {10,126}, the
ratio between the down-quark and the charged lepton Yukawa coupling is simply given by
CHeν/C
H
ud. For the two choices of H we then get the Yukawa ratios 1 and −3, respectively,
which correspond to b-τ unification and the Georgi-Jarlskog factor [132], respectively, in
the context of SU(5).
An application of the general formula for the calculation of Yukawa ratios in Eq. (6.12)
is given in Table 6.5, where the Yukawa ratios for all superpotential operators up to
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Table 6.4: Examples of scenarios where the χH factors have fixed numerical values. The
scenarios correspond to the predictive Higgs sectors listed in Table 6.7 with the same numbering
#. For each case the available representation(s) H and the values of the χH factors are listed.
# H χHed χ
H
ud χ
H
νd
1 10 1 1 1
2 120 −1/√3 −1 1/√3
3 120
√
3 1
√
3
4 126 1 1 1
5 10 1 −1 −1
120 −1/√3 −1 1/√3
6 10 1 −1 −1
120
√
3 1
√
3
dimension 5, i.e. n + n′ + m + m′ ≤ 2, and for all possible combinations of discrete vev
alignments which provide |(Ye)II/(Yd)II | ≤ 8 are calculated, in the predictive scenario
#1 from Table 6.4. In this scenario H = 10, with Hu1 = Hu and H
d
1 = Hd, and all χ
H = 1.
Table 6.5 shows, that different GUT operators or different vev alignments may predict
the same Yukawa ratios, thus they are listed under the same number. The predicted
Clebsch-Gordan coefficients are also graphically illustrated in Figure 6.1, using the same
numbering. The purpose of the figure is that one can quickly find suitable Yukawa ratios
for model building, where the corresponding GUT operators can then be read off from the
table.
6.2.2 Arbitrary directions
It is assumed that the GUT scale vevs of the 45 and 210 can point in an arbitrary
directions in the singlet spaces C2 and C3, respectively. For simplicity, we restrict ourselves
to the case, where a Yukawa operator as in Eq. (6.10) only contains one single copy
of a 45 and 210, i.e. all the n + n′ vevs associated with αi and α′k point in the same
direction, and analogous for the m + m′ vevs corresponding to βj and β′l. Since there is
at most one copy of each representation, a minimal set of new parameters from the vev
alignments is introduced, which provides maximal predictivity. Note that this approach
of constructing Yukawa terms has no good analogue in SU(5), since low dimensional
irreducible representations of SU(5) contain at most one SM singlet state, thus there
is no freedom in the alignment of the GUT scale vevs.
Since only the directions of the GUT scale vevs, but not their size (which can be
absorbed into the overall operator coefficient), have an impact on the predicted Yukawa
relations between the different sectors, we define the following complex ratios:
κ := X2/X1 , κ1 := Z2/Z1 , κ2 := Z3/Z1 , (6.14)
using the G51 adapted bases. The discrete alignments from Eq. (6.3) and (6.4) used in
Section 6.2.1 correspond to special values of these ratios, which are determined by applying
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Eq. (6.5) and (6.14), and are listed in Table 6.6.
In order to reconstruct the entries in the diagonal matrices 〈45〉AB and 〈210〉AB, we
consider the combined charge of a particle p ∈ {Q, uc, dc, L, ec, νc} with respect to a vev
alignment specified by the ratios κ, κ1 and κ2. These combined charges concerning the 45
and 210 are given by the order one polynomials Pp(κ) and Rp(κ1, κ2), respectively:
Pp(κ) :=
1
X1
2∑
i=1
NXi qXi(p) Xi
= NX1 qX1(p) +NX2 qX2(p) κ ,
(6.15)
Rp(κ1, κ2) :=
1
Z1
3∑
i=1
NZi qZi(p) Zi
= NZ1 qZ1(p) +NZ2 qZ2(p) κ1 +NZ3 qZ3(p) κ2 .
(6.16)
In these definitions, again the G51 adapted bases Xi (i ∈ {1, 2}) and Zi (i ∈ {1, 2, 3}) for
the GUT scale vevs are used. Furthermore, the normalization factors NXi and NZi , as
well as the charges qXi(p) and qZi(p) are listed in Table 6.1 and 6.2.
Having specified the combined charges for an arbitrary vev alignment in Eq. (6.15) and
(6.16), the general Yukawa operator from Eq. (6.10) for fixed family indices I and J and
one single copy of a 45 and 210 takes the following form at the MSSM level:
W ⊃ C
Λn+n′+m+m′
Xn+n
′
1 Z
m+m′
1
(
QI u
c
J H
H
u
[
CHud PQ(κ)
nRQ(κ1, κ2)
m Puc(κ)
n′ Ruc(κ1, κ2)
m′
]
+QJ u
c
I H
H
u
[
sHCHud Puc(κ)
nRuc(κ1, κ2)
m PQ(κ)
n′ RQ(κ1, κ2)
m′
]
+QI d
c
J H
H
d
[
CHud PQ(κ)
nRQ(κ1, κ2)
m Pdc(κ)
n′ Rdc(κ1, κ2)
m′
]
+QJ d
c
I H
H
d
[
sHCHud Pdc(κ)
nRdc(κ1, κ2)
m PQ(κ)
n′ RQ(κ1, κ2)
m′
]
+ LI e
c
J H
H
e
[
CHeν PL(κ)
nRL(κ1, κ2)
m Pec(κ)
n′ Rec(κ1, κ2)
m′
]
+ LJ e
c
I H
H
e
[
sHCHeν Pec(κ)
nRec(κ1, κ2)
m PL(κ)
n′ RL(κ1, κ2)
m′
]
+ LI ν
c
J H
H
ν
[
CHeν PL(κ)
nRL(κ1, κ2)
m Pνc(κ)
n′ Rνc(κ1, κ2)
m′
]
+ LJ ν
c
I H
H
ν
[
sHCHeν Pνc(κ)
nRνc(κ1, κ2)
m PL(κ)
n′ RL(κ1, κ2)
m′
]
+ νcI ν
c
J ∆
[
CH∆ Pνc(κ)
n+n′ Rνc(κ1, κ2)
m+m′
])
. (6.17)
The Yukawa operator has a similar form as the one in Eq. (6.11) in the case of discrete
alignments, where the products over i, j, k, l are replaced by powers n, n′,m,m′ of the
polynomials Pp and Rp. Note that the normalization factors N of the vevs are integrated
in the polynomials, thus they can not be absorbed by the coefficient in front of the operator.
Again, the H-dependent quantities are listed in Table 6.3, and for each of the four sectors
there are two Yukawa terms in Eq. (6.17).
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The most general approach to generate Yukawa terms from a non-renormalizable
operator as in Eq. (6.10) can be treated by a straight forward extension of the result
in Eq. (6.17). In particular, this approach describes the case of multiple 45 and 210
where each GUT scale vev points in its own (arbitrary) direction. The corresponding
Yukawa terms are then calculated by replacing the powers of the polynomials P and R in
Eq. (6.17) by a product, where each polynomial correspond to one GUT scale vev, thus
having its own κ-variable(s). Discrete alignments in SU(5) or Pati-Salam directions are
described by using the special κ-values from Table 6.6.
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Table 6.5: List of Yukawa ratios from Eq. (6.12) for H = 10 and the predictive scenario #1 from
Table 6.4. All ratios for superpotential operators up to dimension five (i.e. n+ n′ +m+m′ ≤ 2)
using the discrete SU(5) and Pati-Salam vev alignments of the 45 and 210 from Eq. (6.3) and
(6.4) are presented, which feature |(Ye)II/(Yd)II | ≤ 8. For each tuple of Yukawa ratios, all
suitable combinations of vev alignments are listed, where the fields {45αi ,210βj} on the left-
and the fields {45α′k ,210β′l} on the right-hand side of the 10 are separated by a vertical bar. A
dot indicates that there is no field.
Nr
(
(Ye)II
(Yd)II
, (Yu)II(Yd)II ,
(Yν)II
(Yd)II
) ({45αi ,210βj}|{45α′k ,210β′l})
1 (−3,−1, 3) (Z˜3|·) , (X˜1, X˜2|·) , (X1, Z˜2|·) , (X2, Z˜2|·) , (X˜1, Z˜2|·) ,
(Z˜1, Z˜3|·) , (X1|X˜1) , (X2|X˜1) , (X˜1|X˜2) , (X1|Z˜2) ,
(X2|Z˜2) , (X˜1|Z˜2) , (Z˜1|Z˜3)
2 (−3, 0, 0) (Z3|·) , (X1, Z3|·) , (Z1, Z3|·) , (X1|Z3) , (Z1|Z3)
3 (−3, 35 ,−95) (Z2|·) , (X1, X2|·)
4 (−3, 1,−3) (Z˜2|·) , (X˜1, Z˜3|·) , (X˜2, Z˜1|·) , (X˜2|Z˜1)
5 (−97 , 57 ,−277 ) (X˜2, Z2|·) , (X˜2|Z2)
6 (−2119 ,− 319 ,−2719) (X1, Z2|·)
7 (−1,−1, 1) (X˜1|Z1)
8 (−1,−23 , 0) (X˜1, Z2|·)
9 (−1, 0,−2) (X1, Z˜1|·) , (X1|Z˜1)
10 (−1, 0, 2) (Z1, Z˜1|·) , (Z1|Z˜1)
11 (−1, 1,−5) (X˜1, Z1|·)
12 (− 911 ,−1711 , 2711) (X2, Z2|·)
13 (−37 ,−37 ,−97) (Z1, Z2|·)
14 (−37 , 37 , 457 ) (Z1|Z2)
15 (−13 , 13 , 53) (X1, X˜1|·)
16 (0,−1, 0) (X˜1|Z3) , (Z3|Z˜3)
17 (37 ,
5
7 ,
9
7) (Z2, Z˜1|·) , (Z2|Z˜1)
18 (1,−1,−5) (Z1|Z1)
19 (1,−1,−1) (X1|·) , (X2|·) , (X˜1|·) , (X˜1, Z˜1|·) , (X˜1|Z˜1)
20 (1,−12 ,−52) (X1|Z1)
21 (1,−13 , 5) (X1|X1)
22 (1, 15 ,
17
5 ) (X1, X1|·)
23 (1, 13 ,−5) (X1, Z˜3|·) , (X1|Z2)
24 (1, 12 ,−112 ) (X1, Z1|·)
25 (1, 1, 1) (·|·) , (X˜1, X˜1|·) , (Z˜1, Z˜1|·) , (Z˜1|Z˜1)
26 (1, 1, 13) (Z1, Z1|·)
27 (3,−1,−3) (Z1|Z˜3)
28 (3,−23 , 0) (Z2, Z˜3|·)
29 (3, 0,−6) (X˜2, Z1|·) , (X˜2|Z1)
30 (3, 0, 6) (X1, X˜2|·) , (X1|X˜2)
31 (3, 1, 15) (Z1, Z˜3|·)
32 (3, 2, 0) (X2, X˜1|·) , (Z3, Z˜1|·) , (Z3|Z˜1)
33 (11737 ,
17
37 ,
81
37) (Z2, Z2|·)
34 (92 ,−52 , 0) (X2|Z3)
35 (92 ,
5
6 , 0) (Z2|Z3)
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Figure 6.1: Graphical illustration of the Yukawa ratios that are listed in Table 6.5 with the
same numbering, which is specified on the x-axis. The tuples of Yukawa ratios are ordered
lexicographically with respect to the values of the three ratios.
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Table 6.6: List of the special values of the ratios κ, κ1 and κ2 which reproduce the discrete vev
alignments in the representations 45 and 210 from Eq. (6.3) and (6.4).
alignment κ alignment κ1 κ2
X1 0 Z1 0 0
X2 ∞ Z2 ∞ 0
Z3 0 ∞
X˜1 −
√
3/2 Z˜1 −2
√
5
X˜2
√
2/3 Z˜2 4/3
√
5/9
Z˜3 −1/3 −
√
5/9
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6.3 Construction of the Yukawa operators via
mediators
A non-renormalizable superpotential operator of the schematic form as in Eq. (6.1)
generates Yukawa terms at the MSSM level, once the 45 and 210 acquired SM singlet
vevs at the GUT scale. Apart from the choice of the Higgs representation H, the GUT
scale vev alignments and the powers n and m, also the particular contraction of the SO(10)
representations to form a gauge singlet impacts the shape of the MSSM Yukawa terms.
For example, in the case of H = 10, n = 1 and m = 0, there are two possible independent
ways of contracting the indices, namely
W ⊃ 45AD (16I)D CAB 10BE (16J)E , (6.18)
W ⊃ (16I)ACAB (45 · 10)BE (16J)E , (6.19)
where
(45 · 10)BE = 45ij Pjk 10k (Γi)BE , (6.20)
using the conventions from Section 3.2. The difference between the two invariants is,
whether the 10 and the 45 are contracted via a spinor index, as in Eq. (6.18), or via
a fundamental index, as in Eq. (6.19). Since both operators contain the same set of
fields, also additional global U(1) or Zk symmetries can not distinguish between the two
invariants. Thus, from the point of view of symmetries always both operators are present
for a specific tuple of family indices (I, J). However, this is in contradiction with the
concept of single operator dominance.
A way to resolve this shortcoming in model building, apart from artificially setting one
operator to zero, is, to generate the non-renormalizable operators as effective operators
from a renormalizable theory by integrating out heavy mediator fields, which have masses
above the GUT scale. For example, the operator in Eq. (6.18) is obtained from a
renormalizable superpotential by integrating out mediators in the representations 16 and
16 (embedded into 32-dimensional vectors as in Eq. (3.26)). On the other hand, the
operator in Eq. (6.19) is generated via a mediator 10. In principle, we could also choose a
mediator 120 instead of the 10, however the resulting operator is not linearly independent
from the other two. The two cases are graphically illustrated in Figure 6.2. This shows,
that for a particular set of mediators only one of the two operators in Eq. (6.18) and (6.19)
is generated.
The above considerations also apply to general operators as in Eq. (6.1). In Figure 6.3
it is shown, how a non-renormalizable operator with H = 10 and an arbitrary number
of 45 is generated by using mediators of the type 16 and 16. In general, each GUT
scale vev 〈45〉 can point in a different direction. Optionally, a 45 can be replaced by
a 210, and the 10 by a 126 or 120, in order to describe the general case. Because of
the mediators 16 and 16, in the effective operator the contractions between the 45 and
the 10 happen via a spinor index. Thus, the effective operator in Figure 6.3 corresponds
to a non-renormalizable operator as in Eq. (6.10). As already discussed, because the
matrices 〈45〉AB and 〈210〉AB are diagonal, they commute among each other, but they do
not commute with the EW doublets in HAB. Thus, the relative order of the GUT-scale
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16I
1616
16J
〈45〉 10
〈45〉 10
10 or 120
16I 16J,
Figure 6.2: Examples of non-renormalizable superpotential operators which are constructed
from renormalizable operators by use of mass insertions of heavy mediator fields, indicated by a
×. The two diagrams have the same external fields, but different mediators, and represent the
two different non-renormalizable operators in Eq. (6.18) and (6.19). The angle brackets denote
a GUT scale vev, such that Yukawa terms at the MSSM level are formed.
vevs on each side of H has no impact on the Yukawa terms at the MSSM level, but it is
important whether a vev is located on the left- or on the right-hand side of H.
The operator in Eq. (6.10) represents the most general effective operator, which we
can get from a renormalizable superpotential using mediators 16 and 16. In principle, an
external leg with a 45 or 10 in Figure 6.3 can have a more complicated tree structure, if
additional mediators of a different type are present. Two examples of how an external leg
can look like in such a case are given in Figure 6.4. However, in the following we restrict
ourselves to the cases where the mediators have the representations 16 and 16.
16I 16J
〈45〉
..... 1616
〈45〉
16
10
1616 .....
〈45〉〈45〉
16 1616
Figure 6.3: A generic non-renormalizable superpotential operator of the form 16I ·16J ·10·45n,
which is constructed from renormalizable interactions by using mass insertions of mediators of the
type 16 and 16, indicated by a ×. The GUT scale vevs, which are denoted by angle brackets,
commute among each other, but not with the EW doublets of the Higgs field representation.
Hence, it is important whether a 〈45〉 is located on the left- or on the right-hand side of the 10.
Even if we use only 16 and 16 mediators, there are still multiple possibilities to form
effective operators of the form as in Eq. (6.10), because the external legs with a 45 or 10
in Figure 6.3 can be permuted. In order to distinguish between these cases, we introduce
a global U(1) symmetry (or alternatively a discrete subgroup Zk) in the renormalizable
theory. The charge assignments to the fields are defined in Figure 6.5. We assume that
there are M legs with a 45 or 210 on the left-hand side of H, and N of these legs on the
right-hand side, i.e. n+m = M and n′ +m′ = N . Once the mediators are integrated out
in Figure 6.5, we get the following effective operator
W ⊃
(
(XM)
AM
AM−1 ... (X1)
A1
D (16I)
D
)
CAMB H
B
EN
(
(YN)
EN
EN−1 ... (Y1)
E1
F (16J)
F
)
,
(6.21)
where each Xi and Yj represents either a 45 or a 210. Note that up to a possible overall
minus sign, the placement of the charge conjugation matrix C does not affect the form
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..... 16 16 .....
〈45〉
〈45〉 〈45〉
X1
16 16 .....
10
〈45〉 〈45〉
..... ,
X2
Y1
Y2
Figure 6.4: Examples of external legs with a complicated tree structure, which may be
present in the diagram of Figure 6.3, if in addition to the 16 and 16 also other types of
mediators are considered. An external leg which contains only GUT scale vevs 〈45〉 is shown on
the left-hand side, whereas an external leg with a Higgs representation 10 is shown on the
right-hand side. An incomplete list of possible mediators in the two diagrams is given by:
(X1,X2) ∈ {(45,45), (45,210), (54,45)}, and (Y1,Y2) ∈ {(10,10), (120,126), (10,120))}.
of the operator. The charges of the mediators 16 on the left and on the right of H are
labelled by γi and δj, respectively (the 16 have charges −γi and −δj). Furthermore, the
fields Xi and Yj carry charges xi and yj, and the charges of the fermionic 16I,J and the
Higgs representation H are denoted by fI,J and h, respectively.
fI fJ
x2
.....
−δ2γM−1
xM
−γM
h
δN−1γM .....
y2yN
δN −δN−γ2
x1
−γ1 γ1
y1
−δ1δ1
〈45〉 or 〈210〉 〈45〉 or 〈210〉H
16I 16J
16 16 1616
Figure 6.5: The charges of the fields in Figure 6.3 concerning a global U(1) symmetry. The
fields H and 16I,J carry the charges h and fI,J , respectively. Furthermore, on the left-hand side
of H the charges of the 45 and 210 are labelled by xi, and the ones of the mediators 16, 16 by
γi, −γi. The replacements xi 7→ yj and γi 7→ δj then provide charges of the corresponding fields
on the right-hand side of H.
Since the total charge of each operator at the renormalizable level has to be zero, the
charges of the mediators are completely determined by the ones of the 16I,J and of the Xi
and Yj, namely
γi = fI +
i∑
s=1
xs (i = 1, ...,M) , (6.22)
δj = fJ +
j∑
t=1
yt (j = 1, ..., N) . (6.23)
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For i = M and j = N the two equations imply that the charge of the H is given by
h = −(fI + fJ + M∑
s=1
xs +
N∑
t=1
yt
)
, (6.24)
which is exactly the condition, that the total charge of the effective operator is equal to
zero. If we choose a discrete global symmetry Zk, the identities in Eqs. (6.22)–(6.24) hold
modulo k.
For a given diagram as in Figure 6.5 with a suitable set of charges, it has to be checked
whether a different diagram with the same external legs, but in a permuted order, can be
constructed by using the same set (or a subset) of mediators. If that is not the case, we
say that the diagram is “protected”. Since the form of the Yukawa terms at the MSSM
level depends only on the location of the GUT scale vevs 〈45〉 and 〈210〉 relative to the
H, but not on the specific order of the vevs on each side of H, the protection of a diagram
is a sufficient, but not a necessary condition for single operator dominance.
We discuss whether a diagram can be protected or not with a suitable set of charges
for the following two cases:
• I 6= J :
In this case, a diagram can always be protected, i.e. the external legs are in a unique
order. For example, choose xs > 0, yt > 0 and qJ = qI +
∑m
s=1 xs +
∑n
t=1 yt, where
different 45 or 210 are assumed to have different charges xs and yt, such that no
single charge is the sum of other charges.
• I = J :
– If all Xi and Yj are the same field, i.e. the operator contains just one field 45
or one field 210, the diagram can only be protected in case of |M − N | ≤ 1,
which means that the diagram is as symmetric as possible. If this condition
is not fulfilled, a given diagram always comes along with a more symmetric
diagram, which may give different contributions to the MSSM Yukawa terms.
An example of that case is shown in Figure 6.6.
– If not all Xi and Yj are the same field, a specific order of the external legs may
not be possible to protect. However, the predictions for the Yukawa terms at
the MSSM level do not depend on the order of the GUT scale vevs on each side
of H. We checked numerically, that for a given diagram, there exists always an
equivalent diagram concerning the predictions of the Yukawa terms, which can
be protected. An example is shown in Figure 6.7.
The above discussion shows, that the class of non-renormalizable superpotential operators
defined in Eq. (6.10), where the contractions happen in a “spinorial way”, is well motivated,
since they can be constructed from renormalizable interactions by integrating out heavy
mediator fields of the type 16 and 16. Furthermore, the assignment of global charges to
the fields allows in most cases to choose a unique operator for given family indices (I, J) to
generate the Yukawa terms at the MSSM level, which corresponds to the concept of single
operator dominance. In a concrete model one has to be aware, that the charges fI and fJ
can not be chosen independently for each of the nine tuples of family indices, and that a
chosen set of mediators for given indices (I, J) may allow to generate unwanted effective
operators for other tuples of family indices.
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fI
x x
−γ3
h
γ3
x
γ1 −γ1
x
fI
−γ2 γ2−γ1 γ1
fI
−γ1γ1
x x
γ2 −γ2
h
−γ2 γ2
x
γ1−γ1
fI
x
Figure 6.6: An example of a diagram in the case of I = J and only one field 45 or 210 with
charge x, which can not be protected. If the upper diagram is present, the lower, more symmetric
diagram can be formed as well, by using a subset of the mediators.
fI
x1 x2
−γ3
h
γ3
x1
γ1 −γ1
x2
fI
−γ2 γ2−γ1 γ1
fI
−γ1γ1
h x1
−γ3 γ3
x1
−γ2 γ2
x2
γ1−γ1
fI
x2
Figure 6.7: Example of two diagrams in the case of I = J which lead to the same MSSM Yukawa
terms, but where only one of them can be protected. Both diagrams contain two different fields
45 or 210 with charges x1 and x2. If the upper diagram is present, the symmetric diagram
with the external leg structure x1-x2 and x2-x1 on the left- and on the right-hand side of h,
respectively, can be constructed as well, for any choice of the global charges. On the other
hand, the lower diagram, where the external legs on the left-hand side of h are permuted, can
be protected by an appropriate choice of charges, e.g. fI = 0, x1 = 3 and x2 = 1.
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6.4 Examples of predictive Higgs sectors
In this section we consider simple scenarios of Higgs sectors which are predictive in the
Yukawa sector. Predictive means that no additional parameters ai and bi in the Yukawa
sector are introduced, due to non-alignment of the doublet states Hui and H
d
i in the GUT
representations with the EW doublets Hu and Hd, respectively, as discussed in Section 3.3.
In general, ai and bi are functions of Higgs sector parameters. In terms of mass eigenstates
of the doublet mass matrix, Hui and H
d
i are written as
Hui = a
∗
i Hu + ... , H
d
i = b
∗
i Hd + ... , (6.25)
where the dots indicate states with a vanishing vev. In order to be predictive in the Yukawa
sector, the coefficients ai and bi corresponding to the same Higgs representation H must be
identical up to a constant factor. This allows to absorb the Higgs parameter dependence
into the Yukawa couplings. In such a case the χH ratios from Eq. (6.13) have constant
values (up to the factor Hd/Hu). The simplest case is, if ai and bi are just constants.
Each predictive scenario we consider in this section is based on one of the following
four superpotentials in the Higgs sector:
W(i) =
1
2
m10 10i 10
i −
√
5
3
λ′112 10i 10i 54
ij , (6.26)
W(ii) =
1
2
m120 120ijk 120
ijk − 2
√
15λ′233120
ijk 120ijl 54k
l , (6.27)
W(iii) = m126 126ijklm 126
ijklm +
√
15λ′255 126ijklm 126
ijkln 54mn
+
√
15λ′25¯5¯ 126ijklm 126
ijkln
54mn ,
(6.28)
W(iv) =
1
2
m10 10i 10
i + 1
2
m120 120ijk 120
ijk +
√
15
2
λ123 120ijk 10
i 45jk , (6.29)
where the 45 and 54 acquire GUT scale singlet vevs. The 45 in the Higgs and in the
Yukawa sector may be different fields. Moreover, the vev of 54 is labelled by W54. Note
that these superpotentials contain only operators which are relevant for the construction of
the doublet and triplet mass matrices; we do not consider spontaneous symmetry breaking
of the SO(10) gauge group. Furthermore, the doublet-triplet splitting is achieved by fine-
tuning of one of the parameters in the Higgs sector, such that detMD = 0 and detMT 6= 0.
A list of the predictive scenarios is given in Table 6.7, where for each scenario the
corresponding superpotential term from Eqs (6.26)–(6.29), the available representations
H and the additional GUT representations are specified. Furthermore, the fine-tuning
condition of the parameters for DT splitting and the location of the light mass eigenstates
Hu,d in the flavour eigenstates H
u,d
i are stated.
In the following we briefly comment on the different predictive scenarios from Table 6.7:
• In the scenarios #1–3 the parameters ai and bi have fixed values. These are the
simplest scenarios for H = 10 and H = 120. Since the 10 contains only one doublet
pair Hu,d1 , the mass matrices MD and MT in scenario #1 are just 1× 1-dimensional.
Scenario #2 and 3 are based on the same Higgs superpotential W(ii), but different
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Table 6.7: Examples of predictive Higgs sectors with DT splitting, where for each scenario
the available representations H, the additional SO(10) representations in the Higgs sector, the
Higgs superpotential, the fine-tuning condition for DT splitting, and the location of the MSSM
Higgses Hu,d in the flavor states H
u,d
i are specified. If the predictions in the Yukawa sector are
considered, the proportionality sign ∝ can be replaced by an equal sign =.
# H other reps superpotential fine-tuning Higgs
location
1 10 54 W(i) λ
′
112 = −m10W54 H
u,d
1 = Hu,d
2 120 54 W(ii) λ
′
233 = −m1206W54 H
u,d
3 = −12Hu,d
Hu,d4 =
√
3
2
Hu,d
3 120 54 W(ii) λ
′
233 =
3m120
2W54
Hu,d3 =
√
3
2
Hu,d
Hu,d4 =
1
2
Hu,d
4 126 126,54 W(iii) λ
′
255 =
m2126
W 254λ
′
25¯5¯
Hu,d2 ∝ Hu,d
5 10,120 〈45〉 = X˜1 W(iv) λ123 = 2
√
2i
X˜1
√
5
√
m10m120 H
u
1 ∝ Hu
Hd1 ∝ −Hd
Hu,d3 ∝ −Hu,d
Hu,d4 ∝
√
3Hu,d
6 10,120 〈45〉 = X˜2 W(iv) λ123 = 2iX˜2√5
√
m10m120 H
u
1 ∝ Hu
Hd1 ∝ −Hd
Hu,d3 ∝
√
3Hu,d
Hu,d4 ∝ Hu,d
fine-tuning conditions for DT splitting are implemented. The 120 contains Hu,d3 and
Hu,d4 , thus the space of doublets and antidoublets in these scenarios is 2-dimensional.
• In scenario #4, the 126 is used to construct the Yukawa operators. It contains the
doublet pair Hu,d2 , however H
u
2 and H
d
2 are located in different SU(5) representations
5 and 45 (cf. Eq. (6.7) and (6.8)). Moreover, 126 is a complex representation, thus
an additional representation 126, which contains another doublet pair, has to be
introduced in order to form a mass term in the superpotential. Because of these
issues, it is more tricky than in #1–3 to find a predictive scenario. For the given
fine-tuning condition we find Hu2 = cHu and H
d
2 = cHd (i.e. a2 = b2 = c), where c is
a function of the parameters of W(iii). Thus, the scenario is predictive in the Yukawa
sector. Note, parts of the light states Hu,d are contained in the (anti)doublets of 126,
which however are not present in the Yukawa operators. In Table 6.7, the factor c
is simply indicated by the proportionality sign ∝. If one is only interested in the
predictions for the Yukawa sector at the MSSM level, the ∝ sign can be replaced by
the equal sign =.
• In each of the scenarios #5 and 6 there are two different H-representations available,
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namely the 10 and the 120. Thus, there are three doublet-antidoublet pairs. The
difference between the two scenarios is the different alignment of the GUT scale
vev 〈45〉 in the Pati-Salam directions X˜1 and X˜2, respectively, defined in Eq. (6.4).
Although in both scenarios the coefficients ai and bi are dependent on the Higgs
potential parameters, as in scenario #4, both cases are predictive. For example,
in #5 we have Hu1 = cHu, H
d
1 = −cHd and Hu,d3 = −c˜ Hu,d, Hu,d4 =
√
3 c˜ Hu,d,
where c and c˜ are functions of the parameters of W(iv), which means a1 = −b1 = c,
a3 = b3 = −c˜ and a4 = b4 =
√
3 c˜. Again, the sign ∝ in Table 6.7 can be replaced
by =, if one is interested in the Yukawa sector at the MSSM level.
CHAPTER 7
Quantitative calculation of proton decay
from dimension 5 operators in SUSY models
7.1 Motivation
In supersymmetric GUTs, the dominant contributions to proton decay are typically
induced by dimension 5 operators, assuming that the theory respects matter parity such
that baryon and lepton number violating dimension 4 operators are forbidden. The
dimension 5 operators are generated by integrating out heavy color triplet and antitriplet
states (3.1)(−1
3
) and (3.1)(+1
3
), respectively, which are usually present in the same GUT
representations as the EW doublet states. At the SUSY scale, where the superpartners
of the SM particles are integrated out, the baryon and lepton number violating four-
fermion operators, which cause proton decay, are constructed at 1-loop level by dressing
the dimension 5 operators with gluino, chargino and neutralino exchange diagrams.
The currently most stringent bounds on proton decay are given by the Super-
Kamiokande experiment [92], in particular for the channels which have a lepton and one
of the mesons pi0, η0, K+ in the final state. It turns out, that in concrete SUSY GUT
models with sparticle masses of O(10 TeV) or smaller (so called low-energy SUSY), the
triplet mass scale which suppresses the dimension 5 operators must typically be at around
1017 GeV or even higher, in order that the predicted proton decay is compatible with the
experimental data (see e.g. [95]). Depending on the form of the triplet mass matrix, which
in turn depends on the implementation of doublet-triplet splitting, this mass scale is either
in one-to-one correspondence with the masses of the triplet-antitriplet pairs, or it is given
by some effective mass scale, as for example in the (double) missing partner mechanism
(cf. Section 3.3 for references).
In general, the rough estimate of & 1017 GeV for the triplet mass scale shows, that even
if all the triplet masses are located at the GUT scale, the prediction for proton decay may
be in tension or even in contradiction with the experimental data. Thus, a quantitative
calculation of the partial decay widths for the dominant decay channels of the proton is
necessary, in order to determine whether the predictions for proton decay of a SUSY GUT
model are compatible with the experimental bounds or not.
The purpose of this chapter is to specify the procedure and the relevant formulas to
quantitatively calculate the partial decay widths of a proton or neutron with a meson and
a lepton in the final state, in the context of nucleon decay from dimension 5 operators. The
formulas are taken from various sources, but the main part of the calculation follows the
considerations in [97]. The algorithm has been implemented in a Mathematica package,
which forms an extension of SusyTC [106], but is also compatible with standard SLHA
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output of SUSY spectrum generators.
This chapter is based on an ongoing project and is organized as follows: in Section 7.2
the numerical procedure, including all the relevant formulas, to calculate proton decay
from dimension 5 operators is described. An example calculation is then presented in
Section 7.3, by applying the algorithm to a toy model.
7.2 Numerical procedure
In this section we describe the procedure to numerically calculate various partial decay
widths of the proton and the neutron. The considerations are limited to the case of nucleon
decay from dimension 5 operators. The formulas for the dressing of the dimension 5
operators and the calculation of the decay amplitudes are taken from [97]. Thus, we adapt
our notation in order to match the conventions used in that reference. In particular this
means, that for the family indices we use small letters i, j, k, l, ... instead of capital letters
I, J,K, L, ..., and the dimension 5 operators from Section 3.4 are written as Cijkl5L,R ≡ CIJKL5L,R .
For completeness, we state the effective superpotential of the dimension 5 operators
from Eq. (3.46) again in the adapted notation:
W5 = −12Cijkl5L aˆbˆcˆ (Qaˆi · Lj)(Qbˆk ·Qcˆl )
− Cijkl5R aˆbˆcˆ uciaˆ dcjbˆ eck uclcˆ ,
(7.1)
where aˆ, bˆ, cˆ are SU(3)C indices with 123 = 
123 = 1, and the contraction of SU(2)L indices
is given by Ψ · Φ = ab Ψa Φb with 12 = 1.
7.2.1 Running of the dimension 5 operators
In a supersymmetric GUT model, the dimension 5 operators are specified at the GUT scale
by integrating out heavy triplet states. To calculate the dressing at the SUSY scale, the
RG running has to be taken into account. The β-functions of the dimension 5 operators in
the MSSM at 1-loop in the DR scheme, by using the left-right convention for the Yukawa
matrices (cf. Eq. (2.219)), are given by
β(Cijkl5L ) = C
mjkl
5L
(
YdY
†
d + YuY
†
u
)i
m + C
imkl
5L
(
YeY
†
e + YνY
†
ν
)j
m
+ Cijml5L
(
YdY
†
d + YuY
†
u
)k
m + C
ijkm
5L
(
YdY
†
d + YuY
†
u
)l
m
+ Cijkl5L
(− 2
5
g21 − 6g22 − 8g23
)
,
(7.2)
β(Cijkl5R ) = C
mjkl
5R
(
2Y†uYu
)
m
i + Cimkl5R
(
2Y†dYd
)
m
j
+ Cijml5R
(
2Y†eYe
)
m
k + Cijkm5R
(
2Y†uYu
)
m
l
+ Cijkl5R
(− 12
5
g21 − 8g23
)
.
(7.3)
The β-functions are computed by means of the general formulas in [135] for the
1-loop anomalous dimension matrix γm
i, and the non-renormalization theorem of the
7.2 Numerical procedure 151
superpotential [139–141]. We use the GUT normalization for the U(1)Y gauge coupling g1;
the SM normalization can be recovered by gSM1 =
√
3/5 g1. The RGEs are then given by
dx
d log µ
=
1
16pi2
β(x) , (7.4)
where x ∈ {Cijkl5L , Cijkl5R } and µ is the renormalization scale. The β-functions for the gauge
couplings and the Yukawa matrices can be found, for example, in [107,135].
Note that the right-handed neutrinos are integrated out at their respective mass scales,
and it is assumed that all these masses are above the SUSY scale. Thus, in the running
from the GUT scale to the SUSY scale the number of columns of Yν decreases, until Yν
is not present anymore.
7.2.2 Dressing of the dimension 5 operators
As discussed in Section 3.4, the dimension 6 operators are built at 1-loop level by dressing
the dimension 5 operators with gluino, chargino and neutralino exchange diagrams, which
takes place at the SUSY scale, where the superpartners of the SM particles are integrated
out. To calculate the dressing of the dimension 5 operators we use the formulas from [97].
Beside the dimension 5 operators, the calculation involves the rotation matrices of the
sfermions, charginos and neutralinos, as well as the mass eigenvalues of the sparticles. It is
convenient to use the SLHA [142] and SLHA2 [143] conventions to specify these quantities.
In Appendix C.1 the relevant formulas for the dressing, as well as the matching of the
conventions used in [97] with the SLHA conventions are specified. Furthermore, in [96] all
the relevant diagrams for nucleon decay from dimension 5 operators can be found.
Apart from integrating out the sparticles at the SUSY scale, we also switch to the EW
symmetry broken phase of the SM. In the following ui, di and ei (i ∈ {1, 2, 3}) represent
the mass eigenstates of the up-type quarks, the down-type quarks and the charged leptons.
In contrast, the νi represent the neutrinos in the interaction basis. The additional label L
or R indicates whether a state is a left- or a right-handed Weyl spinor.1 The dimension 6
operators C˜ (at the Lagrangian level), which are relevant for the calculation of proton
decay, include only mass eigenstates of the fermions which are lighter than the nucleons
and are given by
L /B =
1
16pi2
aˆbˆcˆ
(
C˜LL(udue)
ik(uaˆLd
bˆ
Li)(u
cˆ
LeLk) + C˜RL(udue)
ik(uaˆRd
bˆ
Ri)(u
cˆ
LeLk)
+ C˜LR(udue)
ik(uaˆLd
bˆ
Li)(u
cˆ
ReRk) + C˜RR(udue)
ik(uaˆRd
bˆ
Ri)(u
cˆ
ReRk)
+ C˜LL(uddν)
ijk(uaˆLd
bˆ
Li)(d
cˆ
LjνLk) + C˜RL(uddν)
ijk(uaˆRd
bˆ
Ri)(d
cˆ
LjνLk)
+ 1
2
C˜RL(dduν)
ijk(daˆRid
bˆ
Rj)(u
cˆ
LνLk)
)
+ c.c. .
(7.5)
Since only the lightest up-type quark u1 is lighter than the proton and the neutron, only
this state is present in Eq. (7.5) and the label i is neglected. Analogously, the index i in di
and ei takes only the values 1, 2, because the heaviest down-type quark and charged lepton
(i = 3) are heavier than the two nucleons. In contrast, all three states νi are present.
1Note, in the notation of Section 1.1 the right-handed Weyl spinor uR reads uR ≡ u¯†R, and similar for
dR and eR.
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7.2.3 Running of the dimension 6 operators
In order to calculate the decay width of the proton and the neutron, the RG running
of the dimension 6 operators from the SUSY scale to the mass scale of the nucleons has
to be taken into account. Following [144], the main contribution to the running of the
dimension 6 operators comes from the strong gauge coupling g3. At 1-loop the β-functions
in the MS scheme of the dimension 6 operators C˜ from Eq. (7.5), written in the general
form C˜ijkl, and of the gauge coupling g3 are given by
β(C˜ijkl) = −4 g23 C˜ijkl , (7.6)
β(g3) =
(
− 11 + 2
3
NF
)
g33 , (7.7)
where NF is the number of quarks whose masses are below the renormalization scale µ.
The RGEs have the form as specified in Eq. (7.4). Note that the running of the dimension 6
operators just corresponds to an overall scaling factor, which is also referred to as the long
range effect on the effective operators C˜.
7.2.4 Partial decay widths
The formula for the calculation of the partial decay widths of a nucleon Bi with a meson
Mj and a lepton lk in the final state is taken from [97] and is given by
Γ(Bi →Mj lk) = mi
32pi
(
1− m
2
j
m2i
)2 1
f 2pi
(∣∣AijkL ∣∣2 + ∣∣AijkR ∣∣2) , (7.8)
where mi and mj are the masses of the nucleon and the meson, respectively. Moreover,
fpi = 0.130 GeV (cf. PDG [13]) is the pion decay constant.
The amplitudes AijkL and A
ijk
R for different decay channels are calculated by using
the dimension 6 operators at the nucleon mass scale, and are specified in Table 7.1. In
particular, the following decay channels for the proton p and the neutron n are listed in
the table:
• proton: p→ e+k pi0, p→ e+k η0, p→ e+k K0, p→ ν¯k pi+, p→ ν¯kK+,
• neutron: n→ e+k pi−, n→ ν¯k pi0, n→ ν¯k η0, n→ ν¯kK0.
(7.9)
Note that k ∈ {1, 2} for e+k , since the heaviest charged lepton is heavier than the nucleons,
and k ∈ {1, 2, 3} for ν¯k.
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Table 7.1: Formulas for the amplitudes AijkL and A
ijk
R of different decay channels of the proton
p and the neutron n. In particular, Bi labels the nucleon, and lk and Mj label the lepton and
the meson, respectively, in the final state. The nucleon mass mN is taken as the average of the
proton mass mp and the neutron mass mn, and the baryon mass mB′ is given by the average
of mΛ and mΣ. The additional constants with the corresponding (approximate) values are the
constants from hyperon decay F ≈ 0.463, D ≈ 0.804 (cf. [91, 145]), and the parameters for the
proton decay matrix element α ≈ 0.0090 GeV3, β ≈ 0.0096 GeV3 (cf. [91, 146]).
Bi lk Mj A
ijk
L , A
ijk
R
p e+k pi
0 L 1√
2
(
1 + F +D
) (
αpC˜RL(udue)
1k + βpC˜LL(udue)
1k
)
R − 1√
2
(
1 + F +D
) (
αpC˜LR(udue)
1k + βpC˜RR(udue)
1k
)
η0 L
√
3
2
(− 13 + F − 13D)αpC˜RL(udue)1k +√32(1 + F − 13D)βpC˜LL(udue)1k
R −
√
3
2
(− 13 + F − 13D)αpC˜LR(udue)1k −√32(1 + F − 13D)βpC˜RR(udue)1k
K0 L
(− 1 + mNmB′ (F −D))αpC˜RL(udue)2k + (1 + mNmB′ (F −D))βpC˜LL(udue)2k
R −(− 1 + mNmB′ (F −D))αpC˜LR(udue)2k − (1 + mNmB′ (F −D))βpC˜RR(udue)2k
ν¯k pi
+ L
(
1 + F +D
) (
αpC˜RL(uddν)
11k + βpC˜LL(uddν)
11k
)
K+ L
(
1− mNmB′ (F −
1
3D)
)
αpC˜RL(dduν)
12k +
(
1 + mNmB′
(F + 13D)
)
αpC˜RL(uddν)
12k
+
(
mN
mB′
2
3D
)
αpC˜RL(uddν)
21k +
(
1 + mNmB′
(F + 13D)
)
βpC˜LL(uddν)
12k
+
(
mN
mB′
2
3D
)
βpC˜LL(uddν)
21k
n e+k pi
− L
(
1 + F +D
) (
αpC˜RL(udue)
1k + βpC˜LL(udue)
1k
)
R −(1 + F +D) (αpC˜LR(udue)1k + βpC˜RR(udue)1k)
ν¯k pi
0 L − 1√
2
(
1 + F +D
) (
αpC˜RL(uddν)
11k + βpC˜LL(uddν)
11k
)
η0 L
√
3
2
(− 13 + F − 13D)αpC˜RL(uddν)11k +√32(1 + F − 13D)βpC˜LL(uddν)11k
K0 L
(− mNmB′ 23D)αpC˜RL(dduν)12k + (1 + mNmB′ (F + 13D))αpC˜RL(uddν)12k
+
(− 1 + mNmB′ (F − 13D))αpC˜RL(uddν)21k + (1 + mNmB′ (F + 13D))βpC˜LL(uddν)12k
+
(
1 + mNmB′
(F − 13D)
)
βpC˜LL(uddν)
21k
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7.3 Example calculation
To demonstrate the procedure described Section 7.2 to calculate nucleon decay from
dimension 5 operators, we apply the algorithm to an example SU(5) model in this section.
The texture of the Yukawa matrices in the quark and charged lepton sector is adopted
from the class of models in Chapter 5, however the neutrino sector is not considered. In
particular, we take the same Clebsch-Gordan coefficients, namely (6, 6,−1
2
), for the first
two families in the charged lepton sector as in model 8 listed Table 5.2, and a CG coefficient
of −3
2
for the third family. An SU(5) model with this Yukawa texture has been constructed
as a complete flavour model in [147], where the double missing partner mechanism has been
implemented to solve the DT splitting problem. In order to determine the quasi-Yukawa
matrices, which are used to construct the dimension 5 operators, for each non-zero entry in
the down-quark Yukawa matrix a superpotential term at the SU(5) level according to [147]
is specified, which features the corresponding CG coefficient in the charged lepton sector
from above. Furthermore, we implement mSUGRA boundary conditions for the soft terms
at the GUT scale.
7.3.1 Model setup
The implementation of the example model is specified at the GUT scale, by using the LR
convention for the Yukawa matrices from Eq. (2.219). The Yukawa matrix in the up-quark
sector is parametrized as follows
Yu = U23(θ
uL
23 ) U12(θ
uL
12 ) diag(y
u
11, y
u
22, y
u
33) U
T
12(θ
uL
12 ) U
T
23(θ
uL
23 ) , (7.10)
where the two unitary matrices have the form
U23(θ
uL
23 ) =
1 0 00 cos θuL23 sin θuL23
0 − sin θuL23 cos θuL23
 , U12(θuL12 ) =
 cos θuL12 −i sin θuL12 0−i sin θuL12 cos θuL12 0
0 0 1
 . (7.11)
Furthermore, the Yukawa matrix in the down-quark sector is given by
Yd =
 0 yd12 0yd21 yd22 0
0 0 yd33
 , (7.12)
where all parameters ydIJ are real and positive. Note, compared to the class of models in
Chapter 5, there is no complex phase in the (2, 1)-entry of Yd, since such a phase only
impacts observables in the neutrino sector, which, however, is not considered in the present
model.
To construct the superpotential operators at the SU(5) level in the Yukawa sector,
which provide the correct CG coefficients in the charged lepton sector and determine the
form of the quasi-Yukawa couplings, we use the standard embedding of the SM fermions
into the FI and TI (I ∈ {1, 2, 3}), which form a 5 and a 10 of SU(5), respectively. Moreover,
the doublets Hu and Hd of the MSSM, as well as a heavy triplet-antitriplet pair, are
embedded into the five-dimensional Higgs representations H5 and H5, respectively, and
the Higgs representation H24 is assumed to acquire an SM singlet vev at the GUT scale.
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Following [147], for the Yukawa operators which contain TI TJ , and basically generate
the Yukawa terms in the up-quark sector, we choose the same minimal superpotential term
for all tuples of family indices (I, J), namely
(Yu)IJ : W ⊃ TI TJ H5 . (7.13)
Moreover, the Yukawa operators which contain TI FJ , and generate the non-zero Yukawa
terms in the down-quark and charged lepton sector, correspond to the following
superpotential terms:
(Yd)12 : W ⊃ (T1)45⊗45
(
H5H24
)
45
(
F2H24
)
45
, (7.14a)
(Yd)21 : W ⊃
(
T2H24
)
10
(
F1H5
)
10
, (7.14b)
(Yd)22 : W ⊃
(
T2H24
)
10
(
F2H5
)
10
, (7.14c)
(Yd)33 : W ⊃
(
T3H5
)
5
(
F3H24
)
5
. (7.14d)
The lowered SU(5) representations indicate which type of mediators has been used to
construct the effective operators from renormalizable interactions. The Yukawa and quasi-
Yukawa terms at the MSSM level emerge from the SU(5) superpotential operators in
Eq. (7.13) and (7.14) by substituting H24 with its GUT scale vev 〈H24〉.
According to the embedding of the SM fermions into the representations FI and TI ,
and the doublet Hd into H5, the charged lepton Yukawa matrix is given by
Ye =
 0 6 0−1
2
6 0
0 0 −3
2
 ·YTd , (7.15)
where the explicitly written matrix states the CG coefficients concerning the down-quark
Yukawa matrix from Eq. (7.12), and the dot · indicates the entrywise product of two
matrices. Furthermore, in SU(5) the quasi-Yukawa matrices Y˜qq, Y˜eu and Y˜ql, Y˜ud are
related to Yu and Yd, respectively, due to the embedding of the heavy triplet and
antitriplet into the H5 and H5. Since in our model only one triplet-antitriplet pair
couples to the SM fields, we neglect the “triplet index” i in the quasi-Yukawa matrices
(cf. Eq. (3.42)), so they carry only family indices I, J . Using the same notation as in
Eq. (7.15), the quasi-Yukawa matrices have the form
Y˜qq = (−1)3×3 ·Yu , Y˜eu = (+1)3×3 ·Yu ,
Y˜ql =
 0 −1 0−1 −1 0
0 0 3
2
 ·Yd , Y˜ud =
 0 23 0−4 −4 0
0 0 1
 ·Yd . (7.16)
The dimension 5 operators, which are relevant for proton decay, are then given by (cf.
Eq. (3.44) and (3.45))
CIJKN5L =
1
M˜T
(Y˜ql)IJ (Y˜qq)KN , (7.17)
CIJKN5R =
1
M˜T
(Y˜ud)IJ (Y˜eu)KN . (7.18)
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Although only the doublet and triplet pair from H5 and H5 couples to the SM fields,
in general there may be additional (anti)doublet and (anti)triplet states, so that the
corresponding mass matrices MD and MT are extended. This is for example the case,
if the missing partner mechanism or the double missing partner mechanism as in [147] is
implemented. Assuming that the first row and column in MT correspond to the triplet
and antitriplet from H5 and H5, the inverse of the effective triplet mass scale M˜T is then
given by M˜−1T = (M
−1
T )11, i.e. by the (1, 1)-entry of the inverse triplet mass matrix. Note,
depending on the form of MT and the parameters in the Higgs sector, the effective mass
scale M˜T can be much bigger than the actual masses of the triplets, as for example in the
(double) missing partner mechanism.
The mSUGRA boundary conditions at the GUT scale imply, that the trilinear couplings
are proportional to the Yukawa couplings, with a proportionality factor a0. Moreover, there
is one universal soft scalar mass m0 and one gaugino mass M1/2 (cf. Eq. (2.223)).
7.3.2 Numerical analysis
Having specified the model setup at the GUT scale in Section 7.3.1, we fit the parameters of
the model to measured observables in the quark and charged lepton sector at low energies,
as well as to the EW Higgs mass. In addition, following the procedure from Section 7.2,
we calculate nucleon decay from dimension 5 operators, in particular the partial decay
widths of the proton and the neutron listed in Eq. (7.9). The experimental bounds for the
various decay channels are included in the fit as well.
To reduce the number of free parameters in the example model, we fix the gauge
couplings at the GUT scale: g3 = 0.698, g2 = 0.697 and g1 = 0.704, which is consistent
with the experimental values at low energies. Furthermore, since the effective triplet mass
scale M˜T depends on the particularities of the unspecified Higgs sector, and since M˜T only
affects the nucleon decay widths by an overall scaling, i.e. Γ ∝ 1/M˜2T , we fix the value of
M˜T in the following analysis. Finally, we choose signµ = +1.
• Parameters:
In total our example model contains 13 real parameters at the GUT scale, namely
the five parameters yu11, y
u
22, y
u
33, θ
uL
12 , θ
uL
23 in the up-quark Yukawa matrix, the four
parameters yd12, y
d
21, y
d
22, y
d
33 in the down-quark Yukawa matrix, the three mSUGRA
parameters a0,m0,M1/2 and the ratio tan β of the EW Higgs vevs in the MSSM. We
take the following ranges for the parameters:
yu11 ∈ [0, 1 · 10−5] , yu22 ∈ [0, 5 · 10−3] , yu33 ∈ [0, 1] , θuL12 ∈ [0, 0.2] , θuL23 ∈ [0, 0.1] ,
yd12 ∈ [0, 5 · 10−3] , yd21 ∈ [0, 5 · 10−3] , yd22 ∈ [0, 0.01] , yd33 ∈ [0, 1] ,
a0 ∈ [−200, +200] TeV , m0 ∈ [0, 100] TeV , M1/2 ∈ [0, 100] TeV , tan β ∈ [5, 60] .
(7.19)
• Observables:
The 13 parameters of the model are fitted to 14 measured observables at the Z
boson mass scale: these are the Yukawa couplings in the up-quark sector yu, yc, yt,
in the down-quark sector yd, ys, yb, and in the charged lepton sector ye, yν , yτ , as well
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as the CKM parameters θCKM12 , θ
CKM
13 , θ
CKM
23 δ
CKM and the EW Higgs mass mh. The
experimental values of the Yukawa couplings at MZ are given in [94], where for the
Yukawa couplings of the charged leptons we take a standard deviation of 1% of the
central value, which roughly corresponds to the precision of the running. Moreover,
the experimental value of mh is given in PDG (2018) [13], where we take a standard
deviation of 3 GeV, which roughly corresponds to the uncertainty in the theoretical
calculation of the Higgs mass.
The experimental bounds for the decay channels of the proton, namely p → e+k pi0,
p → e+k η0, p → e+k K0, p → ν¯k pi+, p → ν¯kK+, and of the neutron, namely
n → e+k pi−, n → ν¯k pi0, n → ν¯k η0, n → ν¯kK0, where e+k ∈ {e+, µ+}, are set by
the Super-Kamiokande experiment [92], and they are listed in Table 7.2. In the
model fit, for each partial decay width the experimental bound is considered as the
standard deviation of a normal distribution centred at zero. Furthermore, for decay
channels with a neutrino ν¯k (k ∈ {1, 2, 3}) in the final state, we compare the sum of
the three partial decay widths with the experimental data.
Table 7.2: Experimental bounds for the partial decay widths Γ of various decay channels of the
proton and neutron. The data is taken from Figure 5-3 in [93].
Decay channel Experimental bound
Proton
p→ e+ pi0 Γ < 1.3 · 10−66 GeV
p→ µ+ pi0 Γ < 2.7 · 10−66 GeV
p→ e+ η0 Γ < 5.1 · 10−66 GeV
p→ µ+ η0 Γ < 1.7 · 10−65 GeV
p→ e+K0 Γ < 1.9 · 10−65 GeV
p→ µ+K0 Γ < 1.3 · 10−66 GeV
p→ ν¯ pi+ Γ < 7.4 · 10−65 GeV
p→ ν¯ K+ Γ < 3.2 · 10−66 GeV
Neutron
n→ e+ pi− Γ < 1.0 · 10−65 GeV
n→ µ+ pi− Γ < 2.1 · 10−65 GeV
n→ ν¯ pi0 Γ < 2.1 · 10−65 GeV
n→ ν¯ η0 Γ < 3.7 · 10−65 GeV
n→ ν¯ K0 Γ < 1.7 · 10−64 GeV
For given values of the parameters, the Yukawa matrices, the soft terms and the
dimension 5 operators are implemented at the GUT scale MGUT = 2 · 1016 GeV according
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to Section 7.3.1. To perform the RG running in the MSSM, the RGEs of the dimension 5
operators from Eq. (7.2) and (7.3) are incorporated into the Mathematica package
SusyTC [106]. The running of the Yukawa matrices, the soft terms and the gauge couplings
is calculated at 2-loop, whereas the running of the dimension 5 operators is calculated at
1-loop. At the SUSY scale MSUSY, which is determined dynamically in SusyTC, the
dressing of the dimension 5 operators is performed, and the nucleon decay is calculated
according to the procedure in Section 7.2. Furthermore, the EW Higgs mass is calculated
by using FeynHiggs 2.14.0 [108–115]. In SusyTC, the MSSM is matched to SM by taking
account of the SUSY threshold corrections, and the running from the SUSY scale to
the Z boson mass scale MZ = 91.2 GeV in the SM is performed at 2-loop. At MZ the
observables in the quark and charged lepton sector, namely the Yukawa couplings and the
CKM parameters, are calculated.
We fit the model for two different values of the effective triplet mass scale, namely
M˜T = 1.0 · 1018 GeV and M˜T = 1.0 · 1019 GeV. As measure for the goodness of the fit we
use the χ2 function. Moreover, to calculate the posterior density of the parameters and
the observables, we perform an MCMC analysis by using an adaptive Metropolis-Hastings
algorithm [117]. All prior distributions for the parameters are chosen to be flat within the
corresponding intervals given in Eq. (7.19).
We check EW vacuum stability by means of an interpolated grid, which provides
the vacuum lifetime as a function of the mSUGRA parameters a0, m0, M1/2 and tan β.
To compute that grid, we used Vevacious 1.2.03 [148], SPheno 4.0.3 [149, 150] and the
predefined model from SARAH 4.14.1 [151, 152] with possible charge breaking via stau
vevs. As threshold for the lifetime of the vacuum the age of the universe is taken.
7.3.3 Results
Applying the numerical procedure from above, we fit the example model for the two fixed
values of the effective triplet mass scale M˜T = 1.0 · 1018 GeV and M˜T = 1.0 · 1019 GeV.
In Table 7.3, for both scenarios the values of the model parameters in the best fit points
are listed. Furthermore, in Table 7.4 for each scenario, the total χ2 (χ2total) of the best fit
point is stated, as well as the partial sum over the contributions from the fit of the fermion
sector and the EW Higgs mass (χ2flavour), and the partial sum over the contributions from
nucleon decay (χ2nucleon). As expected, the total χ
2 is smaller for a bigger effective triplet
mass scale M˜T , because the nucleon decay is more suppressed in that case. Moreover, in
both scenarios the main contribution to the χ2 comes from the fit of the fermion sector
and the EW Higgs mass, and in particular from the observable ys.
The predicted 1σ HPD intervals of the SM superpartners and the extra MSSM Higgs
states are shown in Figure 7.1 for the two scenarios. Furthermore, the masses of the
sparticles in the two best fit points from Table 7.3 are shown as black lines.2 Note that
for the SM superpartners the running masses are used. We see that the mass spectrum
for M˜T = 1.0 · 1018 GeV (upper) is heavier than for M˜T = 1.0 · 1019 GeV (lower). The
bigger masses of the sparticles in case of a smaller effective triplet mass scale are necessary
in order that the predictions for the nucleon decay are compatible with the experimental
2The determination of the best fit point and the calculation of the posterior density correspond to a
frequentist and a Bayesian approach, respectively, for the model analysis. Thus, the sparticle masses in
the best fit points are not necessarily contained in the corresponding 1σ HPD intervals.
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bounds. The hierarchy between the mass spectra in the two scenarios is also reflected
by the different values of the universal soft mass parameter m0 and the gaugino mass
parameter M1/2 at the GUT scale for the two best fit points from Table 7.3.
The above analysis of the example model illustrates, that the quantitative calculation of
proton and neutron decay from dimension 5 operators in flavour GUT models is necessary
to account for the experimental bounds on the decay widths. In a realistic flavour GUT
model, the effective triplet mass scale is determined by the implementation of the Higgs
sector.
Table 7.3: List of the model parameters in the best points of the two senarios with differnt
effective triplet mass scales M˜T .
Parameter M˜T = 1.0 · 1018 GeV M˜T = 1.0 · 1019 GeV
yu11 2.63 · 10−6 2.61 · 10−6
yu22 1.27 · 10−3 1.28 · 10−3
yu33 4.20 · 10−1 4.27 · 10−1
θuL12 8.63 · 10−2 8.64 · 10−2
θuL23 3.52 · 10−2 3.43 · 10−2
yd12 4.76 · 10−4 5.54 · 10−4
yd21 5.52 · 10−4 6.42 · 10−4
yd22 2.08 · 10−3 2.42 · 10−3
yd33 1.51 · 10−1 1.79 · 10−1
a0 −75.4 TeV −64.4 TeV
m0 30.1 TeV 26.3 TeV
M1/2 8.73 TeV 6.79 TeV
tan β 27.6 31.6
Table 7.4: List of the χ2 values in the best fit points of the two scenarios with differnt effective
triplet mass scales M˜T . The total χ
2 of the fit is labelled as χ2total, whereas χ
2
flavour contains only
the contributions from the fit of the fermion sector and the EW Higgs mass, and χ2nucleon contains
the contributions from nucleon decay.
Scenario χ2total χ
2
flavour χ
2
nucleon
M˜T = 1.0 · 1018 GeV 3.64 3.42 0.22
M˜T = 1.0 · 1019 GeV 3.21 3.21 < 0.01
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Figure 7.1: The 1σ HPD intervals, indicated as red bars, of the SM superpartners and of the
extra MSSM Higgs states from the MCMC analysis for the two scenarios with effective triplet
mass scales M˜T = 1.0 ·1018 GeV (upper) and M˜T = 1.0 ·1019 GeV (lower). Furthermore, for both
scenarios the masses of the sparticles in the best fit points from Table 7.3 are shown as black
lines.
PART IV
Summary and conclusions

Summary and conclusions
In this thesis, we studied several new aspects of flavour model building in the framework
of supersymmetric Grand Unified Theories. We mainly focussed on GUT models with
an SU(5) or SO(10) gauge group, and supersymmetry is considered in the context of
supergravity. Apart from calculating concrete predictions in flavour GUT models and
investigating the predictive power of certain model classes, we also showed how SUSY
breaking can be incorporated in flavour model building in a consistent manner and
we specified the numerical procedure to quantitatively calculate nucleon decay from
dimension 5 operators in SUSY models. While in Part II the theoretical framework of
supersymmetry and Grand Unification was set, we addressed the concrete implementation
of flavour models in Part III. In the following, a summary of the prime results from the
previous chapters is given.
• Starting from the general Lagrangian which describes the coupling of the
supergravity multiplet to matter and gauge multiplets, we discussed spontaneous
supersymmetry breaking, and in particular gravity mediated SUSY breaking from
a hidden sector, in Chapter 2. A detailed calculation was performed, to show that
in such a scenario under specified conditions all terms which contain fields of the
observable sector and which are not suppressed by the Planck scale are either part of
a globally supersymmetric Lagrangian or they break supersymmetry explicitly. We
found that if the Ka¨hler potential, the superpotential and the gauge kinetic function
are renormalizable with respect to the observable sector fields, and in addition the
Ka¨hler potential contains no terms which are holomorphic in these fields, the SUSY
breaking terms represent soft scalar mass terms, soft scalar linear terms and gaugino
mass terms. Furthermore, we verified that the mass scale of the SUSY breaking
terms is determined by the gravitino mass.
• In Chapter 4, we discussed how a typical flavon sector of a flavour model can be
combined with a SUSY breaking sector in the context of supergravity. In particular,
we considered flavour GUT models with NF flavon fields and ND driving fields
(ND > NF), where the flavour structure is generated once the family symmetry
is spontaneously broken by flavon vevs. It was shown, that after a suitable change of
basis in the driving fields, NF of these fields serve as driving fields for the flavon
fields, whereas the remaining ND − NF fields can be used to implement SUSY
breaking. For the case of a single SUSY breaking field, we verified numerically that
the simultaneous breaking of the flavour symmetry and supersymmetry is consistent,
by implementing a simple SUSY breaking sector.
In order to investigate the predictive power of flavour GUT models in the presence
of a SUSY breaking sector, we considered as an example the flavour GUT model
from [98] with slight modifications. In particular, the model is based on an SU(5)
GUT symmetry and an A4 family symmetry, in combination with a ZR4 R-symmetry
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and the CSD2 setup in the neutrino sector. Following the general considerations
from Chapter 2 concerning gravity mediated supersymmetry breaking, the structure
of the soft SUSY breaking terms at the GUT scale were determined. In addition, a
fit of the model was performed, where in addition to the observables in the fermion
sectors, also the dark matter relic density, the EW Higgs mass and various flavour
violating processes were taken into account. We found that the predicted mass
spectrum of the sparticles, as well as the predicted WIMP-nucleon cross section are
at the edge of the reach of future 100 TeV pp proton colliders and of the future
XENONnT experiment, respectively.
• A systematic analysis of a novel class of supersymmetric SU(5) models was performed
in Chapter 5, in order to determine promising model candidates for future model
building, and to investigate the predictions of this class of models. The model setup
at the level of the MSSM was guided by simplicity and predictivity, by taking SU(5)
boundary conditions at the GUT scale into account. In particular, we followed the
principle of single operator dominance, such that the relations between the down-
quark and charged lepton Yukawa couplings at the GUT scale are fixed by Clebsch-
Gordan coefficients, where we assumed that there is no mixing between the first two
and the third family in these sectors. Viable combinations of CG coefficients for the
model analysis were selected by considering the Yukawa double ratio (yµ/ye)(yd/ys),
which is approximately stable under RG running and SUSY threshold corrections.
Furthermore, we implemented a unitarity triangle angle αUT = 90
◦ in the quark
sector to predict the CP violating phase of the CKM matrix. The mixing angles
and phases in the lepton sector were predicted by the CSD2 scheme in the neutrino
sector, as well as by contributions from the charged lepton sector, which are fixed
by the fit of the charged fermion masses and the CKM parameters.
For each viable tuple of CG coefficients and both CSD2 variants, we performed a
fit to the experimentally measured observables in the fermion sector, and all model
candidates which provide a χ2 < 15 were listed. A general feature of this class of
models is, that the CP violating phase δPMNS in the lepton sector is predicted in
the rough range [230◦, 290◦]. Moreover, we found that different model candidates
predict different ranges for the mixing angle θPMNS23 and for the Yukawa ratio yd/ys,
where all the predicted ranges are smaller than the experimental uncertainty. Thus,
more precise measurements of these quantities in future experiments can distinguish
between model candidates or can even exclude the whole class of models.
• In the context of SO(10) Grand Unification, a class of non-renormalizable Yukawa
operators of the schematic form W ⊃ 16I · 16J ·H · 45n · 210m was investigated in
Chapter 6, and the predictions for the Yukawa couplings in the up-quark, down-
quark, charged lepton and neutrino sector were computed. The representation
H ∈ {10,120,126} contains the EW doublets of the MSSM (or parts of them) and
the SM fermions are embedded into the 16I,J , with family indices I, J . In general,
each 45 and 210 factor (n,m ∈ N) corresponds to a separate field, and the Yukawa
terms at the MSSM level are formed once these fields acquire SM singlet vevs at
the GUT scale. Since the 45 and the 210 contain two and three SM singlet states,
respectively, we distinguished between the case where the vevs point in well aligned
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“discrete” directions of the SU(5) and Pati-Salam subgroups, and the case where the
vevs can point in “arbitrary” directions in the singlet spaces. In addition, we focussed
on the case where the contraction of the representations in the non-renormalizable
operator happens via an SO(10) spinor index.
We provided general formulas to compute the Yukawa couplings in the different
fermion sectors from the above class of SO(10) operators, which can be used for
future model building. Since the relative order of the 45 and 210 factors with respect
to the H impacts the predictions, we discussed in detail, how a unique operator can
be built from renormalizable interactions by using mediators of the type 16,16, to
achieve single operator dominance in the Yukawa sector. Furthermore, we found that
in contrast to SU(5) GUTs, a possible non-alignment of the EW Higgs doublets Hu,d
with the doublet states in H may introduce additional parameters from the doublet
mass matrix into the Yukawa sector of the MSSM. Thus, the exact implementation
of doublet-triplet splitting is crucial to make predictions for the Yukawa ratios at
the GUT scale.
• In Chapter 7, we described the procedure to quantitatively calculate nucleon decay
from dimension 5 operators in SUSY models. Following [97], all formulas for the
dressing of the dimension 5 operators and the calculation of the amplitudes of
different decay channels, as well as for the running between the different energy scales
were specified. In particular, partial decay widths of the proton and neutron with
a meson and a lepton in the final state were considered. Furthermore, we specified
the matching of the conventions in [97] with the standardized SLHA conventions, to
get compatibility with the output of SUSY spectrum generators. The algorithm has
been implemented in a Mathematica package, which is part of an ongoing project.
As a demonstration, we applied the algorithm to an SU(5) toy model, which is
based on one of the viable model candidates from Chapter 5. We specified suitable
SU(5) Yukawa operators to calculate the dimension 5 operators at the GUT scale by
integrating out the heavy triplet states. Due to the embedding of the doublet and
triplet states into joint GUT representations, the dimension 5 operators are related
to the Yukawa operators at the GUT scale. For two fixed values of the effective
triplet mass scale, namely M˜T = 1.0 · 1018 GeV and M˜T = 1.0 · 1019 GeV, we fitted
the model parameters to the experimental data, including nucleon decay widths, and
computed the predictions for the sparticle spectrum.
In summary, we gave several new insights into flavour model building in the framework
of supersymmetric Grand Unified Theories. Apart from investigating the predictions of
concrete flavour GUT models, we specified general procedures for future model building.
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PART V
Appendices

APPENDIX A
Appendix to Chapter 4
A.1 The renormalizable superpotential
In this appendix we present the complete superpotential at the renormalizable level of the
flavour GUT model (without the SUSY breaking and GUT symmetry breaking sector),
which was introduced in Section 4.3, including all the flavon, driving and messenger fields.
The model corresponds to the one in [98], with slight modifications. All superpotential
operators of at most dimension three and which are allowed by the symmetries of the
model are considered. The model contains a SU(5) GUT symmetry, a A4 family symmetry
and a ZR4 R-symmetry, as well as two Z4 and four Z3 shaping symmetries. A list of the
matter, the Higgs and the flavon fields, including the respective representations under the
symmetries of the model, is given in Table A.1. In addition, the driving and the messenger
fields are listed in Table A.2 and A.3, respectively. It is assumed that the masses of the
messenger fields are above the GUT scale, such that effective operators as in Eq. (4.2) in
the flavon sector are generated, after these fields are integrated out. In that equation, a
generic messenger mass scale is written as Λ.
The part of the renormalizable superpotential which contains the mass terms of the
messenger fields reads
W renΛ = MΓiΓiΓi +MΣiΣiΣi +MΩiΩiΩi +MΞ1Ξ1Ξ1 , (A.1)
and the superpotential of the flavon sector has the form
W renflavon = O1;2θ1θ2 +O1;3θ1θ3 +O2;3θ2θ3 +O111;211θ111θ211 +O111;23θ111θ23
+O23;211θ23θ211 +O2;102θ2θ102 +O211;102θ211θ102 +O1;23θ1θ23
+ A1θ
2
1 + A2θ
2
2 + A3θ
2
3 + A111
(
θ2111 + θ111ρ111 + θ111ρ˜111
)
+ PΓ9ξu + Γ9ξ
2
u + PΓ
2
8 + Γ8θ
2
2 + Γ8θ
′2
2 + PΓ
2
7 + Γ7
(
θ2111 + ρ
2
111 + ρ˜
2
111
)
+ Pθ211Γ6 + θ
2
211Γ6 + Pξ2Γ5 + ξ
2
2Γ5 + Pξ1Γ4 + ξ
2
1Γ4 + Pρ23Γ3 +
(
θ223 + ρ
2
23
)
Γ3
+ Pρ102Γ2 +
(
θ2102 + ρ
2
102
)
Γ2 + Pθ
′
102Γ1 + θ
′2
102Γ1 + P + P
3 ,
(A.2)
where the coefficients in front of the operators are neglected. The terms which contain A4
flavon triplets generate the flavon vev alignments from Eq. (4.22). The other terms fix the
phases of the flavon singlet vevs after the messengers are integrated out (cf. the discussion
in Section 4 of [98]).
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The renormalizable superpotential of the matter sector consists of the three parts
W rend = T3H5Σ3 + Fθ3Σ3 + Fθ23Σ1 + T2Σ1Ξ1 +H
′
5H24Ξ1
+ Fθ102Σ2 + T2Σ2Σ6 + θ102Σ6Σ4 +H24H5Σ4
+ T1θ2Ω4 + FΩ4Σ5 + θ2Σ5Σ4 ,
W renu = T1H5Ω3 + ξ1Ω2Ω3 + T1ξuΩ2 + Ω2ξuΩ1 + T2Γ4Ω1
+ Γ4ξ
2
1 + T2H5Ω1 + T3ξ1Ω1 + T
2
3H5 ,
W renν = ξ1N
2
1 + ξ2N
2
2 +N1H5Σ1 +N2H5Σ2 ,
(A.3)
which, apart from flavon and messenger fields, contain the matter fields F , T1, T2, T3,
N1 and N2, as well as the Higgs fields H5, H5, H
′
5 and H24, where the first three Higgs
representations contain the EW (anti)doublets and the last one gets an SM singlet GUT
scale vev. Again, the coefficients in front of the operators are neglected. Once the
messenger fields are integrated out, Eq. (A.3) results in the effective superpotential from
Eq. (4.25).
There are additional renormalizable operators, which are not part of the superpotentials
from Eqs. (A.1)–(A.3). These operators are given by
W renneg = T1Γ9Ω1 + T2Γ9Ω3 + Γ9Ω1Ω2 + Γ4Ω2Ω3 + Γ1Σ4Σ6
+ PA22 + PA
2
111 + A111ρ˜111θ111 +O
3
211;211
+ Γ
3
1 + Γ
3
2 + Γ
3
3 + Γ
3
4 + Γ
3
5 + Γ
3
6 + PΓ
2
7 + Γ7ρ111ρ˜111 + PΓ
2
8 + Γ
3
9 .
(A.4)
The first two operators lead to the effective operator T1T2H5ξ
2
u, which also emerges from
W renu . All other operators induce effective operators of dimension seven or higher. Thus,
they are subdominant compared to the effective operators from the other parts of the
superpotential, which are of dimension six at most.
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Table A.1: List of the matter, Higgs and flavon fields of the flavour GUT model. For each
field the representation under the symmetries of the model is specified, where a dot indicates a
singlet.
SU(5) A4 ZR4 Z
(a)
4 Z
(b)
4 Z
(a)
3 Z
(b)
3 Z
(c)
3 Z
(d)
3
Matter fields
F 5 3 1 . . . . 1 2
T1 10 . 1 3 3 1 1 . .
T2 10 . 1 3 3 2 1 2 .
T3 10 . 1 3 3 . . 2 .
N1 1 . 1 . 2 1 2 . .
N2 1 . 1 2 2 2 . 2 .
Higgs fields
H5 5 . . 2 2 . . 2 .
H5 5 . . . . . . . .
H
′
5 5 . . 2 . . 2 1 2
H45 45 . . . 2 . 1 1 1
H24 24 . . 1 1 2 2 2 1
S . . 2 2 2 . . 1 .
Flavon fields
θ102 . 3 . . . 1 . 1 1
θ23 . 3 . 2 . 2 1 . 1
θ1 . 3 . 1 3 1 . . 1
θ2 . 3 . . 3 . . . .
θ3 . 3 . 1 1 . . . 1
θ111 . 3 . 3 3 . . . .
θ211 . 3 . . . 2 1 1 .
ξu . . . . . . 2 1 .
ξ1 . . . . . 1 2 . .
ξ2 . . . . . 2 . 2 .
θ′2 . . . . 1 . . . .
θ′102 . . . . . 1 . . 2
ρ111 . . . 3 3 . . . .
ρ˜111 . . . 3 3 . . . .
ρ23 . . . . . 2 1 . 1
ρ102 . . . . . 1 . 1 1
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Table A.2: List of the driving fields of the flavour GUT model. For each field the representation
under the symmetries of the model is specified, where a dot indicates a singlet. Note, for each
operator in the flavon sector which contains the field P , a differnt copy of that field is introduced
in order to fix the flavon vev alignments.
SU(5) A4 ZR4 Z
(a)
4 Z
(b)
4 Z
(a)
3 Z
(b)
3 Z
(c)
3 Z
(d)
3
Driving fields
O1;2 . . 2 3 2 2 . . 2
O1;3 . . 2 2 . 2 . . 1
O2;3 . . 2 3 . . . . 2
O111;211 . . 2 1 1 1 2 2 .
O111;23 . . 2 3 1 1 2 . 2
O23;211 . . 2 2 . 2 1 2 2
O2;102 . . 2 . 1 2 . 2 2
O211;102 . . 2 . . . 2 1 2
O1;23 . . 2 1 1 . 2 . 1
A1 . 3 2 2 2 1 . . 1
A2 . 3 2 . 2 . . . .
A3 . 3 2 2 2 . . . 1
A111 . 3 2 2 2 . . . .
P . . 2 . . . . . .
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Table A.3: List of the messenger fields of the flavour GUT model. For each field the
representation under the symmetries of the model is specified, where a dot indicates a singlet.
SU(5) A4 ZR4 Z
(a)
4 Z
(b)
4 Z
(a)
3 Z
(b)
3 Z
(c)
3 Z
(d)
3
Messenger fields
Γ1, Γ1 . . 0, 2 . . 2, 1 . . 1, 2
Γ2, Γ2 . . 0, 2 . . 2, 1 . 2, 1 2, 1
Γ3, Γ3 . . 0, 2 . . 1, 2 2, 1 . 2, 1
Γ4, Γ4 . . 0, 2 . . 2, 1 1, 2 . .
Γ5, Γ5 . . 0, 2 . . 1, 2 . 1, 2 .
Γ6, Γ6 . 3, 3 0, 2 . . 1, 2 2, 1 2, 1 .
Γ7, Γ7 . . 0, 2 2, 2 2, 2 . . . .
Γ8, Γ8 . . 0, 2 . 2, 2 . . . .
Γ9, Γ9 . . 0, 2 . . . 1, 2 2, 1 .
Σ1, Σ1 5, 5 . 1, 1 2, 2 . 1, 2 2, 1 2, 1 .
Σ2, Σ2 5, 5 . 1, 1 . . 2, 1 . 1, 2 .
Σ3, Σ3 5, 5 . 1, 1 3, 1 3, 1 . . 2, 1 .
Σ4, Σ4 5, 5 . 2, 0 3, 1 3, 1 1, 2 1, 2 1, 2 2, 1
Σ5, Σ5 5, 5 . 2, 0 3, 1 2, 2 1, 2 1, 2 1, 2 2, 1
Σ6, Σ6 5, 5 . 2, 0 3, 1 3, 1 . 1, 2 1, 2 .
Ω1, Ω1 10, 10 . 1, 1 3, 1 3, 1 1, 2 2, 1 2, 1 .
Ω2, Ω2 10, 10 . 1, 1 3, 1 3, 1 1, 2 . 1, 2 .
Ω3, Ω3 10, 10 . 1, 1 3, 1 3, 1 2, 1 2, 1 1, 2 .
Ω4, Ω4 10, 10 3, 3 1, 1 3, 1 2, 2 1, 2 1, 2 . .
Ξ1, Ξ1 45, 45 . 2, 0 1, 3 3, 1 1, 2 2, 1 . .
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APPENDIX B
Appendix to Chapter 5
B.1 Approximate identities for the PMNS parame-
ters
In this appendix we present approximate identities for the angles and the physical phases
of the PMNS matrix in the context of the class of models considered in Section 5.2. For
the PMNS matrix we use the definition from Eq. (1.23), which is given by
UPMNS = ULe Uν , (B.1)
where the two unitary matrices on the right-hand side are present in the diagonalizations
of the lepton mass matrices
Mdiage = (U
L
e )
∗Me (URe )
T , (B.2)
Mdiagν = U
T
ν Mν Uν , (B.3)
as stated in Eq. (1.15) and (1.22), respectively. The matrices ULe and Uν are parametrized
in the following general way:
ULe = P
eL UeL23 U
eL
13 U
eL
12 , (B.4)
Uν = U
ν
23 U
ν
13 U
ν
12 P
ν , (B.5)
with the rotation matrices
U12 =
 c12 s12e−iδ12 0−s12eiδ12 c12 0
0 0 1
 , U13 =
 c13 0 s13e−iδ130 1 0
−s13eiδ13 0 c13
 ,
U23 =
1 0 00 c23 s23e−iδ23
0 −s23eiδ23 c23
 ,
(B.6)
where cij ≡ cos θij and sij ≡ sin θij, and the diagonal matrix
P = diag(eiη1 , eiη2 , eiη3) . (B.7)
For the Yukawa matrix Ye of the charged leptons we use the texture from Eq. (5.30).
Since Ye is block diagonal, there is no mixing between the first two and the third family,
which implies θeL13 = θ
eL
23 = 0. Moreover, the phases in P
eL are not fixed, thus we set them
equal to zero in the following calculations, namely ηeLi = 0. Since the class of models
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has the feature that cyy  cxx (and also czz  cxx), the quantities θeL12 and δeL12 can be
expanded in terms of the ratio (cyy)/(cxx). Up to first order, this expansion reads
θeL12 ≈
∣∣∣cy
cx
y
x
∣∣∣ , δeL12 ≈ pi − γ . (B.8)
For the left-handed neutrino mass matrix we use one of the two textures from Eq. (5.33),
depending on the CSD2 scenario. The CSD2 setup has the feature that  1. Up to first
order in  the parameters in Uν have the following form in the CSD2 scenario M
(102)
ν :
θν12 ≈ arcsin
( 1√
3
)
, δν12 ≈  sinα , ην1 ≈ −
1
2
 sinα ,
θν13 ≈
√
2
, δν13 ≈ α−
7
2
 sinα , ην2 ≈ −
α
2
+
3
2
 sinα ,
θν23 ≈
pi
4
−  cosα , δν23 ≈ pi − 2 sinα , ην3 ≈ pi −
3
2
 sinα ,
(B.9)
whereas in the CSD2 scenario M
(102)
ν the identities read
θν12 ≈ arcsin
( 1√
3
)
, δν12 ≈ − sinα , ην1 ≈ −
1
2
 sinα ,
θν13 ≈
√
2
, δν13 ≈ pi + α−
3
2
 sinα , ην2 ≈ −
α
2
− 1
2
 sinα ,
θν23 ≈
pi
4
+  cosα , δν23 ≈ pi + 2 sinα , ην3 ≈ pi +
1
2
 sinα .
(B.10)
In the following we present general formulas for the parameters in the PMNS matrix,
by using the parametrization
UPMNS = UPMNS23 U
PMNS
13 U
PMNS
12 P
PMNS , (B.11)
where the matrices on the right-hand side correspond to the ones in Eq. (B.6) and (B.7).
The formulas are bases on the assumptions θeL13 = θ
eL
23 = 0 and θ
eL
12 , θ
ν
13  1, which are
motivated by the above calculations. Up to first order in θeL12 and θ
ν
13 the identities for the
PMNS parameters read
sPMNS12 e
−iδPMNS12 ≈ sν12e−i(δ
ν
12+θ
eL
12 t
ν
12c
ν
23 sin(δ
ν
12−δeL12 )) + θeL12 c
ν
12c
ν
23e
−iδeL12 ,
sPMNS13 e
−iδPMNS13 ≈ θν13e−iδ
ν
13 + θeL12 s
ν
23e
−i(δν23+δeL12 ) ,
sPMNS23 e
−iδPMNS23 ≈ sν23e−iδ
ν
23 ,
(B.12)
where the abbreviations cνij ≡ cos θνij, sνij ≡ sin θνij and tνij ≡ tan θνij are used. In addition,
the identities for the phases in PPMNS are given by
ηPMNS1 ≈ ην1 − θeL12 tν12cν23 sin(δν12 − δeL12 ) ,
ηPMNS2 ≈ ην2 + θeL12 tν12cν23 sin(δν12 − δeL12 ) ,
ηPMNS3 ≈ ην3 .
(B.13)
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The CP violating phase and the two Majorana phases of the PMNS matrix are recovered
by the formulas
δPMNS = δPMNS13 − δPMNS12 − δPMNS23 ,
ϕPMNS1 = −2(δPMNS12 + δPMNS23 + ηPMNS1 − ηPMNS3 ) ,
ϕPMNS2 = −2(δPMNS23 + ηPMNS2 − ηPMNS3 ) .
(B.14)
If the approximate identities from Eqs. (B.8)–(B.10), which are specific for the
considered class of models, are plugged into the general formulas for the PMNS parameters
in Eqs. (B.12)–(B.14), we can write the PMNS angles and phases as an expansion of θeL12
and . In the CSD2 scenario M
(102)
ν the expansion reads
θPMNS12 ≈ 35.3◦ −
θeL12√
2
cos γ , (B.15)
θPMNS13 ≈
1√
2
(
2 + θeL12
2
+ 2θeL12 cos (α + γ)
)1/2
, (B.16)
θPMNS23 ≈ 45◦ −  cosα , (B.17)
δPMNS ≈ arg(ei(pi+α) + θeL12 ei(pi−γ)) , (B.18)
ϕPMNS2 ≈ α− 2 sinα + θeL12 sin γ , (B.19)
whereas in the CSD2 scenario M
(120)
ν the approximate identities are given by
θPMNS12 ≈ 35.3◦ −
θeL12√
2
cos γ , (B.20)
θPMNS13 ≈
1√
2
(
2 + θeL12
2 − 2θeL12 cos (α + γ)
)1/2
, (B.21)
θPMNS23 ≈ 45◦ +  cosα , (B.22)
δPMNS ≈ arg(eiα + θeL12 ei(pi−γ)) , (B.23)
ϕPMNS2 ≈ α− 2 sinα + θeL12 sin γ . (B.24)
Because the CSD2 setup predicts the lightest neutrino mass to be zero, the Majorana
phase ϕPMNS1 is not physical, and therefore not listed. Furthermore, for the CP violating
phase δPMNS only the zeroth order term is written, since in the PMNS matrix it appears
in combination with the angle θPMNS13 , which is of the order of  and θ
eL
12 . In particular, we
get the following identities
sPMNS13 e
iδPMNS ≈ √
2
ei(pi+α) +
θeL12√
2
ei(pi−γ) , (B.25)
sPMNS13 e
iδPMNS ≈ √
2
eiα +
θeL12√
2
ei(pi−γ) . (B.26)
for the CSD2 scenarios M
(102)
ν and M
(120)
ν , respectively.
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APPENDIX C
Appendix to Chapter 7
C.1 Dressing of the dimension 5 operators
C.1.1 Matching with SLHA conventions
In the following we specify how the conventions in [97] (later referred to as GN), which
are used in the dressing of the dimension 5 operators, are related to the standardized set
of conventions in SLHA [142] and SLHA2 [143]. We use the same notations as in the
respective references.
• The Yukawa matrices are related as follows:
GN SLHA
fU YU = fU
fD YD = −fD
fL YE = f
T
L
where the Yukawa matrices are given in GN: Eq. (A.1.1), and SLHA: Eq. (3). In
particular, GN uses LR convention in the up- and down-quark sector (fU and fD),
and RL convention in the charged lepton sector (fL). On the other hand, SLHA uses
LR convention in all sectors.
• Both, GN and SLHA, use the SM normalization for the gauge coupling g1 of U(1)Y,
and they also use the same convention for the µ-term.
• In the EW symmetry broken phase the mass matrices of the sfermions are written
in a basis where the sfermions are aligned with their SM superpartners.
– GN uses the basis where the mass matrices MU = M
diag
U (up-quarks)
and ML = M
diag
L (charged leptons) are diagonal, and the mass matrices
MD = V
∗
CKMM
diag
D (down-quarks) and Mν = V
∗
PMNSM
diag
ν V
T
PMNS (neutrinos)
are rotated by the CKM and PMNS matrix, respectively (uL and dL as well as
eL and νL are assumed to form doublets under rotations).
1
– SLHA uses the basis where all fermion mass matrices are diagonal, which
corresponds to the super-CKM/PMNS basis.
1The definitions of the CKM and PMNS matrix are in agreement with the ones from Eq. (1.16) and
(1.23).
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The relation between the sfermion, the chargino and the neutralino mass matrices
in GN and SLHA are then the following:
GN SLHA
M2u˜ (M2u˜)sCKM = (M2u˜)T
M2
d˜
(M2
d˜
)sCKM = Ud(M2d˜)TU
†
d with Ud =
(
V †CKM 0
0 1
)
M2e˜ (M2e˜)sPMNS = M2e˜
M2ν˜ (M2ν˜)sPMNS = Uν(M2ν˜)TU †ν with Uν = V †PMNS
MC Mψ˜+ = −MC
MN Mψ˜0 = MN
The mass matrices of the sfermions are given in GN: Eqs. (A.1.6)–(A.1.9), and
SLHA2: Eq. (11), (12), (24) and (25). In addition, the mass matrices of the charginos
and neutralinos are stated in GN: Eq. (A.1.11), and SLHA: Eq. (21) and (22).
The mass matrices of the squarks and charged sleptons f˜ (f ∈ {u, d, e}) are 6 × 6-
dimensional, written in the basis (f˜L1, f˜L2, f˜L3, f˜R1, f˜R2, f˜R3), where f˜L,Ri is the
superpartner of fL,Ri, i.e.
M2
f˜
=
(M2LL M2LR
M2RL M2RR
)
, (C.1)
where each entry represents a 3× 3-block. In contrast, the mass matrixM2ν˜ ≡M2LL
of the sneutrinos is only 3 × 3-dimensional, since only left-handed neutrinos are
present.
Moreover, the 2× 2-dimensional mass matrixMC of the charginos is written in the
basis (W˜±, H˜±u ), and for the 4× 4-dimensional mass matrix MN of the neutralinos
the basis (B˜, W˜ 0, H˜0d , H˜
0
u) is used.
• The definitions and relations of the sparticle rotation matrices in GN and SLHA are
given by:
GN SLHA Relation
U˜U(M2u˜)TU˜ †U = diag Ru(M2u˜)sCKMR†u = diag ⇒ U˜U = Ru
U˜D(M2d˜)TU˜
†
D = diag Rd(M2d˜)sCKMR
†
d = diag ⇒ U˜D = RdUd
U˜ †LM2e˜U˜L = diag Re(M2e˜)sPMNSR†e = diag ⇒ U˜L = R†e
U˜ †NM2ν˜U˜N = diag Rν(M2ν˜)sPMNSR†ν = diag ⇒ U˜N = (RνUν)†
−U †−MCU+ = diag U(MC)SLHAV T = diag ⇒ U− = U †, U+ = V T
UTNMNUN = diag N∗(MN)SLHAN † = diag ⇒ UN = N †
where “diag” indicates a diagonal matrix with real, positive entries. The definitions
for the sfermion rotation matrices are taken from GN: Eq. (A.1.10), and SLHA2:
Eqs. (28)–(31), whereas the definitions for the chargino and neutralino rotation
matrices are stated in GN: Eq. (A.1.12), and SLHA: Eq. (12) and (15).
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C.1.2 Calculation of the dimension 6 operators
In the following, u˜I , d˜I , e˜I and ν˜i denote the up-type squarks, down-type squarks, charged
sleptons and sneutrinos, and G˜, χ˜±α and χ˜
0
α¯ label the gluinos, charginos and neutralinos,
respectively. All these states are in the mass eigenbasis. Moreover, ui, di and ei represent
the mass eigenstates of the up-type quarks, down-type quarks and charged leptons, whereas
νi represents the neutrinos in the interaction basis. The additional label L or R in
later calculations indicates whether the Weyl spinor is left- or right-handed. The indices
of the above mass eigenstates take the following values: squarks and charged sleptons
I, J,M,N ∈ {1, 2, 3, 4, 5, 6}, charginos α ∈ {1, 2}, neutralinos α¯ ∈ {1, 2, 3, 4}, SM fermions
and sneutrinos i, j, k, l ∈ {1, 2, 3}.
The squared masses of the sfermions are denoted by m2u˜I , m
2
d˜I
, m2e˜I and m
2
ν˜i
.
Furthermore, the masses of the gluinos, charginos and neutralinos are written as MG,
MαC and M
α¯
N , respectively, and the ones of the quarks and charged leptons as m
(u)
i , m
(d)
i
and m
(e)
i . Note that the neutrino masses are neglected in the following.
C.1.2.1 Interactions in the mass eigenbasis
The Lagrangian of the fermion-sfermion-gluino/chargino/neutralino interactions in the
corresponding mass eigenbases is given by
Lint = Lint(G˜) + Lint(χ˜±) + Lint(χ˜0) , (C.2a)
Lint(G˜) = −i
√
2g3d˜
∗IG˜
((
Γ
(d)
GL
)j
I
dLj +
(
Γ
(d)
GR
)j
I
dRj
)
− i
√
2g3u˜
∗IG˜
((
Γ
(u)
GL
)j
I
uLj +
(
Γ
(u)
GR
)j
I
uRj
)
+ c.c. ,
(C.2b)
Lint(χ˜±) = g2χ˜−α
((
Γ
(d)
CL
)jα
I
dLj +
(
Γ
(d)
CR
)jα
I
dRj
)
u˜∗I
g2χ˜
+
α
((
Γ
(u)
CL
)jα
I
uLj +
(
Γ
(u)
CR
)jα
I
uRj
)
d˜∗I
g2χ˜
−
α
((
Γ
(e)
CL
)jα
i
eLj +
(
Γ
(e)
CR
)jα
i
eRj
)
ν˜∗i
g2χ˜
+
α
(
Γ
(ν)
CL
)jα
I
νLj e˜
∗I
+ c.c. ,
(C.2c)
Lint(χ˜0) = g2χ˜0α¯
((
Γ
(d)
NL
)jα¯
I
dLj +
(
Γ
(d)
NR
)jα¯
I
dRj
)
d˜∗I
g2χ˜
0
α¯
((
Γ
(u)
NL
)jα¯
I
uLj +
(
Γ
(u)
NR
)jα¯
I
uRj
)
u˜∗I
g2χ˜
0
α¯
((
Γ
(e)
NL
)jα¯
I
eLj +
(
Γ
(e)
NR
)jα¯
I
eRj
)
e˜∗I
g2χ˜
0
α¯
(
Γ
(ν)
NL
)jα¯
i
νLj ν˜
∗i
+ c.c. .
(C.2d)
The formulas for the mixing factors Γ are taken from [97], and are presented in
the following, where mW = g2v/2 (with v ≈ 246 GeV) is the W boson mass,
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tW ≡ tan θW = g1/g2 the tangent of the Weinberg angle, cβ ≡ cos β and sβ ≡ sin β:
• Gluinos:
(
Γ
(d)
GL
)j
I
=
3∑
k=1
(
U˜D
)
I
k (
VCKM
)
k
j
, (C.3a)
(
Γ
(d)
GR
)j
I
=
(
U˜D
)
I
j+3
, (C.3b)(
Γ
(u)
GL
)j
I
=
(
U˜U
)
I
j
, (C.3c)(
Γ
(u)
GR
)j
I
=
(
U˜U
)
I
j+3
. (C.3d)
• Charginos:
(
Γ
(d)
CL
)jα
I
=
3∑
k=1
((
U˜U
)
I
k (
U+
)
1
α
+
(
U˜U
)
I
k+3 m
(u)
k√
2mW sβ
(
U+
)
2
α
) (
VCKM
)
k
j
, (C.4a)
(
Γ
(d)
CR
)jα
I
= −
3∑
k=1
(
U˜U
)
I
k (
VCKM
)
k
j m
(d)
j√
2mW cβ
(
U−
)
2
α
, (C.4b)
(
Γ
(u)
CL
)jα
I
=
(
U˜D
)
I
j (
U †−
)
α
1 −
3∑
k=1
(
U˜D
)
I
k+3 m
(d)
k√
2mW cβ
(
V †CKM
)
k
j (
U †−
)
α
2
, (C.4c)
(
Γ
(u)
CR
)jα
I
=
(
U˜D
)
I
j m
(u)
j√
2mW sβ
(
U †+
)
α
2
, (C.4d)
(
Γ
(e)
CL
)jα
i
= −(U˜ †N)ij (U+)1α , (C.4e)
(
Γ
(e)
CR
)jα
i
=
m
(e)
j√
2mW cβ
(
U˜ †N
)
i
j(
U−
)
2
α
, (C.4f)
(
Γ
(ν)
CL
)jα
I
= −(U˜ †L)I j (U †−)α1 + m(e)j√2mW cβ (U˜ †L)I j+3 (U †−)α2 . (C.4g)
• Neutralinos:
(
Γ
(d)
NL
)jα¯
I
=
√
2
(
+
1
2
(
UN
)
2
α¯ − 1
6
tW
(
UN
)
1
α¯
) 3∑
k=1
(
U˜D
)
I
k (
VCKM
)
k
j
− m
(d)
j√
2mW cβ
(
UN
)
3
α¯ (
U˜D
)
I
j+3
,
(C.5a)
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(
Γ
(d)
NR
)jα¯
I
=
√
2
(
− 1
3
tW
(
U †N
)
α¯
1
) (
U˜D
)
I
j+3
− m
(d)
j√
2mW cβ
(
U †N
)
α¯
3
3∑
k=1
(
U˜D
)
I
k (
VCKM
)
k
j
,
(C.5b)
(
Γ
(u)
NL
)jα¯
I
=
√
2
(
− 1
2
(
UN
)
2
α¯ − 1
6
tW
(
UN
)
1
α¯
) (
U˜U
)
I
j
− m
(u)
j√
2mW sβ
(
UN
)
4
α¯ (
U˜U
)
I
j+3
,
(C.5c)
(
Γ
(u)
NR
)jα¯
I
=
√
2
(
+
2
3
tW
(
U †N
)
α¯
2
) (
U˜U
)
I
j+3
− m
(u)
j√
2mW sβ
(
U †N
)
α¯
4 (
U˜U
)
I
j
,
(C.5d)
(
Γ
(e)
NL
)jα¯
I
=
√
2
(
+
1
2
(
UN
)
2
α¯
+
1
2
tW
(
UN
)
1
α¯
) (
U˜ †L
)
I
j
− m
(e)
j√
2mW cβ
(
UN
)
3
α¯ (
U˜ †L
)
I
j+3
,
(C.5e)
(
Γ
(e)
NR
)jα¯
I
=
√
2
(
− tW
(
U †N
)
α¯
1
) (
U˜ †L
)
I
j+3
− m
(e)
j√
2mW cβ
(
U †N
)
α¯
3 (
U˜ †L
)
I
j
,
(C.5f)
(
Γ
(ν)
NL
)jα¯
i
=
√
2
(
− 1
2
(
UN
)
2
α¯
+
1
2
tW
(
UN
)
1
α¯
) (
U˜ †N
)
i
j
. (C.5g)
C.1.2.2 Dimension 5 operators in component form
In the EW symmetry broken phase, the dimension 5 operators from the superpotential in
Eq. (7.1) have the following form at the Lagrangian level
L5 = aˆbˆcˆ
(
C(u˜d˜ueL)
MNiju˜aˆM d˜
bˆ
N(u
cˆ
LieLj) +
1
2
C(u˜u˜deL)
MNiju˜aˆM u˜
bˆ
N(d
cˆ
LieLj)
+ C(u˜d˜ueR)
MNiju˜aˆM d˜
bˆ
N(u
cˆ
RieRj) +
1
2
C(u˜u˜deR)
MNiju˜aˆM u˜
bˆ
N(d
cˆ
RieRj)
+ C(u˜d˜dνL)
MNiju˜aˆM d˜
bˆ
N(d
cˆ
LiνLj) +
1
2
C(d˜d˜uνL)
MNij d˜aˆM d˜
bˆ
N(u
cˆ
LiνLj)
+ C(u˜e˜udL)
IJklu˜aˆI e˜J(u
bˆ
Lkd
cˆ
Ll) +
1
2
C(d˜e˜uuL)
IJkld˜aˆI e˜J(u
bˆ
Lku
cˆ
Ll)
+ C(u˜e˜udR)
IJklu˜aˆI e˜J(u
bˆ
Rkd
cˆ
Rl) +
1
2
C(d˜e˜uuR)
IJkld˜aˆI e˜J(u
bˆ
Rku
cˆ
Rl)
+ C(d˜ν˜udL)
Ijkld˜aˆI ν˜j (u
bˆ
Lkd
cˆ
Ll) +
1
2
C(u˜ν˜ddL)
Ijklu˜aˆI ν˜j (d
bˆ
Lkd
cˆ
Ll)
)
,
(C.6)
where aˆ, bˆ, cˆ are SU(3)C indices and 123 = 1. Furthermore, the mass eigenbasis for the
fermions and sfermions is used, except for the neutrinos, which are in the interaction basis.
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The expressions of the C coefficients are taken from [97]. They are calculated by using the
Cijkl5L,R coefficients in the basis of the superfields Qi, Li, u
c
i , d
c
i , e
c
i where the Yukawa couplings
fU and fL are diagonal, and fD = V
∗
CKM f
diag
D and Mν = V
∗
PMNSM
diag
ν V
T
PMNS. This is the
same basis as used for the alignment of the sfermions in Section C.1.1. The C coefficients
are then given by
C(u˜d˜ueL)
MNij =
(
Cijkl5L − Ckjil5L
) (
U˜ †U
)
k
M (
U˜ †D
)
l
N
, (C.7a)
C(u˜u˜deL)
MNij =
(
Ckjlm5L − C ljkm5L
) (
U˜ †U
)
k
M (
U˜ †U
)
l
N (
VCKM
)
m
i
, (C.7b)
C(u˜d˜ueR)
MNij =
(
C∗klji5R − C∗iljk5R
) (
U˜ †U
)
k+3
M (
U˜ †D
)
l+3
N
, (C.7c)
C(u˜u˜deR)
MNij =
(
C∗lijk5R − C∗kijl5R
) (
U˜ †U
)
k+3
M (
U˜ †U
)
l+3
N
, (C.7d)
C(u˜d˜dνL)
MNij =
(
Cmjkl5L − C ljkm5L
) (
U˜ †U
)
k
M (
U˜ †D
)
l
N (
VCKM
)
m
i
, (C.7e)
C(d˜d˜uνL)
MNij =
(
C ljik5L − Ckjil5L
) (
U˜ †D
)
k
M (
U˜ †D
)
l
N
, (C.7f)
C(u˜e˜udL)
IJkl =
(
Cijkm5L − Ckjim5L
) (
U˜ †U
)
i
I (
U˜L
)
j
J (
VCKM
)
m
l
, (C.7g)
C(d˜e˜uuL)
IJkl =
(
Ckjli5L − C ljki5L
) (
U˜ †D
)
i
I (
U˜L
)
j
J
, (C.7h)
C(u˜e˜udR)
IJkl =
(
C∗klji5R − C∗iljk5R
) (
U˜ †U
)
i+3
I (
U˜L
)
j+3
J
, (C.7i)
C(d˜e˜uuR)
IJkl =
(
C∗lijk5R − C∗kijl5R
) (
U˜ †D
)
i+3
I (
U˜L
)
j+3
J
, (C.7j)
C(d˜ν˜udL)
Ijkl =
(
Cinkm5L − Cmnki5L
) (
U˜ †D
)
i
I (
U˜N
)
n
j (
VCKM
)
m
l
, (C.7k)
C(u˜ν˜ddL)
Ijkl =
(
Cqnip5L − Cpniq5L
) (
U˜ †U
)
i
I (
U˜N
)
n
j (
VCKM
)
p
k (
VCKM
)
q
l
, (C.7l)
where ∗ indicates complex conjugation.
C.1.2.3 Dressing
The Lagrangian of the dimension 6 operators C˜, which are relevant for proton decay,
contains only mass eigenstates of the fermions which are lighter than the nucleons. Thus,
only the lightest up-type quark u1 is considered and the index i is neglected. Furthermore,
in the mass eigenstates di and ei the index is limited to the values i ∈ {1, 2}, whereas all
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three states νi in the interaction basis are considered. The Lagrangian is then given by
L /B =
1
16pi2
aˆbˆcˆ
(
C˜LL(udue)
ik(uaˆLd
bˆ
Li)(u
cˆ
LeLk) + C˜RL(udue)
ik(uaˆRd
bˆ
Ri)(u
cˆ
LeLk)
+ C˜LR(udue)
ik(uaˆLd
bˆ
Li)(u
cˆ
ReRk) + C˜RR(udue)
ik(uaˆRd
bˆ
Ri)(u
cˆ
ReRk)
+ C˜LL(uddν)
ijk(uaˆLd
bˆ
Li)(d
cˆ
LjνLk) + C˜RL(uddν)
ijk(uaˆRd
bˆ
Ri)(d
cˆ
LjνLk)
+ 1
2
C˜RL(dduν)
ijk(daˆRid
bˆ
Rj)(u
cˆ
LνLk)
)
.
(C.8)
These operators are built at 1-loop level by dressing the dimension 5 operators from
Section C.1.2.2, where the interactions specified in Section C.1.2.1 are used. Following [97],
the dimension 6 operators are calculated as
C˜LL(udue)
ik = C˜LL(udue)
ik
G + C˜LL(udue)
ik
χ± + C˜LL(udue)
ik
χ0 , (C.9a)
C˜LL(udue)
ik
G =
4
3
g23
MG
C(u˜d˜ueL)
MN1k
(
Γ
(u)
GL
)1
M
(
Γ
(d)
GL
)i
N
H(uGM , x
G
N) , (C.9b)
C˜LL(udue)
ik
χ± =
g22
MαC
(
− C(u˜d˜ueL)MN1k
(
Γ
(u)
CL
)1α
N
(
Γ
(d)
CL
)iα
M
H(xαM , u
α
N)
+ C(d˜ν˜udL)
Nm1i
(
Γ
(u)
CL
)1α
N
(
Γ
(e)
CL
)kα
m
H(uαN , z
α
m)
)
,
(C.9c)
C˜LL(udue)
ik
χ0 =
g22
M α¯N
(
C(u˜d˜ueL)
MN1k
(
Γ
(u)
NL
)1α¯
M
(
Γ
(d)
NL
)iα¯
N
H(vα¯M , y
α¯
N)
+ C(u˜e˜udL)
MN1i
(
Γ
(u)
NL
)1α¯
M
(
Γ
(e)
NL
)kα¯
N
H(vα¯M , z
α¯
N)
)
,
(C.9d)
C˜RL(udue)
ik = C˜
(6)
RL(udue)
ik + C˜RL(udue)
ik
G + C˜RL(udue)
ik
χ± + C˜RL(udue)
ik
χ0 , (C.9e)
C˜RL(udue)
ik
G =
4
3
g23
MG
C(u˜d˜ueL)
MN1k
(
Γ
(u)
GR
)1
M
(
Γ
(d)
GR
)i
N
H(uGM , x
G
N) , (C.9f)
C˜RL(udue)
ik
χ± = −
g22
MαC
C(u˜d˜ueL)
MN1k
(
Γ
(u)
CR
)1α
N
(
Γ
(d)
CR
)iα
M
H(xαM , u
α
N) , (C.9g)
C˜RL(udue)
ik
χ0 =
g22
M α¯N
(
C(u˜d˜ueL)
MN1k
(
Γ
(u)
NR
)1α¯
M
(
Γ
(d)
NR
)iα¯
N
H(vα¯M , y
α¯
N)
+ C(u˜e˜udR)
MN1i
(
Γ
(u)
NL
)1α¯
M
(
Γ
(e)
NL
)kα¯
N
H(vα¯M , z
α¯
N)
)
,
(C.9h)
C˜LR(udue)
ik = C˜
(6)
LR(udue)
ik + C˜LR(udue)
ik
G + C˜LR(udue)
ik
χ± + C˜LR(udue)
ik
χ0 , (C.9i)
C˜LR(udue)
ik
G =
4
3
g23
MG
C(u˜d˜ueR)
MN1k
(
Γ
(u)
GL
)1
M
(
Γ
(d)
GL
)i
N
H(uGM , x
G
N) , (C.9j)
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C˜LR(udue)
ik
χ± =
g22
MαC
(
− C(u˜d˜ueR)MN1k
(
Γ
(u)
CL
)1α
N
(
Γ
(d)
CL
)iα
M
H(xαM , u
α
N)
+ C(d˜ν˜udL)
Nm1i
(
Γ
(u)
CR
)1α
N
(
Γ
(e)
CR
)kα
m
H(uαN , z
α
m)
)
,
(C.9k)
C˜LR(udue)
ik
χ0 =
g22
M α¯N
(
C(u˜d˜ueR)
MN1k
(
Γ
(u)
NL
)1α¯
M
(
Γ
(d)
NL
)iα¯
N
H(vα¯M , y
α¯
N)
+ C(u˜e˜udL)
MN1i
(
Γ
(u)
NR
)1α¯
M
(
Γ
(e)
NR
)kα¯
N
H(vα¯M , z
α¯
N)
)
,
(C.9l)
C˜RR(udue)
ik = C˜RR(udue)
ik
G + C˜RR(udue)
ik
χ± + C˜RR(udue)
ik
χ0 , (C.9m)
C˜RR(udue)
ik
G =
4
3
g23
MG
C(u˜d˜ueR)
MN1k
(
Γ
(u)
GR
)1
M
(
Γ
(d)
GR
)i
N
H(uGM , x
G
N) , (C.9n)
C˜RR(udue)
ik
χ± = −
g22
MαC
C(u˜d˜ueR)
MN1k
(
Γ
(u)
CR
)1α
N
(
Γ
(d)
CR
)iα
M
H(xαM , u
α
N) , (C.9o)
C˜RR(udue)
ik
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g22
M α¯N
(
C(u˜d˜ueR)
MN1k
(
Γ
(u)
NR
)1α¯
M
(
Γ
(d)
NR
)iα¯
N
H(vα¯M , y
α¯
N)
+ C(u˜e˜udR)
MN1i
(
Γ
(u)
NR
)1α¯
M
(
Γ
(e)
NR
)kα¯
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The coefficients C˜
(6)
RL,LR indicate potential contributions to the dimension 6 operators,
which originate by integrating out heavy scalar or vector leptoquarks. These contributions
are typically small compared to the ones from the dimension 5 operators. The loop function
H is defined as follows
H(x, y) =
1
x− y
(x log x
x− 1 −
y log y
y − 1
)
, (C.12)
where the arguments are squared mass ratios of sfermions and gluinos, charginos or
neutralinos:
xGM =
m2
d˜M
M2G
, uGM =
m2u˜M
M2G
, (C.13a)
xαM =
m2u˜M
Mα2C
, uαM =
m2
d˜M
Mα2C
, zαm =
m2ν˜m
Mα2C
, wαM =
m2e˜M
Mα2C
, (C.13b)
vα¯M =
m2u˜M
M α¯2N
, yα¯M =
m2
d˜M
M α¯2N
, zα¯M =
m2e˜M
M α¯2N
, wα¯m =
m2ν˜m
M α¯2N
. (C.13c)
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